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In this work will be found all tlie Propositions which 
lally appear in treatises on Theoretical Statics. To the 
ierent Chapters Examples are appended, which have 
principally selected from the University and College 
lamination Papers ; these will furnish ample exercise 
the application of the principles of the subject. 
Some of the Examples in the earlier Chapters assume 
SBults which are obtained at a later part of the book ; the 
ident who has no previous acquaintance with the subject 
therefore, on his first perusal of the book, omit the 
more difBcult Examples of the first six Chapters. 

The subject besides being valuable for its own sake is 
important as the first, according to the usual order of 
.dy, which involves the application of the higher parts 
pure mathematics to physics, Thus, for instance, the 
.apters on the Centre of Gravity and on Attraction, be- 
sides their direct use in establishing interesting results in 
Mechanics, are indirectly of great advantage by illustrating 
processes of the Integral Calculus, and special attention 
been paid to this circumstance by the discussion of 
examples. 
In the fourth edition the work has been revised, and 
le additions have been made which it ia hoped will 
Ltility- 

I. TODHUNTER. 
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njTHODncnoN, 



1. A BODY ia a portion of matter limited m every direction, 
md is consequently of a determinate form andvohiine. A 

laterial particle is a body indefinitely small in every direc- 
; we shall speak of it for stiortness as a particle. 

2. A body is in motion when the body or its parts occupy 
successively different positions in space. But we cannot 
judge of the state of rest or motion of a body without com- 
paring it with other bodies, and for this reason all motions 
which come under our observation are necessarily relative 
motions. 

3. Force is that which produces or tends to produce motion 
in a body, 

4. When sevei'al forces act simultaneously on a body, it 
may happen that they neutralise each other; when a body 
remains at rest though acted on by ibrces, it is said to be in 
equilibrium ; or, in other words, the forces are said to main- 
tain equilibrium. 

I 5. Mechanics is the science which treats of the laws of 
. t and motion of bodies. Statics treats of the laws of the 
■uilibrium of bodies, and Dynamics of the laws of motion of 



There are three things to consider i 
i a particle: the position of the particle: 



I a force acting 
the direction of 



2 iirntoDirGTioiT. 

the force, that is, the direction in wliicli it tends to make 
the particle start; and the intensity of the force. As the 
dimensions of a particle ate indefinitely small ite position 
may be determined in the same manner as that of a point 
in geometry, and the direction of the force may be determined 
in the same manner as that of a straight line in geometry. 
We proceed then to consider the magnitude or intensity of 
a force. 

7. Forces can be measured by taking some force as the 
unit, and expressing by numbers the ratios which other forces 
bear to this unit. Two forces are equal when being applied 
in opposite directions to a particle they maintain equilibrium. 
1i we take two equal forces and apply them to a particle in the 
same direction we obtain a force double of either ; if we unite 
three equal forces we obtain a triple force ; and so on. 

"When we say then that a force applied to a particle is a 
certain multiple of another force, we mean that the first force 
may he supposed to be composed of a certain number of forces 
C(jual to the second and all acting in the same direction. In 
this way forces become measurable quantities, which can be 
expressed by numbers, like all other quantities, by referring 
them to a unit of their own kind. Forces may also be repre- 
sented by straight lines proportional in length to these num- 
bers, drawn from the p6int at which the forces act and in the 
. directions in which they act. 



8. Experience teaches us that if a body be let free from 
the hand, it will fall downwards in a certain direction ; how- 
ever frequently the experiment be made, the result is the 
same, the body strikes the same spot on the ground in each 
trial, provided the place from which it is dropped remain the 
same. The cause of this undeviating effect is assumed to bo 
an affinity which ail bodies have for the earth, and is termed 
the force of attraction. If the body he prevented from falling 
by the interposition of a table or of the hand, the body exerts 
a pressure on the table or hand. Weight is the name given to 
the presbTire which the attraction of the earth causes a body to 
exert on another with which it is incontact. 
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INTHODTTCnOir! 5 

A solid body is conceived to be an aggregation of 
material particles which are held together by their mutual 
affinities. This appears to be a safe hypothesis, since experi- 
ments shew that any body is divisible into successively smaller 
and smaller portions withojit limit, if sufiicient force be exerted 
to overcome the mutual action of the parts of the body. 

10. A rigid body is one in which the particles retain in- 
variable positions with respect to each other. No body in 
nature is perfectly rigid ; every body yields more or less to 
the forces which act on it. If, then, in any case this com- 
pressibility is of a sensible magnitude, we shall suppose that 
the body has assumed its figure of equihbrium, and then 
consider the points of application of the forces as a system of 
invariable form. By body, hereafter, we mean rigid body. 

[. When a force acts on a body the effect of the force ' 
be unchanged at whatever point of its direction we sup- 
pose it applied, provided this point be either one of the points 
of the body or be invariably connected with the body. This 
principle is known by the name of the ti lensmissibility of a 
force to any point in its line of action; it is assumed as 
an axiom or as an experimental fact. We may shew the i 
amount of assumption involved in the axiom, by the follow- 
ing process. 

t Suppose a body to be kept in equilibrium by a 
forces, one of which is the force P applied at 
e point A. Take any point B which lies on 
e direction of this force, and suppose B so con- 
fcted with ji that the distance .dS is unchange- 
8e. Then, if at B we introduce two forces, 
and P", equal in magnitude and acting in oppo- 
8iie directions along the straight line AB, it seems 
evident that no change is made in the effect of 
the force P at A. Let us now assume that P 
at A and P" at B wiU neutralise each other, and 
may therefore he removed mthtrut disturbing the 
equilibrium of the body; then there remains the 
force P at B producing the same effect as when 
it acted at A. 
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4 INTRODUCTION* 

12. We shall have occasion hereafter to assume what niay 
be called the converse of the principle of the transmissibility of 
force^ namely, that if a force can be transferred from its point 
of application to a second point without altering its effect, 
then the second point must be in the direction of the force. 
See Art 17. 



13. When we find it useful to change the point of applica- 
tion of a force, we shall for shortness not always state that the 
new point is invaricMy connected with the old point, but this 
must be always understood. 
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CHAPTER II. 



[ THE COITPOSITION AND EQUILIBRIUM OF FORCES ACTING 
ON A PARTICLE. 



; 14. WhEw a particle is acted on ty forces which do not | 
oaintain equilibrium it will begin to move in some deter- 1 
minate direction. It is clear then that a single force may 
be found of such a magnitude, that if it acted in the direction 
opposite to that in which the motion would take place this 
force woidd prevent the motion, and consequently would be 
in equilibrium with the other forces which act on the par- 
ticle. If then we were to remove the original forces and 
replace them by a single force, equal in magnitude to that 
described above, but aeting in the opposite direction, the par- 
ticle would still remain at rest. This force, which is equiva^ 
Lent in its effect to the combined effect of the original forces, is 
called their resultant, and the original forces are called the 
[ eetnponmts of the resultant. 

I It will be necessary then to begin by deducing rules for 
uhe composition of forces ; that is, for finding their resultant 
Hm;e. After we have determined these, it will he easy to I 
Heduce the analytical relations which forces must satisfy when I 
Bfc i equihhrium. I 

H 15. To find the resultant of a given number of farces acting I 
H^ a particle in the same straight line / and to find the condition i 
^■ftioA they imist satisfy that viey may he in equilibrium. I 

^1 When two or more forces act on a particle in the sama 1 
^Brection it is evident that the resnUant force is equal to their I 
^■un and acts in the same direction. 

^1 When two forces act in different directions, but in the same 
Htraight line, on a particle, it is equally clear that their re- 
^Htant is equal to their difference and acts in the direction of 
^pe greater component. 



6 FORCES IN THE SAME STEAIQHT LINE. 

Wten several forces act in different directions, but in the 
same straight line, on a particle, the resultant of the forces 
acting in one direction is equal to the sum of these forces, 
and acts in the same direction ; and so of the forces acting in 
the opposite direction. The resultant, therefore, of all the 
forces is equal to the difference of these sums, and acts in the 
direction of the greater sum. 

If the forces acting in one direction are reckoned positive, 
and those in the opposite direction negative, then their re- 
sultant is equal to their algebraical sum; its sign determines 
the direction in which it acts. 

In order that the forces may be in equilibrium, their 
resultant, and therefora their algebraical sum, must vanish. 



16. There is another case in which we can easdy deter- 
mine the magnitude and dii-ection of the resultant. 

Let AB, AC, AD be the directions of three equal forces 
acting on the particle A ; suppose these forces all in the 
same plane and the three angles BAG, GAD, DAB each 
equal to 120°; the particle will remain at rest, for there is 
no reason why it should move in one direction rather than 
another. Each of the forces is therefore equal and opposite 
to the resultant of the other two. 
But if we take on the directions 
of two of them, AB, AO, two equal 
straight lines AG, AH to repre- 
sent the forces, and complete the 
parallelogram GAHE, the diago- 
nal .^.£^ will lie in the same straight 
line with AD. Also the triangle 
jdff^will be equilateral, and there- , 
fore AE=AQ. Hence, the diago- 
nal AE of the paraJlelogram con- 
structed on AQ, AH represents 
the resultant of the two forces which AG & 
lively represent 

This proposition is a particular casa of one to which we I 
now proceed. I 




AH respec- 



-tABALLELOQRiU OF FORCE^. 

K* 17. If two forces acting at a point he represented in direc- 
■' tion and magnitude by two straight lines drawn from the 
point, and a parallelogram be described on these straight lines 
as adjacent sides, then the resultant ^uill he represented in di- 
rection atnd magnitude by that diagonal of the parallelogram' 
which passes through the point. 

This Proposition is called the Parallelogram of Forces. 

kl. To find the direction of the resultant. 
. "When the forces are equal it is clear that the direction 
'bf the resultant will bisect the angle between the directions 
I of the forces ; or, if we represent the forces in magnitude 
and direction by two straight lines drawn from the point 
where they act, and describe a parallelogram on these straight 
lines, that diagonal of the parallelogram which passes through 

I the point will be the direction of the resultant. 
Let us assume that this is true for forces p and wt iaclined 
at any angle, and also for forces p and n inclined at the same 
angle ; we can shew that it must then he true for two forces 
p and m + n also inclined at the same angle. 
Let A he the point at which the forces p and m act ; 
AB, AO their directions and pro- 
portional to them in magnitude: 
complete the parallelogram BG, and 
. draw the diagonal AD; then, by 
Liiypothesis, the resultant of p and m 
lets along vlO, 1 

Again, take CE in the same ratio 
fija AG that n bears to m. By Art. 11 

I we may suppose the force n which acts in the direction AE 
I to be applied at A or C; and therefore the forces- p, m, and n, 
'n the straight lines AB,AG, and GE, are the same as p and 
[m+n in the straight lines AB and AE. 

Now replace p and m by their resultant and transfer its 
point of application from .^ to iJ; then resolve this force 
at D into two parallel to -iS and AC respectively; these 
resolved parts must evidently bejj and m, the former acting 
in the direction DF, and the latter in the direction DG. 
, Then transfer p to G and m to G. 




PARiLLELOOEAM OF FORCES. 

But, by the hypothesis, p and n acting at G have a re- 
sultant in the direction CG ; therefore p and n may be 
replaced W their resultant and its point of application trans- 
ferred to G. And vt has also been transferred to G. Hence 
by this process we have removed the forces which acted 
at ^ to the point G without altering their effect. We may 
infer then (see Art. 12) that G \s & point in the direction of 
the resultant of p and m + n tA A; that is, the resultant crf^ 
and m + n acts in the direction of the diagonal A G, provided 
the hypothesis is correct. But the hypothesis is correct for 
eqnal forces, a3p,p, and therefore it is tnie for forces p, 2p- 
consequently for^, Zp, and so on ; hence it is true forp, r.p. 

Hence it is true for p, r.p, and p, r.p, and consequently 
for 2p, r.p, and so on ; and it is finally true for s.p and r.p, 
where r and s are positive integers. 

We have still to shew that the Proposition is true for 
incommensurable forces. 

This may he inferred from the fact that when two mag- 
nitudes are incommensurable, so that the ratio of one to the 
other cannot be expressed exa<Aly by a fraction, we can still 
find a fraction which differs fi-om the true ratio by a fraction 
less than any assigned fraction. Or it may be established 
indirectly thus. 

Let AB, AC represent two such forces. Complete the 
paralletogium BG. Then if their 
resultant do not act along AD sup- 
pcse it to act along AE; draw EF 
parallel to A C. Divide A G into a 
number of equal portions, each less 
than })E; mark off from CD por- 
tions equal to these, and let K he ' 
the last division ; this evidently falls •* ■** 

between i> and £; draw (?£" parallel to .,4 C. Then two forces 
represented by j4 (7,^4 G have a resultant in the direction j4^, 
because they ai'e commensurable ; therefore the forces A C 
and AB are equivalent to a force along .^ ST tt^ether with a 
force equal to GB apphed at A along AB. And we may 
e as obvious that the resultant of these forces must lie 





pahallelogram: op forces. 



ettveen AK and AB ; but by supposition the resultant is 
' U which is not betweeu AK aod AB. This is absurd. 



.A. 
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In the same manner we may shew that every direction 
I besides AD leads to an absurdity, and therefore the resultant 
tmust act along AB, whether the forces be commensurable or 
I incommensurable. 



To find the magnitude of the resultant. 

Let AB, ^ C be the directions of the given forces, AD 
that of their resultant; take AE opposite to r 

AD, and of such a length as to represent the 
magnitude of the resultant. Then the forces 
ipresented by AB, AC, AE, balance each 
■other. On AE and AB as adjacent sides 
eonsfcruct the parallelogram ABFE; then the 
inal AF is the direction of the resultant 
of X£ and .45. 

Hence AG ia in the same straight hne ' 
with AF; hence FD is a parallelogram ; and 
therefore AE=FB = AD. Hence the result- 
ant is represented in magnitude as well as in ■" 
direction by the diagonal of the parallelogram. 

I - Thus the proposition called the ParallelogTam of Forces is 
■ completely estabhshed. 

18. Hence if P and Q represent two component forces 
icting at an angle a on a particle, the resultant It is given 

V the equation 

J2'=i«+(3» + 2P(3cosK. 

19. When three forces acting on a particle are in equi- 
ibrium they are respectively in the same proportion aa the 
■""■» of the angles inGluded by the directions of the other 

■r if we refer to the third figure of Art. 17 we have 
F : Q : R :: AB : AC {or BD) : AD 

:: sin ABB : sin BAB : sin ABD 
:: sin CAE : sin BAE : sin BAG. 



Conversely if three forces act oa a particle, and eact force 
13 as tbe eiae of the angle between the directions of the other 
two, it may be shewn that one of the forces is equal in mag- 
nitvde to the resultant of the other two, and acts either in 
the same direction or in the opposite direction : in the latter 
case the three forces are in equilibrium. 

It should be noticed that if the sides of a triangle be drawn 
parallel to the directions of the forces, the length of any side 
will be proportional to the sine of the angle between the 
forces which coiTespond to the other two sides. 

20. Any force acting on a particle may be replaced by 
two others, if the sides of a triangle drawn parallel to the 
directions of the forces have the same relative proportion 
that the forces have. For by the parallelogram of forces 
the resultant of the latter two forces is equal to the given 
force. 

This is called the resolution of a force. 

21, Since the resultant of two forces acting on a particle 
is represented in magnitude and direction by the diagonal 
of the parallelogi-am constructed upon the straight lines which 
represent these forces in magnitude and direction, it follows 
that, in order to obtain the resultant of the forces J*,, P,, P,,... 
which act on a particle A, and are represented by the straight 
lines AP^, AP^, AP^, ... we may proceed thus : 




Find the resultant of P, and P,, compound this resultant 
with P^ this new resultant with P^ and so on. It follows 
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I from tills, that if we construct a polygon AP^BOD, of which 
I the sides are respectively equal and parallel to the straight 
[■lines AP^, AP^^.., and join A with the last vertex D, the 
[ straight line AD will represent in magnitude and direction 
I the resultant of all the forces. 

We may conclude that the necessary and sufficient con- 
dition for the equilibrium of a number of forces acting on 
I a particle is, that the point D should coincide with A ; 
that is, that the figure AP^B... D should be a complete 
polygon. The forces in the figure are not necesearily all in 
me plane. 

The result here obtained may be enunciated thus : If the 
I eides of any ■polygon taken in order are respectively proportional 
I to the magnitudes of forces acting at a point, and parallel to 
I the direcidons of the forces, then the forces ■will be in equilibrium. 

This proposition is called the Polygon of Forces. 

The student must carefully notice the conditions under 
which this proposition is asserted to hold ; the forces are sup- 
posed all to act at one point, and are to be, represented by the 
sides of a polygon ttUcen in order. As an example of the 
latter condition, suppose a quadrilateral ABCD; then if forces 
which may he represented by AB, BO, CD, DA, act at a 
point the forces will be in equilibrium : hut the forces will not 
be in equilibrium if represented by AB, BG, DC, DA, or by 
lAB,£0, CD, AD. 

The direction and magnitude of the resultant may also be 
\ determined analyticallyj as in the following Articles. 

22. Any number of forces act on a particle in one plans; 
Irequired to find the magnitude and the direction of their 
^resultant 

Let Pj, P,, P„... be the forces, and a„a , a^,... the angles 

hlieir directions make with a fixed straight Ime drawn thi-ough 

Bthe proposed point. Take this fijted straight Hne for the axis 

me£ X, and one perpendicular to it for that of y. Then, by 

'jt 20, P, may be resolved into P, eos«|, and P, sinoj, acting 

bng the axes of x and y respectively. The other forces may 



POECES ON A PARTICLE. 

be similarly resolved. By algebraical addition of the forces 
which act in the same straight line we have 

P, cos a, + .P, cos Qj + i*, cos a, + ... along the axis of x, 

P^ sin a^ + i'j ain a, + P^, ain a, + . . , along the axis of y. 

We shall express the former by %P cos a and the latter by 

2P sin a, where the eymbol S denotes that we take the sum 

of all the quantities of which the quantity before which it is 

placed ifl the type. 

If we put P, cos a, = X, and P, sin a, = Y^ , and use a similar 
notation for the other components, we nave two forces replacing 
the whole system, namely 2-X along the axis of x and £r 
along that of Y. If B denote the resultant of these forces and 
a the angle at which it is inclined to the axis of m, we have, 
by Art. 17, 

■ST 
. ff={SX)'+(Sr)', tana = |J. 

' tx . sr 

Also cos a = -5-; 8ma = -^. 

23. To find ike conditions of equilibrium when any number 
of forces act cm, a particle in one plane. 

Wiien the forces are in equilibrium we must have U = 0; 
therefore 

(SX}'+(2r)'=0; 
therefore 2X=0; Sr=0; 

and these are the conditions among the forces that they may 
be in equilibrium. 

Hence a system of forces acting in one plane on a particle 
will be in equilibrium if the sums of the resolved parts of the 
forces along two rectangular asces in the plane through the 
point vanish. 

Conversely, if the forces are in equilibrium the sum of the 
resolved parts of the forces along any straight line through 
the point will vanish. 

24. Three fvrcea act on a particle in directions making 
right angles with each other ; required to find the viagnititde 
and direction of their resultant. 
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Let AB, A 0, AD represent the three forces X, Y, Z in 
maguitiide and direction. Complete the parallelogram BC, 
and draw the diagonal AE; then AE represents the resultant 
of X and Y in magnitude and direction, by Art. 17. Now 




the resultant of this force and Z, that is, of the forces repre- 
sented by AE, AD, is represented in magnitude and direction 
by AF, the diagonal of the parallelogram BE. Hence the 
resultant of X, Y, Z is represented in magnitude and direction 
by AF. Let iJ he the magnitude of the resultant, and a, b, c 
the angles the direction of R makes with those of X, Y, Z. 
Then, since 

AF'= AE" -^ A]y = AB*+ AC* + AB', 

■efore ii' = Z= + r» + ^. 



Also co3a = -^„= -^j cos,6 = 



_AB_Z 
~AF R- 






I Thus the magnitude and direction of the resultant are deter- 
■ inined. 

25, It follows from the last Article that any force R the 
direction of which maltes the angles a, h, c with three rect- 
angular axes fixed in space, may be replaced by the three 
forces B cos a, R cos b, R cos c, acting simultaneously on the 
particle on which R acta, and having their directions parallel 
to the axes of coordinates respectively. 
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26. Any number af forces act on a particle in any direc- 
tions ; required to find the magnitude and the direction 0/ their 
residtant. 

Let P,, P,, Pj,... he the forces; let a , ^^, y^ be the anglea 
which the direction of P, makes with three rectangular asea 
drawn through the proposed point; let a,, /9,, y^ be the angles 
which the direction of P, makes with the same axes; and 
so on. 

Then, by Art. 25, the components of Pj in the directions of 
the axes are 

P,coBa„ P,cOH/9,, P,coa7., (or X„ r„ Z„ suppose). 

Resolve each of the other forces in the same way, and reduce 
the system to three forces, by adding those which act in the 
same straight line. Art. I.t ; we thus have 

P, cosa,+ P,coso,+ ... or SPcosa, or SX, 

P,cos;9, + P,cosjS,+ ... or SPcosjS, or Si", 

P,c037, + PjC0S7, + ... or SPCOS7, or %2, 

acting in the directions of the axes of a-, y, and z respectively. 

If we call the resultant R, and the angles which its direc- 
tion makes with the axes a, b, c, we have, by Art. 24, 



_sx 



^ R' 



" £' 



27. To find the conditions of equilihrium wlwn any number 
of forces act on a particle. 

When the forces are in equilibrium, we must have .R = ; 
therefore 

therefore 2X=0; SF=0; XZ=0; 

and these are the conditions among the forces that they Inay 
be in equilibrium. 
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28. The expression for the magnitude of the resultant in 
Art. 2G maj be rendered independent of the position of the 
axes. For, from Art. 2G, 
jB" = (P,coso, + P,coscr, + .,.)'+(-P.cos;S, + P,cos^^+...)" 

»+ {P, cos y, + P, cos 7, + . . .)'. 
When the expressions on the right-hand side are developed, 
we shall find that the coefficient of P' is 

cos'a,-f cos'jS, + cos'7„ 
and that the coefficient of P,P, is 

2 (cos a, cos a, + cos 0^ cos 0^ + cos 7, cos 7,}. 

Now we know from Analytical Geometry of three dimensions 
that 

coa'oij + cos' ^, + cos' 7i = 1 ; 
and that 

cos Kj cos Bj + cos /3, cos (9j + cos 7, cos 7j 

is equal to the cosine of the angle between the directions of 
the forces P, and P^, which we may denote by cos {P,, P,). 
Similar values will be found for the coeflicienta of the other 
terms ; and the result may be expressed thus, 
Jt' = tl"+ 2SPP cos (P, P), 
^1 where by P, P' we mean any two of the forces. 

B 29. The equation P cos a = SPcos a, in Art. 26, shews 

^* that the resolved part of tlie resultant in any direction is equal 

to the 8vm of the resolved parts of the components in the same 

direction; for since the axes were taken arbitrarily, that of a; 

might have been made to coincide with any assigned direc- 

Ition. Or we may estabHsh the proposition thus. Suppose 
a straight line drawn through the point of application of the 
forces, and inclined to the axes at angles a', ^', y. Take the 
three equations of Art. 26, 
P cos a = P, cos t(, + P, cos a, + 
Pcosi = P,coa/9, + P,cosj8,+ 
P cos C = P^ COS 7j + Pj COS 7, + 



J 



r A FASTICLE. 

Multiply the first by cos a', the second by cos ^, and the third 
by COB 7', and add. Then, if 5,, 6.... denote the angles which 
-P,, /*,... make with the arbitrarily drawn straight line, and 
$ the angle which the resultant R makes with it, we have, by 
the formula quoted in Art. 28 for the cosine of the angle be- 
tween two straight lines, 

.Hcos5 = P,cos^, + P^cos5,+ 

30. From Art. 20 it is obvious that a given force may 
be resolved into two others in an infinite number of ways. 
When we speak of the resolved part of a force in a given 
direction, as in the preceding Article, we shall always suppose, 
imless the contrary w expressed, that the given force is re- 
solved into two forces, one in the given direction and the 
other in a direction at right angles to the given direction. The 
former component we shall call the resolved force in the given 
direction. 

When forces act on a particle it will be in equilibrium, 
provided the sums of the forces resolved along any three 
directions not lying in one plane are zero. For if the forces 
do not balance, they must have a single resultant ; and as 
a straight fine cannot be at right angles to three straight 
lines which meet at a point and are not in the same plane, the 
resolved part of the resultant, and therefore the sum of the 
resolved parts of the given forces, along these three straight 
lines, could not vanish, which is contrary to the hypothesis. 

31. In Art. 20 we resolved each force of a system into 
three others along three rectangular axes. In the same way 
we may, if we please, resolve each force along three straight 
lines forming a system, of obliqve axes. For whether the 
figure in Art. 24 represent an oblique or rectangular parailele- 
piped, the force AF may be resolved into AD and AE, and 
the latter again resolved 'mU> AB a.TiA AC Hence the re- 
sultant of a system of forces may be represented by the diago- 
nal of an oblique parallelepiped, and for equilibrium it will 
be necessary that this diagonal should vanish, and therefore 
that the edges of the parallelepiped should vanish. 

The folloiving three Articles are particular cases of the 
equilibriuui of a particle. 



lb determine the condition of equilihrium of a particle 
tied on by any forces and constraiiied to rentatn on a given 
ooth curve. 

r a smooth curve we understand a curve that can only 
t force on the particle in a direction normal to the curve 
at the point of contact. 

Let X, T, Z denote the forces acting on the particle in 

directions paxallel to three rectangular axes, exclusive of the 
Wtion of the curve. Let x, y, z denote the co-ordinates of 
[he particle, and s the length of the arc measured from some 
ixed point up to the point {x, y, z). Then by Analytical 
JDeometry of three dimenaions the cosines of the angles which 
The tangent to the curve at the point (a-, y, a) makes with the 
dx di) dz 



ds ' I 



-J- , respectively. The forces acting on 
i particle being resolved along the tangent to the curve, 



da 



■Unless this vanishes, there will be nothing to prevent the 
^urticle from moving ; for equilibrium then we must have 

Xp+T'^ + Z^-O. 
as CM ds 

Conversely if this relation holds the particle will remain at 
jst, for there is no force to make it move along the curve, 
iprhich is the only motion of which it is capable. 

We have supposed the particle to be placed inside a tube 
^hich has the form of the curve. If, however, the particle 
■be merely placed in contact with a curve, it will he further 
necessary for equihbrium that the resultant of the forces 
should press the particle against the curve and not move it 
from the curve. 



33. To determine the conditions of equilibrium of a particle 
^ted on by any forces aaid conatrained to reTnain on a given 
joth surface. 



i 




PABTICLE ON A STJHFACK 

A smooth surface is one wliich can exert, no force on the 
particle except in a, direction normal to the surface. 

Let X, Y, Z denote the forces acting on the particle in 
directions parallel to three rectangular axes, exclusive of the 
a<:tion of the surface. The resultant of X, Y, Z must act in 
a direction normal to the surface at the point where the 
particle is situated ; for if it did not, we might decompose 
it into two forces, one in the normal and one at right angles 
to the normal, of which the latter would set the particle in 
motion. The cosines of the angles which the resultant of 
X, Y, Z makes with the ases are proportional to A', Y, Z 
respectively ; and if F (x, y, z) = be the equation to the 
surface, the cosines of the angles which the normal to the 
surface at the point (x, y, z) makes with the axes, are by 
Analytical Geometry of three dimensions proportional to 

— ■* respectively. Hence for equilibrium we 



ch:' dy ' a 


^ ieBpc<;i,ivuiy. jj-u 


must have 






X Y Z 




IflP'TP 




dai dy dz 



If these relations are satisfied, the resultant force is directed I 
along the normal; hence, if we suppose the particle incapable 
of leaving the surface, the above conditions will be suffi(nent I 
to ensure its equilibrium; but if the particle be merely placed I 
on a surface, it will be further necessary that X, Y, Z should J 
act so that their resultant may press the particle against the ' 
surface. For example, if the particle be placed on the out- 
side of a sphere, the resultant of X, Y, and Z must act 
towards the centre of the sphere. 



required to determine the action which the 
curve or the surface exerts on the particle in the preceding 
cases. Denote it by li. and let a, 0, y be the angles its direc- 
tion makes with the axes. Since R and the forces X, Y, Z 
maintain the particle in equilibrium, we have by Art. 27, 



Bc< 



a + A' = 0, Itc< 



3+r=0, Ec< 



\-Z=^0.. 



,.(1}. 
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10 when the particle rests on a curve surface whose equation 
■in F {x, y, z) = 0, cob a, cos ,3, and cos 7 are known in terms 
" the co-ordinates of the particle, since they are proportional 

-J-- , --5- , -J- respectively. Hence the equations (1) and 

lat to the surface will determine x, ij, z, and S,, if X, Y, Z 
given. 

If the particle rest on a curve line, then, since the direc- 
tion of B, is perpendicular to that of the tangent to the curve, 
we have the following equation from Analytical Geometry of 
three dimensions, 

Ico,.g + .o.^g + c.,,|=a (2). 
: 
tWE 
)t( 
uat 



-4 , and T- can be expressed, theoretically at 

ist, in terms of x, y, and z, the equation (2) gives a relation 
^tween cos a, cos ft and cos y, and x, y, and z. Thus (1) and 
fi) together with the two equations to the curve and the 
iquation 

cob' a -I- cos' /3 + 003*7 = 1> 

are sufficient to determine the seven quantities M, x, y, z, 
COT o, cos j9, and cos 7. 

We may observe that from (1) 

35. Duchajla's proof of the Parallelogram of Forces which 

: have given in Art. 17, rests on the principle of the trans- 

ssihility of force; see Art. 11. We shall give another proof 

dch does not involve this principle ; this proof is Poisson's 

th a shght modification. We assume that if two equal 

forces act ou a particle, the direction of the resultant bisects 

the angle between the directions of the components. Also, if 

i* denote the magnitude of each of two equal forces, 2x the 

Ejle between their directions, and R the magnitude of the 
ultant, then R must be some function of P and at; suppose 
this equation, if we change our unit of force, the numerical 
2—2 
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values of P and R will change ; but aa the above equation 
must be true, whatever unit of force we adopt,it follows that the 
fiiHctioa/(i', x) raust be of the form F^[ai). Hence we have 

Let M represent the position of the particle; MA, MB 
the directions of the equal forces 
acting on it ; MD the direction of the 
resultant. Draw the four straight lines 
MG, MG, MB, ME, making the an- 
gles CMA, GMA, HMB, EMB all ^ 
equal, and let z denote the magnitude 
of each angle. Suppose the force P 
acting along MA to be resolved into 
two equal forces acting along MC and 
MQ respectively ; denote each of these 
components by Q ; then 

Resolve P acting along MB in like manner into two 
forces each equal to Q, acting along ME and MH respec- 
tively. Thus the two forces P are replaced by the lour 
forces Q ; and consequently the resultant of these four forces 
must coincide in magnitude and direction with the resultant 
J2 of the two forces P. 

Let Q denote the resultant of the two forces Q, acting 
along 3/G and J/5"; since GMD = HMD = x - z, ve have 

and MD is the direction of Q'. 

Similarly, the resultant Q" of the other forces Q will act 
along MD ; and since CMD = EMD = a; + z, we have 

Since Q! and Q' both act along the straight line MD, their 
resultant, which is also the resultant of the four forces Q, 
must be equal to their sum ; hence 

R=q + Q". 
But wo have 2l = P<j, (x) = Q<f,{z) <f) (a-). 
Hence ^ (jr) (--) = <^ (a; + z) + ^ (j; - s) (]). 
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This equation admits of more than one solution; for esam- 

ple, if (3;) =2 cos ciD, or if tf>{x) =el^+ e~^, where c is any 

constant, the equation is satisfied ; wo shall however shew 

that the only solution admissible in the present question is 

I the following, 

»if>{x)=2co3x (2). 
We may observe that we need not consider any value of at 
greater than 5 i for the directions of two forces acting at a 

point will always include an angle less than ir ; we may then 
^^ assume it as obvious that ^ {x) must be a positive quantity. 

^M We shall first shew that if if){x) = 2 cos a; when x has any 

^Kaluea,then ij}{x) must =2co8a: when;:^ has the value ^. In 

^Bqua 

But the resultant of two equal forces acting in the same 
straight line is equal to twice either of the component forces; 
thus ^ (0) = 2 ; therefore hy (3) 

^ f^) "^ f ^) " ^ t^ + *^**^ "J = ■^ °°^' ^ ■ 

' Hence <J3 f ^ ] = ± 2 cos ^ ; but by supposition 5 is less than 

id (^] must be apositive quantity; thus 



tt) put X and z each equal to ^ , so that (^{x + z) becomes 
iqual to 2 cos a ; thus 



f(j)*g)=*(0) + 2'»=« (3). 



I'SimilsjIy if ^ (ar) = 2 cos x when x = -^, then ^ («) = 2 cos x 
: = 7 ; and so on ■ Thus we conclude that if (ai) = 2 cos x 
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wlicna; = a, then </)(ic) = 2 cosa; when 3; = ^, ■where nis any 
positive integer. 

We shall next shew that if (a;) = 2 cos a; when m = ^, and 
when a; = 7, and when x = ^ ~y, then <^(x) =2 cos x when 
x=^+y. From (1) 

*(/3 + 7) = 0(^^(7)-0(/9-7) 

= 4 cos ^ cos 7 — 2 cos O — 7) 

= 2cos08 + 7). 
Thus if (2) holds when a; = y9, it will hold when x = 20; this 
we obtaia by supposing 7 = y3. Then if (2) holds when x = ^ 
and when x = 2$, it also holds when x=S^; and so on ; that 
is, if (2) holds when .t = /3 it will hold when a: = m^. Thus 
we conclude that if (2) holds when ic = a it will hold when 

o' = -Sir ) where m and n are any integers. 

But since the numbers m and n may be as great as we 

please, we can take them such that the expression — may 

differ as little as we please from any assigned value of «. 
We may therefore consider (2) as completely demonstrated 
if it holds for any value of x different from zero. But by 
Art. 16, it does hold when ic=j7r, for then 0(a:)=l=2 cos Jjr; 
hence it holds always. Hence 

JJ = 2Pco8a!. 
If then the forces P be represented by straight lines drawn 
from their point of application, the resultant S, will be repre- 
sented by that diagonal of the parallelogram described on 
these straight lines which passes through the point of appli- 
cation- 
Nest, let two unequal forces P and Q act on the particle M 
along the straight lines Jfil and 3/S; 
represent their intensities by the 
straight lines MG and MH taken 
on their directions, and complete 
the parallelogram MQKH. 

First suppose AMB a right an- 
gle. Draw the two diagonaJa MK 
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and GS, which meet at L\ through G and ff draw GA^and 

HO parallel to ML, meeting at N and the parallel to GS 
drawn throagh M. Then 

GL = LH=LM. 

nience NL and OL are equilateral parallelograms, and there- 
Hfore, by what has been already proved, the force MQ may be 
fcegarded as the resultant of MN and ML, and the force MH 
Fas the resultant of MO and ML. Hence we may substitute 

for MG and 3/Sthe forces MN, JfO, and the two forces ^i; 

MN and MO, since they are equal and opposite, destroy each 
. other, and wp have remaining the two forces ML, which 

together give a force represented in magnitude and direction 

hjMK. 

Secondly, suppose the angle AMB _ 

not a right angle. Through G and H 

draw GE and HF peipendicular to the 

diagonal MK, and G^and HO parallel to 

this straight line. Through Jl/draw NMO 

at right angles to MK. Then wo have 

GE=HF. As we have already shewn, 

the force MG may bo replaced by MN gJ 

and MB, and the force MH by MO and 

MF. Since MN and MO are equal and 

opposite, they will destroy each other, and- 

MF and ME remain; since MF=KE, 
I we have MK as the resultiint in mag- 
\ tude and direction of MG and MH. 

Hence the ParaUelogram of Forces is completely proved. 

A proof of the Parallelogram of Forces has been 
jfiven by Laplace {M4camque Celeste, Liv, i.Chap, 1). In this 
Irproof the component forces are at first supposed to be at right 
I angles; the magnitude of their resultant is then determined 
[ and afterwards its direction. The first part of the proof is so 
I simple, that it may be conveniently introduced here; it is 
I BabstantiaUy as follows. Let x and y denote two forces which 
liare inclined at a right angle, and let z denote their resultant; 
I" "We propose to find the value oi z. It is obvious that if the 
V components instead of being x and y were 1x and 2y respec- 
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tively, the resultant would be 2z and would have the same 
direction as before; so if the components were 3a: and 3tf 
respectively, the resultant would be 3s and would have the 
same direction as before; and so on. We may therefore 
assuniLe conversely, that if the inclination of the resultant to 
each component remains unchanged, the ratio of each com- 
ponent to the resultant will also remain unchanged. Now 
consider the force x as the resultant of two forces x' and x", of 
which x is in the direction of 2, and x" is at right angles to 
that direction. Then by the principle just assumed, we have 



Similarly y may be resolved into - along the direction of z 



i ^ at right E 



gles to that direction. Thus the forces 



a; and y are equivalent to four forces, two in the direction of z 
and the other two at right angles to that direction; the latter 
two are equal in magnitude and opposite in direction, so that 
they counteract each other; hence the resultant of the former 
two must be etiual to z. Thus 



x* 



z; therefore a° = ic' + y'. 



L 



We shall now give some simple propositions which will 
serve to exemplify and illustrate the principles of the present 
Chapter. 



I. ASO is a triangle ; 
D, E, F are the middle points 
of the sides BC, CA, AB 
respectively: shew that forces 
represented by the straight 
linos AD, BE, CF wiU be in 
equilibrium. 
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It is known that the straight lines AD, BE, CF meet at a 

?)int: see Appendix to Eaclid. Let G denote this point, 
he three forces may be supposed to aet at 0. 

Since D is the middle point of BC, the parallelogram de- 
scribed on AB and ^ G as adjacent sides will have a diagonal 
in the direction AD; hence twice AD will represent the 
resultant of two forces represented by AB and A C. And 
oonversely the force represented by AD may he resolved into 
two forces represented by half AB and half AC. Similarly 
the force BEmny be resolved intohalf BCandhalt'/J.-i; anil 
the force Cf may be resolved into half CA and half CB. 

But the force half AB is equal and opposite to the force 
half S^; and so on. Thus, finally, the forces AD, BE. OF 
are in equilibrium. 

II. In the figure of the preceding proposition forces re- 
presented by the straight lines GA, GB, GC will be in 
equiUbrium. 

The reBultant of the forces GB and GO acts along GD. 
If then there is not equilibrium the three forces GA, GB, 
GC have a resultant acting either from A towards D or from 
D towards A, that is in the straight line AD. But in the 
same way it may be shewn that if the forces GA, GB, GO 
are not in equilibriiim their resultant must act in the straight 
line BE, and also in the straight line OF. But it is impossi- 
ble that the resultant can act in three different straight Hnes. 
Therefore the forces GA, GB, GO must be in equilibrium. 

As the student is probably aware, it may be shewn by 
Geometry that AG is equal to twice GD; and thus the pre- 
.aent theorem may be estabhshed directly; but we have used 
the method here given for the purpose of illustrating me- 
chanical principles. We may observe that wo have thus by 
the aid of mechanical principles, in fact, demonstrated that 
AG=2GD; for the resultant of GB and GC is represented 
by twice GD. 

Since AD = 3GD, BE^SGE, and CF=3GF, the forces 
AD, BE, CF have the same relative proportion as the forces 
"^D, GE, GF\ so that the first proposition may be deduced 

imediatelj from the second. 



PROPOSITIONS RESPECTING 

HI. Forces act at tlie middle points of the sides of a tri- 
angle, in the plane of the triangle, at right angles to the sides 
ana respectively proportional to the sidts : shew that if they 
all act inwards or all act outwards they wdl be in equilibrinm. 

The directions of the forces meet at a point, namely, the 
centre of the circle which circumscribes the triangle. And 
the angle between the directions of two forces is the supple- 
ment of the angle between the corresponding sides. Thus 
each force is as the sine of the angle between the other two. 
Hence by Art. 19 the forces are in equilibrium. 

IV. Forces act at the angular points of a triangle along 
the perpendiculars drawn from the angular points on the 
respectively opposite sides; and the forces are respectively 
proportional to the sides: shew that the forces will be in 
equilibrium. I 

It is known that the perpendiculars meet at a point: see I 
Appendix to Euclid. Hence by the same method as in the ] 

preceding proposition the forces are in equilibrium. 

V. ^BGis a triangle; ff, I, K are points in the sides 
BC, CA, ^B respectively such that 

BH_CI_AK 
'HO I A KB- 

Shew that if forces represented by AH, BI, CJC act at a point I 
they will be in equilibrium, j 




Let D, E, F he the middle points of the sides; and suppose 
AD. BE. and CFia be drawn. 



I 
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The force AS may be resolved into the forces AD, DH; 
the force BI into the forces BE, EI; and the force CK into 
the forces CF, FK. See Art. 20. 

The forces AD, BE, CF are in equilibrium by the first 
proposition. 

And we have from the hypothesis as to H, I, K, 
DH_ EI _ FK 
BC CA AB ' 

BO that the forces DH, EI, FK are proportional to the sides 
of the triangle AB G taken in order ; and they are therefore 
in equilibrium by Art, 21 if they act at a point. 

Hence if the forces AH, BI, CK act at a point they are 
in equilibrium. 

The straight lines AH, BI, CK by their intersections form 
a triangle ; and therefore by Art. 19 the sides of this triangle 
are proportional to the forces. Hence we anrive by mechanical 
principles at the following geometrical result; the sides of 
the triangle formed by the intersections of AH, BI, CK axe 
proportional to AH, BI, CK respectireiy. 

TI. A, B, C are three points on the circumference of a 
circle ; forces act along AB aud BC inversely proportional to 
these sti-aight lines in magnitude : shew that the resultant 
acts along the tangent at B. 

Denote the forces by -^-^ and -^^ respectively. Resolve 



them at right angles to the t 
Euclid, UL 32, 



3 zero, since 



BC_ 
AB 



BC 

Qgent at S; thus we obtain by 

sin CAB 

sin A CB ' 



Hence the resultant must act along the tangent at B, 



PROPOSITIONS ItESPECTINQ 

Vn, If one of two forces be given in magnitude and 
position, and also the direction of their resultant, the locus 
of the extremity of the straight line representing the other 
force will be a straight line. 

Let a and r denote the magnitudes of two forces ; suppose 
the former to make an angle a with the direction of the 
resultant, and the latter an angle d. 

Then, resolving along the straight line which is at right 
angles to tho direction of the resultant, we have 



o sin a — J- sin t 



= 0. 



Now a and a being given, while r and 6 are variable, this 
equation represents a sti-aight line which is parallel to the 
direction of the resultant, and at a distance a sin a from it. 
See Conic Sections, Chap. ii. 

Vni. From any point within a regular polygon perpen- 
diculars are drawn on all the sides of the polygon : shew that 
the direction of the resultant of all the forces represented 
by these perpendiculars passes through the centre of the 
circle circumscribing the polygon, and find the magnitude of 
the resultant. 

Let p denote the perpendicular from the centre on a side, 
c the distance of the point at which the forces act from the 
centre, a the angle which this distance makes with a fixed 
straight line which coincides with the perpendicular from 
the centre on a side, ti the number of sides in the polygon ; 

andlet;3 = — . 

Then the magnitude of the m*" force may be denoted by 
p — c cos (m0 — a), and the direction of this force will make 
an angle mfi with the fixed straight line. 

Hence the resolved parts of the forces parallel to the fixed 
straight line, and at right angles to it, will be respectively, 

S {p—c cos (m0—a)] cosm^ and 2 [p—c cos [m/3 — a)] sin mff, 

where S denotes a summation to be taken with respect to m 

from m = 1 to m = n. 



Also cos {in/3 — a) co3 7n;9= = {cos (2m/9 — a) +cos3], 

cos (m^— a)sinm^ = ^ (sin {Im^ — a) +sina]. 
Then effecting the summation, (see Trigovometry, Chap, xxii,) 
we obtain for the resolved parts, — -^coaa and — — sin a. 
Hence, with the notation of Art. 23, 



tan a = tan o 



S = 



I 



The former equation shews that the direction of the re- 
sultant coincides with the straight line which joins the 
centre to the point at which the forces act ; and the latter 
equation determines the magnitude of the resultant. 

IS. Suppose three forces P, Q, R to act in one plane 
at a point 0, and to be in equilihrium ; let a circle be de- 
scrihed with as centre, and any radiiis, cutting the direc- 
tions of the forces at the points A, B, G respectively : then 
shall P, Q, R be respectively proportional to the areas of the 
triangles OBC, OCA, OAB. 

This follows at once from Art. 19, since the area of a 
triangle is expressed by half the product of two sides into the 
sine of the included angle. 

Conversely, if P, Q, S, are respectively proportional to 
[these areas, they will be in equilibrium. 

X. Suppose four forces P, Q, E, 8 to act at a point 0, 
id to be m equilibrium; let a sphere be described with 
centre, and any radius, cutting the directions of the forces 
the points A, B, C, D respectively : then shall P, Q, E, S 
: respectively proportional to the volumes of the pyramids 
\OBOB, OCDA, ODAB, OABC. 

Take as the origin of a set of rectangular axes, let 
ji Vi' ^1 ^^ ^^ co-ordinates of A ; ar^, y^, z^ the co-ordinates 
'of B ; and so on. Then, by Art. 27, 

Pa;, + Qx^ -^ iJj-3 -I- &r, = 0, 



P^, + Qz, + R^, + &, 



= 0. 



Hence, eliminating Q and S, we shall obtain 



F = S- 






Hence, by the aid of the expression for the volume of a 
pyramid given in works on Analytical Geometry of three 
dimensions, we have 

J'_ volume of pyramid OBCD 
lb'"" volume of pyramid OABC 

Conversely, if P, Q, R, 8 are respectively proportional to 
these volumes they ynil be in equilibrium. 



4 

nal to 

4 



1. Two forces F and Q have a resultant E which makes 
an angle a with P; if P be increased by M while Q remains 
unchanged, shew that the new resultant makes an angle 

~ with P. 



2. Two forces in the ratio of 2 to V3 — 1, are inclined to 
each other at an angle of 00° ; what must be the direction 
and magnitude of a third force which produces equilibrium ? 

Sesult. The required force must be to the first of the 
given forces as \/6 to 2 ; and its direction produced makes 
an angle of 15° with that force. 

3. The resultant of two forces P and Q is equal to Q/3, 
and makes an angle of 30° with P; find P in terms of Q, 

Besult. Either P=Q or P=2^; in the former case the 
angle between P and Q is GO", in the latter 120". 



4 If D, E, F he the middle points of the sides of 
tlie triangle ABC and any other point, shew that the 
Bystem of forces represented by OD, OE, OF\s equivalent to 
that represented by OA, OB, OC. 

5. The reuultaiit of two forces is lOlhs., one of them is 
equal to 8 lbs., and the direction of the other is inclined to 
the resultant at an angle of 3(5". Find the a 

I the two forces. 
Be 
I 6, The resultant of two forces P, Q, acting at an angle 0, 
a equal to (2m + 1) v'(-P' + Q'); when they act at an angle 
fcr-ff, it is equal to (2ffi-l) V(^+ ^) J shew that 



Besuli. 



Wi-i-1 ' 



7. Two forces F and F acting in the diagonals of a 
parallelogram keep it at rest in such a position that one of 
' s is horizontal, shew that 

F sec a' = i" sec a = TFcosec (ct + a'), 

jwhere W is the weight of the parallelogram, a and a' the 
imgles lietweea its diagonals and the horizontal side. 

If a particle be placed on a sphere, and be acted on 
py three forces represented in magnitude and direction by 
I chords mutually at right angles drawn through the 
rticle, it will remain at rest. 



Three forces P, Q, It acting on a point and keeping 
I at rest are represented by straight lines drawn from that 
point. If P be given in magnitude and direction, and Q in 
magnitude only, find the locus of the extremity of the line 
which represents the third force B. 

Besult. A sphere. 



I 



EXAMPLES OF FORCES AT A POIST. 

10. A. circle whose plane is vertical has a centre of con- 
stant repulsive force at one extremity of the horizootal dia- 
meter ; find the position of equilibrium of a pai-ticle within 
the circle, the repulsive force being equal to the weight of 
the particle. 

Result. The straight line joining the particle vrith the 
centre of the circle makes an angle of 60° with the horizon. 

11. A particle is placed on a smooth square table whose 
side is a at distances c,, c,, c,, c^ from the corners, and to it 
are attached strings passing over Bmooth pullies at the cor- 
ners and supporting weights P„ P^, P^, Pj ; shew that if there 
is equilibrium, 

V'^l "2 '^i '^J " V'^i ^i' n'^s <^*' 

Shew also that 

\ "1 c, Cj Cj / a \ Cj . c, / 

12. Two small rings slide on the arc of a smooth vertical 
circle; a string passes through both rings, and has three 
equal weights attached to it, one at each end and one be- 
tween the rings ; find the position of the rings when they 
are in equilibnum. The rings are supposed without weight. 

Restdt. Each of the rings must be 30" distant from the 
highest point of the circle. 

13. The extremities of a string without weight are fast- 
ened to two equal heavy rings which slide on smooth fixed 
rods in the same vertical plane and equally inclined to the 
vertical ; and to the middle point of the string a weight i-s 
fastened equal to twice the weight of each ring; find llie 
position of equilibrium and the tension of the string, 

If the point to which the weight is fastened be not the 
middle point of tlie string, shew that in the position of equi- 
librium the tensions of its two portions will be equal, 
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^f 14. A light cord with one end attached to a fixed point 
^Bpaasea over a pully in the same horizontal line with the fixed 
point and supports a weight hanging freely at its other end. 
A heavy ring being fastened to tlie cord in different places 
between the fixed point and the pully, it is reqnired to find 
the locus of its positions of equilibrium. If the weight of the 
ring be small compared with the other weight, the locus will 
be approximately a parabola. 

15. If two forces acting along chords of a circle are 
inversely proportional to the lengths of the chords, their 
resultant will pass through one or other of the points of 
intersection of straight lines drawn through the extremities 
of the chords, 

16. A particle rests on an ellipse acted on by forces Aa;", 
/ij", parallel to the axes of x and y respectively; find its 
position of equilibrium. Explain tha case in which n — 1. 

17. A particle is placed on the outer surface of a smooth 
fixed sphere and is acted on by a fixed centre of force lying 
vertically above the centre of the sphere, at a distance e from 
it and attracting directly as the distance. Shew that the 
particle will rest on any part of the sphere if the weight of 
the particle equals the attraction on it by the fixed centre of 
force when at a distance c from it. 

18. A particle is placed on the surface of an ellipsoid in 
lie centre of which is resident an attractive force; determine 
She direction in which the particle will begin to move. 

19. Find the point on the surface -j -r ti - 

» particle attracted by a force to the origin will rest in equi- 
librium. 

20. ABCD is a quadrilateral inscribed in a circle, and 
forces inversely proportional to AB, BG, AD, J)G act along 
the aides in the directions indicated by the letters: shew that 
their resultant acta along the straight line joining the inter- 
section of the diagonals with the intersection of the tan- 

Eata to the circle at B, D. 
T. s. 3 



CHAPTER III. 



RESULTAST OF TWO PARALLEL FORCES. COUPLES. 



37. To find the magnitude and the direction of the re- 
mltant of two parallel forces acting on a rigid body. 

Let P and Q be the forces ; A and B their points of ap- 




plication : let P and Q act in the same direction. The effect 
of the forces will not be altered if we apply two forces equal 
in magnitude and acting in opposite directions along the 
straight line AB. Let 6' denote each of these forces, and 
suppose one t« act at A and the other at B. 

Then P and S acting at A are equivalent to some force F 
acting in some direction AF inclined to AF (Art 17) ; and 
Q and S acting at B are equivalent to some force Q acting in 
some direction 5Q' inclined to BQ. 

Produce P'A, Q'B to cut each other at C, and draw CD 
parallel to AP, meeting AB at B; suppose C rigidly con- 
nected with AB. 

Transfer F and Q' to C (Art. 11), and resolve them along 
CD and a straight line parallel to A.B; the latter parts will 
each be equal to S but act in opposite directions, and the sum 
of the former is P+ Q. Hence H, the resultant of P and Q, 
= P+Q and acts parallel to P and Q in the straight line CD. 
We shall now determine the point where this sti-aight line 
cuts AB. 



TWO PARALLEL FORCES. 



The sides of the triangle A CD are parallel to the directions 
f the forces F, S, F" ; therefore by Art. 19 



' Q CD' 
, if AB = a and AD-x; 



^erefore 



Q . 



Rhis determines the point D through which the direction 
Ijof the resultant- passes. It will be observed that AB iti 
■divided at D into segments which are inversely as the forces 

-At A and B respectively. 

If the force P act in a direction opposite to that of Q 




I similar process will lead us to 
R=Q-P, and - 



Q . 
'Q-F' 



iRrhich may be derived from the formulEe of the preceding 
3 by changing F into — P. 

It will be observed that AB produced is divided at D into 
jiegments which are inversely as the forces at A and B re- 
jctively. 



A COUPLE. 

38. The point 2) possesses this remarkable property: that 
however P and Q are turned about their points of application 
A and B, their directions remaining parallel, J) determined as 
above remains Jised. This point is in consequence called the 
centre of the parallel forces f and Q, 

39. If P=Q in the second case of Art, 37, then ^ = 
and a; = 00 , a result perfectly nugatoiy. It shews us that the 
method fails by which we have attempted to compound two 
equal and opposite parallel forces. In fact the addition of the 
two forces S still gives, in this case, two equal forces parallel 
and opposite in their directions, 

Such a system of forces is called a Couple. 

"We shall investigate the laws of the composition and 
resolution of couples, since to these we shall reduce the com- 
position and resolution of forces of every description acting on 
a rigid bodj'. 

40. From Art. 39 we might conjecture that two equal 
forces acting in parallel and opposite directions do not admit 
of a single resultant, which may bo shewn as follows. 




Suppose, if possible, that the single force II will maintain 
equilibrium with two forces, each denoted by P, acting in 
parallel and opposite directions. 

Draw a straight line meeting at A and S the directions of 
the forces P, and that of M at X'. Make AD = BE, and apply 
at D two forces T and S each =M and parallel to R but 
in opposite directions; this will not disturb the equilibrium. 
Hence tlie five forces, B, P, P, S, '/"are in equilibrium. But 
since P, P and R form a system in equiUbrium, so by sym- 



» 



inetry do F, P and T. Hence if we remove the last three 
we shall not disturb the equilibrium, and we accordingly have 
R and S left maintaining equilibrium. But this h obviously 
impossible, since they act in the same direction. Hence the 
two parallel forces P cannot be "balanced by a single force, 
and therefore do not admit of a single resultant, 

41. A couple consists of two equal forces acting in parallel 
and opposite directions. 

The arm of a couple is the perpendicular distance between 
the directions of its forces. 

The moment of a couple is the prsdwct of either of its forces 
into the perpendicular distance between them. 

The axis of a couple ia a straight line perpendicular to the 
plane of the couple and proportional in IcDgth to the moment. 

Two couples in the same plane may differ with respect to 
direction. For suppose the middle point of the arm of a 
couple to be fixed, and the arm to move in the direction in 
which the two forces of the couple tend to urge it; there are 
two different directions in which the ann may rotate. Sup- 
pose a perpendicular drawn to the plane of the couple through 
the middle point of its arm, so that wlien an observer ia 
placed along this straight line with his feet against the plane, 
the rotation which the forces give to the arm appears to take 
place from left to right; the perpendicular so drawn we shall 
take for the axis of the couple. 

"We shall now give three propositions shewing that the 
feet of a couple is not altered when certain changes are made 
ith respect to the couple. It is to be supposed in all these 
propositions that a rigid body is in equilibrium under the 
action of certain forces, including an assigned couple; and it ia 
shewn that then the equilibrium will not be disturbed by the 
specified changes with respect to the couple. 

The effect of a couple is not altered if its arm he turned 
•ough any angle about one extremity in the plane of the 
mple. 



^^it 
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A COUPLE MAY BE TR4.NSFERRED. 



Let the plane of the paper be the plane of tiie couple, AB 
the arm, and >d5' its new position; the forces P,, P^ are equal 




and act on the aim AS. At B' and A let the equal and 
opposite forces P,/*,, P,Pf,, each equal to P, or P^ be applied, 
acting at right angles to AB' ; this will not affect the action 
ofP, andP,. 

Let -SP,, BP^ meet at C; join AC; A C manifestly bisects 
the angle BAB'. 

Now Pj and P, are equivalent to some force in the direction 
CA, andP, andP^ are equivalent to an eqtial force in the direc- 
tion AC. Therefore P,, P,, P,, P, arc iu equilibrium with 
each other ; therefore the remaining forces P,, P„ acting at 
B, A respectively produce the same effect as P,, P, acting at 
B, A respectively. Hence the proposition Js true. 

We may now turn the arm of the eouple through any angle 
about ^; and by proceeding in this way we may transfer the 
couple to any position iu its own plane. 

43. The effect of a couple is not altered if we transfer the 
couple to any plane parallel to its own, the arm remaining 
parallel to itself. 

Let AB be the arm, A'B^ its new position parallel to AB, 



A COUPLE MAT BE TRANSFEEBED. 

Bjoin AS, A'B bisecting each other at G. At A', E apply 
I two equal and opposite forces each = P^ or P and parallel to 
I tbem ; and let these forces be P^, P,, P,, P^ ; ttiia will not 
\ alter the effect of the couple. 

But P^ and P, are equivalent to 2P, acting at G' in 
I the direction Ga parallel to the direction of P,, and P and 
I P, are equivalent to 2P, acting at G in the opposite direc- 
|tion Gb. 

Hence P,, P,, P,, P, are in equilibrium with each other; 
I therefore the remaining forces P^ and P, acting at A and R 
I respectively produce the same effect as P and Pj acting at A 
land B respectively. Hence the proposition is true. 

44. The effect of a couple is not altered if we replace it hy 
wther couple of which the moment is the same ; the plane 
maining the same and the arms being in the same straight 
e and having a common extremity. 

Let AB be the arm ; let P, 

* be the forces, and suppose 

iP = Q + Jiilet^-B=o,and]et 

the new arm AC=b; at C 

apply two opposite forces each 

= Q and parallel to P; this | ■-* 

will not alter the effect of the p=(h-k 

L Couple. 

Now P at J and Q at C will balance ^ + P at P, 
if AB : BO :: Q : H, (Art. 37), 
: if AB : AC i: Q : Q + Jt, 
that is, if Q.i = P.a; 

a have then remaining the coupio Q, Q acting on the arm 
AG, Hence the couple P, P acting on AB may be replaced 

r the couple Q, Q acting oa AC, if Q . b = P. a, that is, if 
fteir moments are the same. 



45, From the last three Articles it appears that, without 
Utering the effect of a couple, we may change it into another 



of equal moment, and transfer it to any position, either in 
its own plane or in a plane parallel to its own. The couple 
must remain unchanged ao far as concerns the direction of 
the rotation which its forces would tend to give the arm, sup- 
posing its middle point fixed as in Art. 41. In other words, 
the straight line which we have called the axis, measured as 
indicated in that Article, must always remain on the same 
side of the plane of the couple. 

46. We may infer from Art. 44 that couples may be mea- 
sured by their moments. Let there be two couples, one in 
which each force = P, and one in which each force = Q, the 
arms of the couples being equal; these couples will be in the 
i-atio of P to Q. For suppose, for example, that P is to Q aa 

, 3 to 5 ; then each of the forces P may be divided into 3 equal 
forces and each of the forces Q into 5 such equal forces. Then 
the couple of which each force is P may he considered as the 
sum of 3 equal couples of the same kind, and the couple of 
which each force is Q aS the sum of 5 such equal couples. 
The effects of the couples will therefore be as 3 to 5. Next, 
suppose the arms of the couples unequal, and denote them by 
p and q respectively. The couple which has each of its 
forces = Q and its arm =q is equivalent to a couple having 

each of its forces = —^ and its arm = p, by Art. ii. The 

couples arc theiefore by the first case in the ratio of P to ~ 
that is of Fp to Qq. 

With respect to the effect of a couple, we may observe 
that it is shewn in works on rigid dynamics that if a couple 
act on a free rigid body it will set the body in rotation about 
an axis passing through a certain point in the body called 
its centre of gravity, but not necessarily perpendicular to tfie 
plane oftlie couple. 

47. To Jiiid the resultatU of ant/ nuwher of couples acting 
on a hodi), the planes of the couples being paraUel to each 
other. 

First, suppose all the couples transferred to the same plane 
(Art. 43) ; next, let them be all transferred so as to have 
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I their anu3 in the same straight line, and one extremity com- 
I mon (Art. 42) ; and lastly, let them be replaced by other 
IcoupleB having the same arm (Art. 44). 

Thus if P, Q, R, be the forces, and 

a, h, c be their arms, 

I we shall have them replaced by the following forces {sup- 
I posing a the common arm), 

- , . ■-, It .- acting on the arm a. 

: a a ° 

V Hence their resultant will be a couple of which each force 
i equals 

p.-+().- + 7;.- + , 

a a a 

I and the arm = a, 

I or of which the moment equals 

J'.a + Q.b + R.c+ 

I Hence the moment of the resultant couple is equal to the 
I'Sum of the moments of the original couples. 

If one of the couples, as Q, Q, act in a direction opposite to 
I the couple P, P, then the force at each extremity of the arm 
■■of the resultant couple will be 



WtLod the moment of the resultant, couple will be 

P.a~Q.b + S.c+ , 

lot the algebraical sura of the moments of the original 
Beouples ; the moments of those couples which tend in the 
^direction opposite to the couple P, P being reckoned ne- 



48. To find the resultant of two couples not acting in the 
same plane. 

Let the planes of tHo couples intersect in the straight line 




AB, which is perpendicular to the plane of the paper, and let 
the couples be reierred to the common arm AB, and let their 
forces thus altered be P and Q. 

In the plane of the paper draw Aa, Ah at right angles to 
the planes of the couples/', /"and Q,Q; and equal in length 
to their axes. 

Let R be the resultant of the forces P and Q at A, acting 
in the direction AB ; and of P and Q at B, acting in the 
direction BB. 

Since AP, A Q arc parallel to BP, BQ respectively, there- 
fore AR is parallel to BP. 

Hence the two couples are equivalent to the single couple 
S, a acting on the arm AB. 

Draw Ac perpendicular to the plane of R, R, and in the 
same proportion to Aa, Ab that the moment of the couple 
R, R is to those of P, P and Q, Q respectively. Then Ac 
is the axis of R, R. Now the three straight lines Aa, Ac, Ab 
make the same angles with each other that AP, AR, AQ 
make with each other ; also they are in the same propor- 
tion in which AB , P, AB . R, AB . Q are ; that is in which 
P, R, Q are. 

But R is the resultant of P and Q ; therefore Ac is the 
diagonal of the parallelogram on Aa, Ab (see Art. 17). 

Hence if two straight lines, having a common extremity, 
represent the axes of two couples, that diagonal of the paral- 
lelogram described on these straight lined as adjacent sides 
which passes through their common extremity represents the 
axis of the resultant couple. 



i. To find the magnitude and position of the couple which 
I is the resultant of three couples which act in planes at right 
angles to each other. 

Let AJi, A C, AD be the axes of the given couples {see 
fig. to Art. 24). Complete the parallelogram CB, and draw 
AE the diagonal. Then AE is the axis of the couple which' 
is the resultant of the two couples of which the axes are 
AB, A C, Complete the parallelogram DE, and draw AF 
the diagonal. Then AF is the axis of the couple which is 
the resultant of the couples of which the axes are AE, AD, 
or of those of which the axes are AB, AC, AD. 

Now AF" = AE* + AD'' = AB'' + ^ C + AD". 

Let G he the moment of the resultant couple ; L, M, K 
those of the given couples ; 



and if X, //, 1/ be the angles the a 
with those of tho components, 



s of the resultant makes 



AF G' 



G' 



50, Hence conversely any couple may be replaced by 

three couples acting in planes at right angles to each other ; 

their moments beiog G cosX, G cos fi, Gcosj-; where f?is. 

the moment of the given couple, and X, /t, v the angles its 

: axis makes with the axes of the three couples. 

Thus couples follow, as to their composition and resolution, 
^.laws similar to those which apply to forces, the axis of the 
I couple corresponding to the direction of the force and the 
[ jnoment of the couple to the intensity of the force. Hence 
f for example, by Art. 29, the resolved part of a resultant 
' oouple in any direction is eqnal to the sum of the resolved 
I parts of the component couples in the same direction. 

61. la Chapter II. we treated of forces acting at a point ; ^ 

in the present Chapter we have passed to the consideration 

of forces which do not act at the same point, and this subject 

■will be further developed in the following Chapters, Mistakes 
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are frequently made by students in consequence of neglecting 
the difierence between the case in which forces are given 
acting at the same point, and the case in which the forces 
are not so given. 

It may be observed that by the aid of what has already 
been explained, it is theoretically possible to discuss any 
problem respecting forces which all act in the same plane ; 
we have only to make repeated use of the principles of trans- 
ference and composition. For take any two of the forces, 
produce the directions of the forces to meet, and suppose the 
two forces to act at the common point ; then replace the two 
forces by their resultant. Nest this resultant may in like 
manner he compounded with any third force ; and so on. 
Thus we shall always be able to reduce any forces which 
act in the same plane either to a single force, or to a couple. 
The next Chapter will shew us how to proceed in a more 
systematic manner ; but, as we have said, the explanations 
already given are theoretically sufficient. 

For example. Forces are represented in magnitude and 
line of action by the sides AJi, BC, and CA of a triangle : 
find their resultant. 

The two forces AB and BC may he supposed to act 
at B ; their resultant will be a force through B, parallel 
to AC, and denoted in magnitude by AG. Then this force 
and the force represented by CA constitute a couple ; the 
moment of the couple will be represented by the product 
of CA into the perpendicular from B on CA ; that is by 
twice the area of the triangle ABC, 

Again. Forces are represented in magnitude and line 
of action by the sides AB, BC, and AC ai B. triangle : find 
their resultant. 

B Here, as before, the two forces AB&nd BO are equivalent 

^1 to a force through B parallel io AC; thus the final resul- 

H tant is a force parallel to A C, passing through the middle 

H point of AB, and denoted in magnitude by twice AC. 



J 



Forcea 1,-2, — 3, 4 act on a rod at right angles 
) it, and at equal tiistances in the same plane : find their 
{Resultant. 

Forcea P, — 3P, — oP, IF act on a rod at distances 
from one end proportional to their respective magnitudes ; 
Itbe forcea are parallel and in the same plane : find their 
Kresultant. 

3. ABCD is a quadrilateral; forcea are represented in 
Imt^itude and line of action by AB, BG, and GD: find 
I their resultant. 



ABGD is a quadrilateral; forces are represented in 
■ magnitude and line of action by AB, BC, and DG: find 
I their resultant. 

5, ABCD and AB'GD' are parallel faces of a parallele- 
I piped, the edges AA, BB, CC, DD', being parallel to 
I each other ; if forces represented by the edges BA, BC, If C, 
tJ/A' act respectively along these edges, shew that they are 
I equivalent to a couple acting in the plane passing through 
BB and DJy, and represented in moment by the area of 
■the section of the parallelepiped made by that plane. 



•( 46 ) 



CHAPTER IV. 

RESULTANT OF FORCES IN ONE PLANE. CONDITIONS OF 

EQUILIBRIUM. MOMENTS. 



52. To jind the resultant of any number of parallel forces 
acting on a rigid body in one plane. 

Let Pj, Pg, P,' denote the forces. Take any point in 



f 



I" 

the plane of the forces as origin and draw rectangular axes 
Ox, Oy, the latter parallel to the forces. Let A^ be the 
point where Ox meets the direction of P^, and let OA^ =b x^. 

Apply at two forces each equal and parallel to P^ in 
opposite directions. Thus the force P, is replaced by P^ at 
along Oy, and a couple of which the moment is P^. OA^, 
that is P^. x^. Transform the other forces in a similar manner, 
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I similar notation, and the whole sj-stem will be 

Iduced toaforceP, + P, + P,+ or £P along Oy, and 

I'Coupte P,3T, + PjOT, + Pj.TTj + or Sfic in the plane of 

Ithe forces and tending to turn the body from the asia of x 
■ to the axis of ^. 

To find ike conditions of equilibrium of a system of 
mparallei forces acting on a rigid body in one plane. 

A system of parallel forces can be reduced to a single 
force and a couple. K neither of these vanish equilibrium 
is impossible, because a single force cannot neutralize a couple 
(Art. 40). If the single force alone vanish equilibrium is 
impossible, because there remains an unbalanced couple. If 
the couple alone vanish equilibrium is impossible, because 
there remains an unbalanced force. Hence, for equilibrium 
it is necessary that both the force and the couple should 
L vanish ; that is 

SP = and tPx = 0. 

54, The product of a force into the perpendicular drawn 
upon its direction from any point, is called the moment of 
the force with respect to that point, or round that point. 
Hence the conditions of equilibrium which have just been 
obtained may bo thus enunciated : 

A system of parallel forces acting on a rigid body in one 
plane mil he in equilibrium if the sum of the forces vanishes, 
and the sum of Vie moments of the forces round an origin in 
the plane also vanishes. 

Conversely, if the firces are in equilibrium their sum must 
vanish, and also the sum of their moments round any origin 
in the plane. 

The word sum must be understood algebraically. Forces 
which act in one direction being considered positive, those 
which act in the opposite direction must be considered nega- 

I live. Also moments being considered positive when the cor- 
responding couples tend to turn the body in one direction, 
they miist be considered Tiegative when the corresponding 
couples tend to turn the body in the opposite direction. 
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EESULTANT OP FORCES 

55. Wben the sum of the forces vanisliea in Art. i 
the forces reduce to a couple. 
When %P is not zero, the 
forces can be reduced to 
a, single resultant. For if 
%Px = 0, then SP acting 
at is the single resultant. 
If 2Pj; he not = 0, let the 
couple be transformed to one 
in which each of the forces 
is equal to 2,P, and conse- 
quently, by Art, 44, the arm 

ia -i^-p . Let SP acting at A 

and SP acting along Oi/' form this couple. The latter force 
ia destroyed by the force £P along Oy. Hence the single 
resultant is 2P acting at A, that is, at a point the distance 

of which from is -^-j; . 

5C. To find the resultant of avy number of forces which 
act on a rigid body in one plane. 

Let the system be referred to any rectangular axes Ox, O'j 
in the plane of the forces. 




, P,, Pj, denote the forces; a,, ttj, 

B which their directions make with the i 
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_. j^ be the co-ordinates of the point of application of P,; 
a-g, yj be those of the poiut of application of P^, and soon. 

; A J be the point of application of P,. At suppose 
I forces applied in opposite directions each equal and 
rallel to Pj. Draw Op^ perpendicular to Pi-d,. 

Hence P acting at A^ ia equivalent to Pj acting at 
Hand a couple of which Op, is the arm and each force is P,, 
' which tends to turn the body from the axis of x to that of 
Now 



. 0;), = fl;.3m(2.-j,cosa,. 








Hence the moment of the couple is 








P, (iF, sin a, — y, cos a,) . 








The other forces may be similarly replaced, 
system is equivalent to the forces 


Hence 


the 


P,,P^, P,, acting at 0, 








in directions parallel to those of tlie original forces 
couples of which the moments are 


and the 


P,(a:,sino:,-y.cosa:,l, 








P,(^,sin«,-2,,cosa^. 








P.(..sina,-s,cosO. 









acting in the plane of the forces. It will be found that any 
B of the above expressions for the moments of the couples 
is positive or negative, according as that couple tends to turn 
the body from the axis of a; towards that of y, or in the 
contrary direction. 

Let B be the resultant of the forces acting at 0, let a be 
the angle which H makes with the axis of x, and G the 
moment of the resultant couple ; then (by Art. 22) 



E cos a ■■ 
I and (by Art. 47) 



--tPc- 



i2sina = 2Psina; 



] 



G = SP (a; sin a — )/ cos a). 



If P,cosa, = X, and P,sma,= 1'',, aud a similar notation 
be used for the other forces, the above equations may be 
written 

I^ = (ZXy +{%¥)'; taiia = |-J; 

and G = t{Ya;~Xy). 

57. To^nd Oie conditions for the equilibrium of a system 
of forces acting on a rigid body in one plane. 

Any system of forces acting in one plane may be reduced 
to a single force fl, and a couple whose moment is G. If 
neither R nor G vanish equilibrium is impossible, since a 
single force cannot balance a couple. If R alone vanish equi- 
librium is impossible, because there remains an unbalanced 
couple G; if G alone vanish equilibrium is impossible, be- 
cause there remains an unbalanced force. Hence, for equi- 
librium we must have R = and (? = 0. Also R = Q requires 
that 2X=0 and 2y=0. 

Since G is equal to the sum of the moments of the forces 
with respect to 0, we may enunciate the result thus; A sys- 
tem of forces acting in one plane on a rigid body will he in 
equilibrium if the sums of the resolved parts of the forces pa- 
rallel to two rectangular axes in the plane vanish, and the sum 
of l/ie moments round an origin in the plane also vanislies. 

Conversely, if the forces are in equilibrium the sum of 
the resolved parts of the forces parallel to any direction will 
vanish, and also the sum of the moments of the forces round 
any origin. 

58. i/" three forces acting in one plane maintain a rigid 
body in equilibrium their directions eitlier all meet at a point or 
are all parallel. 

For suppose two of the directions to meet at a point, and 
take this point for the origin ; then the moment of each of 
these two forces vanishes, and the equation G = Q requires 
that the moment of the third force should vanish, that is, the 
third force must also pass through the origin. Hence, if any 
two of the forces meet, the third must pass through their point 
of intersection, which proves the proposition. This pro- 



position may also be established without referring to Art. 57. 
For if two of the forces meet iit a point, they may be supposed 
both to act at that point and may be replaced by their re- 
sultant acting at the same point; this resultant and the third 
force must keep the body on which they act in equilibrium, 
and must therefore be equal and opposite; that is, the third 
force must pass through the point of intersection of the 
first two. 

59. If il = in Art. 56, the forces reduce to a couple : if 
S be not = 0, the forces can be reduced to a single resultant; 
and the equation to its line of action may be found. 

For if the couple G = 0, the resultant force is S acting at 
the origin. If the couple be not=0, let it be tnins- 
focmed mto one having each of its forces = B and its arm con- 
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^^Sently = ~p (Art. 41). Let this couple be turned in its own, 

plane, until one of its forces acts at the origin exactly opposite 
to the force H, which by hypothesis acts at the origin. Hence 
these forces destroy each other and we have left E acting 
at the extremity of the arm OA, in a direction inclined to 

the axis of x at an angle a, found by the equation tan a = ^^ 

(Art. 56). If this direction meet the axis of a: at B, we have 

np n^ G S G 

±1 i.X Xi 



and the equation to the line of action of the single resultant is 

or, !v'^Y-iyXX='S.(Yx-Xij), 

x, y being the variable eo-ordioatea. 

CO. The result of the last Article may also be obtained 
thus. Suppose that the given forces have a single resultant 
acting at the point (a;' , y ), and equivalent to the components 
SJ and y parallel to the co-ordinate axes. It follows that 
the given forces vnll, with — Z', — Y' acting at the point 
ix' , y ), form a system in equilibrium. Hence, by Art. 57, 

SX-A"=o, sr- r'=o. g- 7V+ jy = o. 

Of these three equations the first determines X' , the fiecond 
y, and the third assigns a relation between x and y', which 
is in fact the equation to the line in which the single re- 
sultant acts and at any point of which it may he supposed 
to act. If 2X and 2 Y both vanish, it is impo.ssible to find 
values of x' and y' that satisfy the last equation of the three, 
BO long as G does not vanish; this shews that if the forces 
reduce to a couple, it is impossible to find a single force equi- 
valent to them. 

61. In Art. 56, we have for the moment of the force P, 
about the origin the expression 

P, (jj ain Oi^—y, cos a,), 

and this we may express by 

r.a-, - X,y,. 

Since A', and F", are the rectangular components of P,, we 
see by comparing the two expressions that the moment of 
^ force about any origin is equal to the algebraical sum of 
the momenta of its rectangular components about the same 
origin. (See Art. 54.) There are many such theorems con- 
nected with moments, and the demonstration of some of them 



IjB facilitated by observing that according to the definition 
I of a moment, it may be geometrically represented by twice 
I the area of the triangle having for its base the straight line 
I ■which represents the tbrce and for its vertex the point about 
I -which momenta are taken. For example, we may prove the 
I theorem which we have already deduced. 

The algebraical sum of the moments of two component 

I forces with respect to any point in the flane containing the two 

forces is equal to the moment of the resultant of the two forces. 

Let AB, A represent two component forces; complete the 
parallelogTam and draw the ^ 

diagonal AD representing the /'K'--. 

resultant force. _,•'' | '\ "^-.^ 

(1) Let 0, the point about 
which the moments are to be . 
taken, fall without the angle 
£AC and that which is ver- 
tically opposite to it. Join ^ 
OA, OB, OC, 01). 

The triangle OAC having for its base AC and for its 
height the perpendicular from on ^C is equivalent to a 
triangle having A C for its base and for its height the perpen- 
dicular from B oa AO, together with a triangle having BD 
for its base and for its height the perpendicular from on BD. 
This is obvious since BD is equal and parallel to A 0, and the 

I perpendicular from on ^ C is equal to the perpendicular 
from on BD together with the perpendicular from Bon AC. 
Hence we have 
; 



I 



^AOC=^BOD + AAOD. 

Hence, adding the triangle A OB, we have 

£!,AOC-\■^AOB = AB0D->r^ABD + ^AOB = ^A0D•, 

that is, the moment o£ AC + the moment of AB = the rao- 
Diont of AD. 




(2) Let fail mthin the angle BAG or its vertically 
opposite angle. 

AAOC=^ABI)-ABOD 
= AAOB + AAOD. 
Therefore 

AA02) = AA0C~AA0B; 

that is, the moment of AD = the moment of ^C— the 
moment of AB. Ab the momenta o{ AG and AB ahout 
are now of opposite characters, the moment of the resultant 
is still equal to the algebraical sum of the moments of the 
components. 

The proposition may also be readily shewn in the case 
where the two component forces are parallel; see Art. 37. 

In this example, however, nothing is gained in brevity or 
^niplicity by the aid of Geometry; for the required result is 
an immediate consequence of the mechanical principle that the 
resolved part of the resultant along a straight line through A 
at right angles to ^ is equal to the algebraical sum of the 
resolved parts of the components in the same direction. 

63. Forces are represented in magnitude and position hy 
the sides of a plane polygon taken in order ; required the re- 
sultant. 
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Irft the sides of the figure A DCDEF repreaent the forces 
in magnitude and position ; the first force being supposed to 
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act in the straight line AB from A towards 5, the second in 
the straight Jine BC from £ towards C, and so on. 

As in Art. 56, the forces may be replaced by a resultant 
force at an arbitrary origin and a couple. The former ia 

composed of all the forces AB, BC, moved each parallel 

to itself up to ; the resultant force consequently vanishes 
by Art. 21. 

The moment of the resultant couple is the sum of the 
moments of the component couples, and is therefore repre- 
sented by twice the triangle AOB+twice the triangle BOO 
+ ..,; that is, by twice the area of the polygon. Hence the 
forces reduce to a resultant couple measured by twice the area 
of the polygon. 

We may observe that the algebraical sum of the momenta 
of the two forces which form a couple is the same about 
■whatever point it be taken ; it is in fact equal to the moment 
^ of the couple. 



64. If the sum of the momenta of the forces P, P^, P,,... 

fbe required about a point whose co-ordinates are A, k instead 

r about the origin, we must in the expression for G, in 

Art^ 56, puta-j — A, a;j — /i, ... for iTj, a-,, ,,. respectively, and 

y —k,y —k, ... for y , y,, ... respectively. Hence, denoting 

the result by G„ we have 

G,^t{Yix-h)-X(y-k)] 

= ktX- kXY+t{Yx- Xy) 

= ktX-h'S.Y-\-G. 

Hence the value of (?, depends in general on the situation 
of the point about which wc take moments. If, however, 

ftSX— A2 Y= a constant, 

lat is, if the point (A, k) move along any straight line 
" 1 to the direction of the resultant force S, then ff^ 
remains unchanged. 
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If three different points exist with respect to ivhii:!i the sum 
of the moments vauishes, we have three equations 

kfix~h,tr+G=o, 

Hence we deduce 

Unless the point {/*,, A;,), the point (k , k^, and the point 
(Aj, /.-j) he in a straight line, it ia impossible that 

k,-k, _ k,-k, 
A, -A, A, -A,' 
we must therefore have 

2x=o, sr=o, G-O. 

Hence if the mm of the moments of a system of forces in one 
plane vanish with respect to three points in the plane not in a 
straight line, that st/stem is in equilibrium. 

When a system of forces in one plane can be reduced to a 
single resultant, we have found in Art. 59 that the equation 
to the direction of the resultant is 

«;'2;F-sSJ-J(Kt-jrj). 
This may bo written 

S|lV-«)-Z(!,--,)] = 0. 

The equation to the direction of the resultant thus in fact 
determines the locus of the points for which the algebraical 
sum of the moments of the forces is zero. 

65. Hitherto we have supposed our axes rectangular. If 
they are obhque and inclined at art angle a, we may show, 
as in Alt. 56, that a system of forces in one plane may be 
reduced to 'S.X along the axis ai x, %Y along the asis of y, 
and a couple the moment of which is sin wS { Yx - Xy). The 
latter part will be easily obtained, since the moment of the 
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HEMABK8 ON THE EXAMPLES. 

force P, is equivalent to the algebraical sum of the moments 
af its compouents A', and Y^ ; and the perpendicular on the 
former from the origin is y, sin w, and on the latter a-', sin oi ~ 

The conditions for equilibrium are, as before, 
XX =0, 2 Y= 0, X{Yx- Xy) = 0. 



The following Examples may be solved by means of the 

jprinciplea given in the preceding Articles. When different 

Ixigid bodies occm: in a question, the equations of Art. 57 

Tmust hold with respect to eaxh, in order that there may be 

. equilibrium. In cases where only three forces act on a body, 

it is often convenient to use the proposition of Art, 58. Since 

by Art. 57 the moments of the forces with respect to any 

origin must vanish, we may, if we please, take different origins 

and form the corresponding equation for each. See Art. 64. 

In some of the Examples we anticipate the results of the 
eabsequent Chapters so far as to assume that the weight of 
any body acts through a definite and known point, which is 
the centre of gravity of the body. When two bodies are in 
contact it is assumed that whatever force one exerts on the 
other the latter exerts an equal and opposite force on the 
former; if the bodies are smooth this force acts in the .direction 
of the common normal to the surfaces at the point of contact. 
We restrict ourselves to the supposition of smooth bodies 
until Chapter X. 

In attempting to solve the problems the student will find 
it advisable when the system involves more than one body 
to confine his attention to one at a time of those bodies which 
are capable of motion, and to be careful to take into con- 
aideratiou all the forces which act on that body, When 
bodies are in contact some letter should bo used to denote 
the mutual force between them, and the magnitude of this 
force must be found from the equations of equilibrium of the 
body or bodies which are capable of motion. And when 
two of the bodies are connected by a string a letter should 
be used to denote the tension of the string, and the magnitude 
of the tension must be found from the conditions of equi-. 
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PEOPOSITIOSS RESPECTINO 

librium of the body or bodies ■which are capahle of motion. 
Beginners often fall into error by assumiTig incorrect values 
for the tensions of strings and the mutual forces between 
bodies in contact, instead of determining the correct values 
ftom the equations of equilibrium. 

We will give here two propositions, respecting forces acting 
in a plane, which involve important results. 

I. Forces act at the middle points of the sides of a rigid 
polygon in the plane of the polygon; the forces act at right 
angles to the sides, and are respectively proportional to the 
sides in magnitude: shew that the forces will be in equili- 
brium if they all act inwards or all act outwards. 

The result here enunciated has been already shewn to be 
true in the case of a triangle ; see the Proposition III. at the 
end of Chapter 11.; the general proposition is obtained by 
an inductive method. 

i for example that the proposition were known to be 

true for a four-sided figure also ; 

then we can shew that it must be 

true for a five-sided figure. Let 

ABODE be a five-sided figure; and 

let forces act at the middle points of 

the sides in the plane of the figure, 

at right angles to the sides and re- 

■^ spectively proportional to the sides 

in magnitude: suppose for the sake of distinctness that the 

forces all act outwards. 

Join AD. By hypothesis a certain system of forces acting 
outwards on the four-sided figure ABCD would be in equili- 
brium ; and from this it follows that the assigned forces acting 
on AB, BO, GD must be equivalent to a single force acting 
at the middle point of AD, towards the inside of the four- 
sided figure ABOD, proportional to AD in magnitude. 

Also the assigned forces acting on DE, EA must in like 
manner be equivalent to a single force acting at the middle 
point of AD, towards the inside of the triangle AED, pro- 
portional to AD in magnitude. 




Hence the two single forces balance each other; and the 
tystem is in equilibrium. 

In this manner, knowing that the result is true for a tri- 
!, we can shew in succession that it is true for a figure 
f four, five, six,... sides. 



II, Rigid rods without weight are joined together by 
I smooth hinges at their extremities, so as to form a plane 
I polygon, Forces act at the middle points of the sides of the 
L polygon in the plane of the polygon; the forces act at right 
I angles to the sides, and are respectively proportional to the 
(.sides in mfignitude; shew that, if the forces all act inwards 
I or all act outwards, when there is equilibrium, a circle can 
Ll>e described round the polygon. 

Let -ABCDEF represent the polygon. Consider one of the 
rods as AB. This rod is acted 
on by a force at the middle 
points at right angles to^S, 
and by actions from the hinges 
at A and B. The former force 
is proportional to ^J9, and may 
be denoted by ii.AB. The 
' three forces must meet at a 
point, suppose K\ then hy re- 
solving parallel to AB, we find 
that the actions at A and B 
must be equal ; we will denote 
them hy It. Resolve the forces at right angles to AB: thus 
tLAB = 2R%\nABK. 
The action at B on the rod BC is equal and opposite to 
I that on the rod BA ; hence we obtain in the same manner 
,i.BC=%R^\aCBL. 
nABK_AB_smACS 
~'BC~ 




Therefore 



ain CBL BC sm VAB' 
This shews that KBL touches at B the circle described 
round ABC. 

Similarly AK touches at A the circle described round 



But AK and BK are equally inclined to AB. Hence the 
two circles must, coincide ; that is, the points F, A, B, C lie 
on the circumference of a circle. 

In this way we shew that any four consecutive angular 
points of the polygon lie on the circumference of a circle; 
aud hence it follows that all the angular points must lie on 
the circumference of the same circle. 

It will he seen from the preceding results that the action 
at every hinge ia the same, and is denoted hy the product of 
fi, into the radius of the circle described round the polygon. 



EXAMPLES. 

1. ABCD ia a quadrilateral and la acted on by forces 
which are represented in magnitude and direction by AB, 
AD, CB, GD ; shew that the resultant coincides in direction 
with the straight line which joins the middle points of the 
diagonals A C, BD, and is represented in magnitude by four 
times this straight line. 

2. Forces whose intensities are proportional to the sides 
of an isosceles triangle act along the sides of the triangle, 
those acting along the equal sides tending from the vertex ; 
find the magnitude and position of their resultant. 

Result. The required resultant is represented by a straight 
line which passes through the middle point of the base of the 
triangle, is parallel to one of the sides, and double that side 
in length. 

3. The upper end of a uniform heavy rod rests against 
a smooth vertical wall ; one end of a string is fastened to the 
lower end of the rod and the other end of the string is fastened 
to the wall; the position of the rod being given, find the point 
of the wall to which the string must be tastened, in order that 
the rod may be ia equilibrium, 

4. A uniform heavy rod is placed across a smooth hori- 
zontal rail, aud rests with one end against a smooth vertical 
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of which frojn the rail is ^r; th of the length 
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the rod; find the position of equilibrium. 

The rod makes an angle of 60° with the horizon. 

5. ABG is a triangular lamina; AD, BE, CF are the 
-perpendiculars on the aides, and forces represented by the 

Straight lines BD, CD, CE, AE, AF, BF&Te applied to the 
lamina; shew that their resultant will pass through the 
centre of the circle described about the triangle. 

6. AB, A C are two equal beams connected by a hinge 
at A, and by a string joining the extremities B and : AB 
is fixed vertically, and a sphere of given weight and radius 
is supported between the two beams: find the pressure of the 
sphere on each^beam, and the tension of the string. 

7. An elliptic lamina is acted on at the extremities of pairs 
of conjugate diameters by forces in its own plane tending 
outwards, and normal to its edge: shew that there will be 
equilibrium if the force at the end of every diameter be 
proportional to the conjugate diameter. 

8. A heavy sphere hangs from a peg by a string whose 
length is equal to the radius, and it rests against another 
peg vertically below the former, the distance between the 
two being equal to the diameter. Find the tension of the 
string and the pressure on the lower peg. 

Results. The tension is equal to the weight of the sphere 
and the pressure to half the weight of the sphere. 
. 9. Two equal rods without weight are connected at their 
middle points by a pin which allows free motion in a vertical 
plane; thej stand upon a horizontal plane, and their upper 
extremities are connected by a thread which carries a weight. 
Shew that the weight will rest half way between the pin and 
the horizontal line joining the upper ends of the rods. 

10. Two equal circular discs with smooth edges, placed on 
their flat sides in the corner between two smooth vertical 
planes inclined at a given angle, touch each other in the 
[■Btraight line bisecting the angle. Find the radius of the least 
■disc which may be pressed between them without causing 
Hie, 



11. A flat semicircular board witli its plane vertical and 
curved edge upwards rests on a smooth horizontal plane, and 
is pressed at two given points of its circumference by two 
beams which slide in smooth vertical tubes ; find the ratio 
of the weights of the beams that the board may be in equi- 
librium. 

12. Two smooth cylinders with their axes horizontal, of 
equal radii, just fit in between two parallel vertical walls, and 
rest on a smooth horizontal plane without pressing against 
the walla; if a third cylinder be placed on the top of them, 
find the resulting pressure against either wall. 

13. A smooth circular ring rests on two pegs not in the 
same horizontal planej find the pressure on each peg. 

14. Two spheres are supported by strings attached to a 
given point, and rest against one another; find the tensions 
of the strings. 

15. Two equal smooth spheres, connected by a string, are 
laid upon the surface of a cylinder, the string being so short 
as not to touch the cylinder ; determine the position of rest 
and the tension of the string. 

16. A heavy regular polygon is attached to a smooth 
vertical wall by a string which is fastened to the middle 
point of one of its sides; the plane of the polygon is vertical 
and perpendicular to the wall, and one of the extremities of 
the side to which the string is attached rests against the wall ; 
shew that whatever be the length of the string when the 
polygon is in equilibrium, the tension of the string and the 
pressure on the wall are constant. 

17. A straight rod without weight is placed between two 
pegs, and forces P and Q act at its extremities in parallel 
directions inclined to the rod; required the conditions under 
which the rod will be at rest and the pressures on the pegs. 

lietvXt. P and Q must be equal and in opposite directions. 

18. Forces P, Q, E, 8 act along the sides of a rectangle; 
find the direction of the resultant force. 

19. Two weights P, P are attached to the ends of two 
strings which pass over the same smooth peg and have their 



: extremities attached to the ends of a beam AB, the 
weight of which ia W; bIigw that the inclination of the beam 

3 the horizon = tan"' ( y tan a J ; a, i being the distances 

the centre of gravity of the beam from its ends, and 
W 
in. = g^. 

20. A square is placed with its plane vertical between 
I two small pegs which are in the same horizontal line ; shew 

that it will he in equilibrium when the inclination of one 

of its edges to the horizon = \ sin"' — -^ — , 2o being the 

length of a side of the square, and c the distance between 
the pegs. Shew that the equilibrium will not be aflected by 
the application of any force which bisects the straight line 
joining the pegs and passes through the lowest point of the 
square. 

21. One end of a string is fixed to the extremity of a 
smooth loniform rod, and the other to a ring without weight 
which passes over the rod, and the string Is bung over a 
smooth peg. Determine the least length of the string for 
which equilibrium is possible, and shew that the inclination of 
tlie rod to the vertical cannot be less than 45". 

22. A string nine feet long has one end attached to the 
extremity of a smooth uniform heavy rod two feet in length, 
and at the other end carries a ring without weight which slides 
on the rod. The rod is suspended by means of the string 
from a smooth peg ; shew that if 6 he the angle which the 
rod makes with the horizon, then tan d = 3"* — 3^, 

23. A square rests with its plane perpendicular to a 
smooth wall, one comer being attached to a point in the wall 
by a string whose length ia equal to a side of the square ; 
shew that the distances of three of its angular points from the 
wall are as 1, 3, and 4. 

124. One end of a beam, whose weight is W, is placed 
on a smooth horizontal plane ; the other end, to which a string 
is fastened, rests against another smooth plane inclined atan 
angle a. to the horizon ; the string passing over a puUy at 
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the top of the inclined plane hangs vertically, supporting 
a weight P. Shew that the lieam will rest in all poaitiona if 
a certain relation hold between P, W, and a. 

25. If a weight be suspended from one extremity of a rod 
moveable about the other extremity A, which remains fixed, 
and a string of given length be attached to any point B in 
the rod, and also to a fixed point G above A, and in the same 
vertical line with it, then the tension of the string varies 
inversely as the distance AB. 

26. One end of a uniform beam is placed on the ground 
against a fixed obstacle, and to the other end is attached a 
string which runs in a horizontal direction to a fixed point in 
the same vertical hne as the obstacle, and passing freely over 
it, is kept in tension by a weight TFsuspended at its extremity, 
the beam being thus held at rest at an inclination of 45° to 
the horizon. Shew that if the string were attached to the 
centre instead of to the end of the beam, and passed over the 
same fixed point, a weight = '^2^^ would keep the beam in 
the same position. 

27- Two equal be.ams AB, AC connected by a hinge at 
A are placed in a vertical plane with their extremities B, 
resting on a horizontal plane ; they are kept from falling by 
strino^ connecting B and G with the middle points of the 
opposite beams ; shew that the ratio of the tension of each 
Btnng to the weight of each beam 

6 being the inclination of each beam to the horizon. 

28. One end of a string is attached to a beam at the point 
B, and the other end is fastened to the highest point ^ of a 
fiied sphere of radius r. If the points of contact of the beam 
and string trisect the quadrant A C, shew that the distance 
between B and the centre of gravity of the beam must be 
2r(2-V3). 

29. A heavy rod can turn freely about a fixed hinge at 
one extremity, and it carries a heavy ring which is attached 
to a fixed point in the same horizontal plane with the hinge 
by means of a string of length equal to the distance between 
the point and the hinge. Find the position in which the 
rod will rest. 
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30. Two equal heavy beams of au£Bcieiit length, and 
connected by a hiifge, are supported by two smooth pegs ia 
I the same horizontal line ; a sphere ia placed between them, 
I determine the position of equilibrium. 

. Forces P, Q, R act along the sides BC, CA, AB of 
a triangle, and their resultant passes through the centres of the 
inscribed and circumscribed circles ; shew that 
P : Q : R :: cos B — cos C : cos C—coa A : cos A~coaB. 

32. Find the position of equilibrium of a uniform beam 

resting in a vertical piane with one end pressing against a 

vertical wall, and the other end supported by the convex arc 

. of a pajabola in the VCTtical plane, whose vertex is at the 

foot of the wall and axis horizontal. 

, A uniform beam PQ o{ given weight and length rests 
in contact with a fixed vertical circle whose vertical diameter 
is AB, in such a manner that strings AP, BQ attached to the 
rod and ciicle are tangents to the circle at the points A and B. 
Find the tensions of the strings, and shew that the conditions 
I of the problem require that the inclination of the beam to the 

' vertical must be less than sin"' — g — . 

. Shew that no uniform rod can rest partly within and 
partly without a fixed smooth hemispherical bowl at an incli- 

t nation to the horizon greater than sin"'-^. 
35. The sides of a rigid plane polygon are acted on by 
forces at right angles to the sides and proportional to them in 
magnitude, all the forces acting in the plane of the polygon, 
and being inwards; also the sides taken in the same order 
are severally divided by the points of application in the con- 

Ietant ratio of p to j ; shew that the system of forces is equi- 
valent to a couple whose moment is 
SO' + S) 
where fta represents the force applied to any side a of the 
polygon, and Sn' the sum of the squares of the sides. 
T.S. 
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CHAPTER V. 

FORCES IN DIFFERENT PLANES. 

66. To find ike magnitude a/nd direction of the resultant of 
any number of parallel forces acting on a rigid body, and to 
determine the centre of parallel forces. 

Let the points of application of the forces be referred to a 
system of rectangular co-ordinate axes. Let m^, mj,... be the 




points of application; let x^, y^ z^, be the co-ordinates of 
the first point, a?,, y,, z^ those of the second, and so on; let 
Pp Pj,... be the forces acting at these points, those being 
reckoned positive which act in the direction of P^, and those 
negative which act in the opposite direction. 

Join mjn^ ; and take the point m on m^m^ such that 



mjn = 
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I then the resultant of P, and P^ is P, + Pj, and it acts through 
m parallel to P,. (Art. 37.) 

Draw m,£(, m5, m,c perpendicular to the plane of {x,y), 
meeting that plane at a,b,c; draw m^de parallel to ahc meet- 
ing mb at d and mtjC at e. Then, by similar triangles, 

m^m, _ md _ wi5 — 
m^m^ 7ii,^e z^ — e 

... . p. 



p,+p. 



h-«.); 



This gives the ordinate parallel to the axis of 2 of the point 
of appHcation of the resultant of P, and P^. 

Then supposing P, and P^ to be replaced by P, + P, acting 
at m, the resultant of P, + P, and Pj is Pj + P^ + P^, and the 
ordinate of its point of application 

_ (P, + P,) wt& + P,g, _ P,s, + P/, + P^, 
P, + P, + P. ~ P, + P^ + P^ ' 

and this process may be extended to any number of parallel 
forces. Let M denote the resultant force and z the ordinate 
of its point of appUcation ; then 



B = tF, z = 



2P" 



L 



Similarly, if x, y be the other co-ordinates of the point of 
' application of the resultant, 

-_SP3; -SPy 
^~2P' 3'-vp- 

The values of 'x, y, z are independent of the angles which 
the directions of the forces make with the axes. Hence if 
these directions be turned about the points of application of 
the forces, their parallelism being preserved, the point of 



( 
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PAE,U,LEL FORCES. 

application of the resultant will not move. For tliia reason 
this point is called the centre of the parallel forces. 

67. The moment of a force with respect to a plane is the 
product of the force into the perpendicular diatance of its point 
of application from the plane. 

In consequence of this definition, the equations for deter- 
mining the position of the centre of parallel forces shew that 
t/ie su.m of t/ie moments of any number of parallel forces with 
respect to any plane ia equal to the mom,mt of their resultant. 

68. If the parallel forces all act in the same direction the 
expression SP cannot vanish ; hence the values of the co- 
ordinates of the centre of parallel forces found in Art. 6G cannot 
become infinite or indeterminate, and we are certain that the 
centre exists. But if some of the forces are positive and some 
negative, ^P may vanish, and the results of Art. 66 become 
nugatory. In this case, since the sum of the positive forces is 
equal to the sum of the negative forces, the resultant of the 
former will be equal to the resultant of the latter. Hence the 
resultant of the whole system of forces i.s a couple, unless the 
resultant of the positive forces should happen to lie in the 
same straight line as the resultant of the negative forces. 

We shall give another method of reducing a system of 
parallel forces. 

69. To find the resultant of a system of parallel forces 
acting upon a rigid body. 

Let P,, P,, ... denote the forces. Take the axis of s 
parallel to the forces. Let the plane of (x, y) meet the 
airection of P, at M^, and suppose a,, y, the co-ordinates of 
this point. 

Draw M^N^ perpendicular to the axis of x meeting it at N . 
At the origin O, and also at N^, apply two forces each equal 
and parallel to P, and in opposite directions. Hence the 
force P, at M^ is equivalent to the following system, 

(1) P, atO; 

(2) a couple formed of P, at M^ and P, at W, ; 

(3) a couple formed of P, at JV, and P, at 0. 
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The moment of the first couple is PiJ,, and this couple, 
mthout altering its effect, may be transferred to the plane of 
(y, z), which is parallel to its original plane. The moment 
of the second couple is P,tc,, and the couple is in the piano 
of(^,.). 

If we effect a similar transformation of all the forces, we 
have, as the resultant of the system the following system, 

(1) a force SP acting at ; 

(2) a couple "ZFy in the plane of (y, z) ; 

(3) a couple %Px in the plane of {x, z). 

The first couple tends to turn the body from the axis of y to 
that of s, and the second from the axis of (c to that of z. We 
may therefore take Ox as the cms of the first couple according 
to the definition in Art. 41. For the second couple, however, 
we must either take Oy as the axis, or consider it as a couple 
turning from z to x, of which the moment is ~ %Px and the 
axis Oy. Adopting the latter method, we may replace the 
two couples by a single couple of which the moment is Q, 



L by the equations 



Iwhi 
and the axis is inclined to the axis of a: at an angle a given 
by ■ 



_?^. 



-tPa: 

a 
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EQTJILIBBIUM OP PARALLEL FOECES. 

70. To find the conditions of equilibrium of a system, of 
parallel forces acting on a rigid body. 

A system of parallel forces can always be reduced to a 
single force and a couple. Since these cannot balance, and 
neither of them singly can maintain equilibrium, they must 
both vanish. That is, 

tP=0, and G = 0; 
the latter requires that 

SPa: = 0, and 2i> = 0. 

Hence a system of parallel forces acting on a rigid body mil 
be in equilibriwm, if the sum, of the forces vanislies. and also the 
sum of the moments vanishes with respect to two planes at right 
angles to each other and parallel to the forces. 

Conversely, if the forces are in equilibrium the sura of 
the forces will vanish, and also the srim of the moments ivith 
respect to any two planes at right angles to each other and 
IMHullel to the forces. 

71. When SP=0, the forces reduce to a couple of which 
the moment is G. When SP is not = 0, the forces can always 
be reduced to a single force ; this has already appeared in 
Art. 66, and may also be shewn thus. The forces will reduce 
to a resultant li acting at the point (x', y'), parallel to the 
original forces, providtnl a force - It acting at this point will 
witli the given forces maintain equiUbrium. The necessary 
and sufficient conditions for this are, by Art. 70, 

2P-ii = 0, %Px-Rx'={i, ■S.Py-Ry=Q. 

Hence B = XP, «'=^. 3/' = ^- 

These results agree with those of Art. 06. 

72. To find the resultants of any number of forces acting 
on a rigid body in any directions. 

Let the forces be referred to three rectangular axes Ox, Oy. 
0^; and suppose P,,P,, P,,... the forces; let ir^, y^, z, be tlit^ 
co-ordinates of the point of application of P ■ let a: , y„ s 
be the co-ordinates of the point of application of P,; and 
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■ Let A^ be the point of application of P, ; resolve P, into 
(omponenta X,, Y^, Z^, parallel to the co-ordinate axes. Let 






e direction of ^^ meet the plane of {x, y) at 3/,, and draw 

^i-^i perpendicular to Ox. Apply at N^ and also at two 

forces each equal and parallel to ^j, and in opposite directions. 

IKence Z^ at -4, or jhT, ia equivalent to Z^ at 0, and two 

luples, the former having its moment = Z^ . N,M, , and which 

lay be supposed to act in the plane of (j/, a), and the latter 

'having its moment =^, . ON^ and acting in the plane of (z, w). 

We shall consider those couplea as positive which tend to 

turn the body round the axis of x fram y to s, also those 

which tend to turn the body round the axis of y from z to a;, 

and those which tend to turn the body round the axis of s 

from a; to y. 

Hence Z^ is replaced by Z^ at 0, a couple Z^i/, in the plane 
of (y, «), and a couple — ^iEj in the plane of (z, x). Similarly 
Xj may be replaced by X, at 0, a couple Jf^s, in the plane 
, of (z, a), 'and a couple — Xij, in the plane of (x, y). And \\ 
. may be replaced by Y^ at 0, a couple Y^x^ in the plane 
I of {">• y), ^"il a couple — F,z in the plane of {y, z). Therefore 
' the force P, may be replaced by X^, Y^, Z^ acting at 0, and 
L the couples of which the momenta are, by Art. 47, 
Z^^ — l',3, in the plane of (y, s), 

JTa-M {'■")■ 

y^-i'^ fcy>. 



* 



By a similar resolution of all the forces we shall have them 
replaced by the forces 

tx, sr. tz. 

acting at along the axes, and the couples 

% {Zy — Ys) = L suppose, in the plane of {y, z), 

•S.{Xe-Zx)=M , {z,x), 

%{Y^-Xy) = S- {a^,y). 

Let R be the resultant of the forces which act at ; a, b, c 
the angles its direction makes with the axes ; then, by Art. 24, 

ii^={%xy+iXY)'+itz)\ 

£X , SF XZ 

cos a = — ij- , COS = -=- , cos c = —pr . 
JC M H 

Let G be the moment of the couple which is the resultant 
of the three couples Z, M, iV; X, /i, v the angles its axis 
makes with the co-ordinate axes; then, by Art. 49, 



G' = Z'-!-jtf' + A", 



cosX^ 



' a- 



The convention adopted in the present Article for distin- 
guishing the signs of couples agrees with that in Art. 41 when 
the axes of x, y, and a are drawn as in the present figure, but 
the conventions will not necesBarily coincide if the figure be 
modified ; for example, if the axes of y and z be retained as in 
the figure, but the positive part of the axis of a? directed to the 
left instead of the right, they will not coincide. The conven- 
tion of the present Article la that which we shall hereafter 
always retain. 

73. To find, the conditioTiS of equilibrium of any mimher of 
forces acting <m a rigid body in any directions. 

A system of forces acting on a rigid body can always 
be reduced to a single force and a couple. Since these can- 
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DEFINITION OF MOMENT. V3 

iBot balance each other and cannot separately maintain equi- 
flibriuin they must both vanish. Hence ^ = 0, and G = 0; 
" therefore (SX)' + (S F)' + {tZf = 0, 

■ These lead to the six conditions 

XX =0, 2r=0, 2^=0, 

S(^'y-r3)=0, %{Xz~Zc) = 0. tiYx-Xy)=0. 

74, A verbal enunciation may be given of the last three 
" ns by means of a new definition. For the sake of 
ence, we repeat two definitions already given in 
Ji.rt3. 54 and 67, 

Moment of a force with respect to a pmnt. The moment 
»f a force with respect to a point is the product of the force 
into the perpendicular from the point on the direction of the 
" rce. 

Moment of a force with respect to a plane. The moment 
)f a force with respect to a plane is the product of the force 
ito the distance of its point of application from the plane. 
Moment of a force with respect to a straight line. Resolve 
■the force into two components respectively parallel and per- 
pendicular to the straight line ; the product of the component 
perpendicular to the line into the shortest distance between 
the straight line and the direction of this component is caDed 
the moment of the force with respect to the straight line. 

Hence the moment of a force with respect to a straight line 
is equal to the moment of the component of the force perpen- 
dicular to the straight line with respect to the point at which 
Eb plane drawn through this component perpendicular to the 
straight line meets the straight line. Hence, by Art. 62, the 
moment of the force may be found by taking the sum of the 
moments of any two forces into which the perpendicular com- 
ponent may be resolved. 

If the force is parallel to the given straight line, its moment 
about the straight line is zero. If the force is perpendicular 
to the given straight line, its moment about the straight line 
is the product of the force into the shortest distance between it 
and the given straight line, 



CONDmONS OF EQUILIBEIUM. 

75, Suppose we require the moment of the force P, about 
the axis of s ; we resolve Pj into the forces Z^ parallel to the 
axis of z and Q^ perpendicular to the axis of z, where Q^ is 
itself the resultant of X, and Y^. The moment of Q, with 
respect to the axis of z is equal to the algebraical sum of the 
momenta of its components X^ and i' ; that is, to Y^x^ — ^,y,. 
Hence N in Art. 72 denotes the sum of the moments of the 
forces round the axis of z, and similar meanings arise for h 
and M. 

Hence, the forces acting on a rigid body will be in equili- 
brium if the sums of the resolved parts of^efirces parallel to 
three straight lines at right angles to each other vanish, and 
the suTns of the moments of the forces vnth respect to these 
straight lines also vanish. 

Conversely, if the forces are in equihbriura, the sum of 
the resolved parts of the forces in any direction will vanish, 
and also the sum of the moments of the forces with respect to 
any straight line, 

76. In order to interpret the meaning of G we observe 
that if we keep to the same origin, the moment of this couple 
and the direction of ite axis must be independent of the 
directions of the co-ordinate axes. For R, being the resultant 
of all the given forces, snpposing them applied at a point, is of 
course independent of the directions of the axes. If by a new 
choice of axes we obtain G' as the resultant couple, then R 
and G must be equivalent to R and 0', and therefore 
R, G, —R, — G' must fonn a system in equilibrium. But 
this is impossible unless 0= G' and the axes of G and G' are 
coincident or parallel. 

Since the direction of the co-ordinate axes is arbitraiy, sup- 
pose the axis of x to coincide with the axis of G ; then M= 0, 
jV=0, and L and G are identical. 

Hence Q is equal to the sum of the moments of the given 
forces with respect to the straight line which is the axis of G. 

77- Suppose a force P acting at the point {x, y, z), and let 
X, Y, Z he its components parallel to the axes. Then, by 
Art. 72, P at the point (*, y, s) is equivalent to P at the 
origin, together with the couples Zy — Yz, Xz — Zx, Tx — Xy 



MEiNINO OP G. > 

Itnd the axes of x, ?/, z respectively. Let // be the resultant 
iple, r the distance of the point {x, y, £) from the origin, 
1 the angle between r and P\ then 

^^ ^^ \t P^ V P^ T P) 

= r'P'(l-cosH 
refore S= rPsin a. 

Iiua, as we might have anticipated, S\s. the moment of the 

mpie formed by P at the point (_x, y, z), and a force at the 

' 1 equal to P and acting in a parallel and opposite direc- 

Hence G is the couple formed by compounding the 

plea similar to .ff arising from all the forces of the system. 

[78. As an example of Art. 73 we' may take the case in 
\ all the forces are parallel. Let a, p, y be the angles 

liich the direction of the forces P , P,, makes with the 

Then the equations of equilibrium reduce to 

2P (y cos 7 — z cos ^) = 0, 
^to XP {s cos a — a; cos 7) = 0, 

^K SP (a: cos ^ — y cos a) = 0. 

^^Bie last three equations may be written thus 
^M XPx ^ SPy ^ XPz 

^^B cos a C03/3 cos 7' 

^^Bence we can deduce the conditions that a system oiparallel 

^Hpces may maintain a body iu equilibrium, however they may 

he turned about their points of application. For the preceding 

equations must then hold whatever a, ff, 7 may be. Thus we 

must have 






SP-O, Siit: 



= 0, SP2=0. 



CONDITION FOE A SINGLE KEStJLTANT. 

79. In'Art. 72 we have reduced the forces acting on a body 
to a force Ji and a couple G. If vanish there remains a 
single force ; and if R vanish, a single couple. If neither E 
nor G vanish the forces may reduce to a single force ; we pro- 
ceed to shew when this i: 



To find the condition among the forces that they niay have a 
single resultant. 

Any system of forces can be reduced to s. single force R 
and a couple G ; if then the forces can be reduced to a single 
resultant 8, it follows that G, R, and — S are in equilibrium. 
If R and — S do not form a couple, they can be reduced to a 
couple G' and a force R' ; therefore J^ must balance the 
couple compounded of G and G'. This is impossible by 
Art. 40. Hence R and — 8 must form a couple, and this 
couple must have its plane coincident with that of G, or 
parallel to that of G, in order that it may balance 0. There- 
fore that the forces may have a single resultant, the direction 
of R must be parallel to the plane of G, or coincident with 
it ; that is, must be at right angles to the axis of G, Hence, 
using the notation of Art. 72, 



therefore 



]- cos & COB /I + cos C cos 11 = 0, 



80. Conversely, i( L^X+M^Y+NtZ=0.imd £X, 1Y. 
^Zdo not all vanish, the forces can be reduced to a single force. 
For the plane of the couple G may be made to contain the 
force R, and the couple may be supposed to have ea«h of its 

forces = R and its arm consequently = -„ ; the couple may 

then he turned round in its own plane until the force at one 
end of its arm balances the resultant force R, and there re- 
mains R at the other end of the arm. 



81, Wfien the f&rces are reducible to a single resultant, to 
find the equations to tite straight line in which it acts. 

Let L, M, N denote the moments of the forces round the 
co-ordinate ascs ; L', M', N' the moments of the forces round 
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kes parallel to the co-ordinate axes drawn through the point 
!,y', z'). Then L' is found hy writing y^ — ^ foryj, y,— y' 
t y^ z^ — z' for z^, z^ — z' for z^, in the expression 

^{Zy-Yz). Therefore 

i'=S{^(2/-y)-r(s-3')j 

= L-y'tZ+z%Y. 
oailarly 

if = t[X[z-z)~Z{x-a^')] 

= M-z'%X + w'XZ. 
N' = t{Y{c.~a:-)~Xiy-y)\ 

^N-x^XY+y'tX. 

I If a;', w', z' can be so taken as to make L', M', and N" 
ish, tne forces reduce to a single resultant passing through 
e point {x', y', z'). The three equations 

L-y'tZ-^z'XY=Q (1), 

M-z'tX-\-x'tZ=0 (2), 

N-x'%Y-\-y'tX=(i (3). 

B equivalent to two independent equations ; for if we elimi- 
■' from (1) and (2), we have 

LtX + MtY+-S.Z{x%Y-y-tX) = 0. 

But L%X+MXY-{-NXZ=(3. by Art. 79, 

therefore N - x'X Y+ y"S.X = 0. 

Thus {3) is a necessary consequence of (1) and (2). Hence 
(1) and (2) will determine a straight line at every point of 
which the resultant couple vanishes ; that is, the straight 
line in which the single resultant force acts. 

82. By the following method we may determine at once 
the condition for the existence of a single resultant and the 
equations to its direction. 

Suppose that the forces can be reduced to a single force 
" g at the point (a:", y', z'). Let the single force be resolved 
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SINGLE RESULTANT. 



into componenta A", Y', Z' parallel to the co-ordinate axes ; 
then if we add to the given system —X', — i", and — Z', 
acting at the point (a:', y' , n') parallel to the axes respectively, 
there will be equilibrium. Hence, by Art. 73, 

2X-A"=0, SF-r=0, tZ-Z' = (1), 



L-Z'y'+Ts'- 

M-X'z' + Z'a--. 

jv"-rv-i-xy= 



:0J 



..(2). 



Equations (1) determine X', Y', Z'. It might at first appear 
that equations (2) would determine x, y', z' ; hut if we pro- 
ceed to solve them, we find that they canwA be simultane- 
ously true unless 

L^X+M-S.Y+2nZ=0-, 
aad if this condition be satisfied, and SX, SF, SZdo not all 
vanish, then any one of the equations may be derived from 
the other two, so that there are only two independent equations. 
Hence that the forces may have a single resultant the above 
condition must be satisfied, and then any two of equations (2) 
will determine the locus of points at which this single result- 
ant may he supposed to act. From the form of equations (2} 
it is obvious that this locus is a straight line, and that its 
direction cosines are proportional to X', Y', Z, as might 
have been anticipated. 

In order that the force which replaces the system may pass 
through the origin, we must have 

i=0, J/=0, iV=0. 

83. Although a system of forces cannot always be reduced 
to a single resultant, it can always be reduced to two forces. 
For we have shewn that the system may be replaced by a 
force R at the origin, and a couple G lying in a plane through 
the origin ; one of the forces of Q may be supposed to act at 
the origin, and may be compounded with & so that this 
resultant and the other force of G are equivalent to the whole 
system. Since the origin is arbitrary, we see that when a 
system of forces is not reducible to a single force it can be 
reduced to two forces, one of which can bo made to pass 
through any assigned point. 
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84. When three forces maintain a body in equilibrium, 
titey must He in the same plane. 

Draw any straight line intersecting the directions of two 
of the forces and not parallel to the third force, and take this 
straight line for the axis of x. Then the first two forces have 
no moment round the axis of a;; therefore the equation £=0 
requires that the third force should have no moment round 
the axis of x ; that is, the direction of the third force must 
pass through the axis of x. Since then any straight line, 
which meets the directions of two of the forces, aud is not 
parallel to the direction of the third, meets that direction, the 
three forces must lie in one plane. 

Comhining this proposition with that in Ari 58, we see 
that if three forces keep a body in eqiiilihrium, they must all 
lie in the same plane aud must meet at a point or be paralleL 

85. If the axes of co-ordinates he oblique, suppose I, m, n 
to denote the sines of the angles between the axes of y and s. 
Si and X, x and y, respectively; then we may shew, as in 
Art. 72, that any system of forces can be reduced to S-Z, S Y, 
%Z, acting at the origin along the axes of x, y, z respectively, 
and three couplea in the three co-ordinate planes, having their 
moments equal to IL, mil, nJV respectively, where, as before, 

L = -Z{Zy-Y>s), M=%{Xz-Zx), N=X{Yx-Xy). 

Also for equihbriam, we must have, as before, 

2Z=0, %Y=Q. tZ^O; 

i = 0, • M=0, N^O. 

"hat the forces may admit of a single resultant we must have, 
B before, 

LtX^MtY+NtZ^O, 

pwid £X, SI', S^not all vanishing. 

- The following propositions are coimccted with the subject 
i the present Chapter, 



PROPOSITIONS KESPECTINQ 

I. Forces act at the angular points of a tetrahedron in 
directions respectively perpendicular to the opposite faces and 
proportional to the areas of the faces in magnitude; shew that 
the forces will be in equilibrium. 

A Let ABCD represent the tetrahe- 

dron. 

(1) Resolve the forces parallel 
to AB. Let p denote the perpen- 
dicular from A on the face BCD ; 
then the resolved part of the force 

at A is -^ X area of BCD, that is, 

3 volume of tetrahedron 
AB' ' • 

We obtain the same expression for the resolved part of the 
force at B, The forces at C and D have no resolved part 
parallel to AB. Thus the forces resolved parallel to AB 
vanish. 

(2) Take moments round AB. Let q denote the perpen- 
dicular from on the straight line AB ; 6 the angle between 
the planes BAD and BAG. Then the moment of the force 
at C is J cos 6 . area of ABD, that is, 




IS d.area of ^SCarea oiABD 



I 



g^gcosg.areaof^gg 

AB °' AB 

We obtain the same expression for the moment of the 
force at D. Thus' the moments round AB vanish. 

Since these results hold for any edge of the tetrahedron 
the forces must be in equilibrium. 

II. Four forces act on a tetrahedron at right angles to 
the faces and proportional to their areas, the points of 
application of the forces being the centres of the circles 
circumscribing the faces: shew that if the forces all act 
inwards or all act outwards they will be in equilibrium. 

In this cose the forces all pass through a point, namely 
the centre uf the sphere described round the tetrahedron. 




LCES IN DIFFEBENT PLANES. ^^B^^ 

■ence we only require the first part of the investigation in 

%e preceding propoaition to establish that the forces are in 

equilibrium. 

Or we may resolve the forces at right angles to a face 
instead of parallel to an edge, and thus obtain the result. 
For resolve the forces at right angles to the face BOB; 
we have one force represented by the area BCD, and the I 
resolved parts of the other forces are represented by the pro- i 
jections of the respective areas BAG, CAB, DA It on BCD. 1 
And the sum of these projections ia equal to BCD. Thua 1 
the forces resolved at right angles to BCD vanish. | 

Similarly the forces resolved at right angles to any other 
face vaninih. 

III, By a process similar to that used in establishing the 
Proposition I. at the end of Chapter iv. we can extend the ' 
pre-ceding Proposition to the case of any polyhedron bounded 
ty triangular faces. Thus we obtain the following result: J 
Forces act on a polyhedron bounded by triangular faces at f 
right angles to the faces and proportional to their areas, the' I 
points of application of the forces being the centres of the I 
circles circura scribing the faces ; shew that if the forces all act , 
inwarda or all act outwards they will be in equilibrium. 

IV. If four forces acting on a rigid body are in equi- 
librium, and a tetrahedron be constructed by drawing planes 
at right angles to the directions of the forces, tbe forces will 

i^be respectively proportional to the areas of the faces. 

^^ This ia the converse of ii. and may be readily demon-! 

^^krated : for by resolving the forces in any direction, and I 

^^rojecting the areas on a plane at right angles to that direo^ J 

tion, we find that the four forces are connected by the BamS' I 

linear relation as the four areas. | 

We infer from this result that the areas in the present 
theorem must be respectively proportional to the volumes 
considered in the Proposition X. at the end of Chapter ii : 
^thus we indirectly ai'rive at a geometrical truth. 



PROPOSITIONS HESPECTINO FOECIS IN DIFFERENT PLANE3. 

V. Parallel forces P, Q, R, S, T &ct at the comers of a 
regular peiitagoD : find under what conditionH their centre 
will coincide with that of the pentagon. 

Let c stand for 2 cosSC"; then, by Art 66, the following 
condition is necessary and sufGcient in order that the centre 
of the pai'allel forces should fall on the straight line through 
the centre of the pentagon and the point at which P acta : 

cQ+Ii = cT-i-S (1). 

Similarly, the following condition is necesaary and suf- 
ficient in order that the centre of the parallel forces should 
fall on the straight line through the centre of the pentagon 
and the point at which Q acts : 

cIi + S = cP+T. (2). 

Hence (1) and (2) are the necessary and sufficient condi- 
tions in order that the centro of the parallel forces may 
coincide with that of the pentagon. 

We may observe that in the same manner as (1) and (2) 
were obtained we have the following as the necessary and 
sufficient condition that the centre of the parallel forces 
should fall on the straight line through the centre of the 
pentagon and the point at which E acts : 

c8+T=cQ + P. (3). 



If we eliminate It betVeen (1) and (2) we obtain 

(^Q+cP=i,^-l)T+(c + l)S (4). 

■ la order that (3) and (4) may agi'ee we must have 
c' — c — 1 = 0. Thus we see that from statical considera- 
tions we can obtain an equation for determining the value 
of cos 30". 
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EXAMPLES. 



. Four parallel forces act at the angles of a plane qiiad- 
I rilatera! and are inversely proportional to the segments of its 
I diagonals nearest to them ; ahew that the point of application 
I of their resultant hes at the intersection of the diagonals. 

. Parallel forces act at the angles A, B, C o( a triangle 
I and are respectively proportional to a, b, c; shew that their 
\ resultant acts at the centre of the inscribed circle. 

3. A cone whoa© vertical angle is 30°, and whoao weight 
is W, is placed with its vertex on a smooth horizontal plane ; 
shew that it may be kept with its slant side in a vertical 
position by a couple whose arm is equal to the length of the 

slant aide of the cone, and each force -j^ . 

4. Six equal forces act along the edges of a cube which 1 
do not meet a given diagonal, taken in order; find their re- 
sultant. 

Result. A couple, the moment of which is 2Pa >/3, where 
JP denotes each force and a the edge of the cube. 

5. A cuhe is acted on by four forces ; one force is in a 
diagonal, and the others in edges no two of which are in the 
same plane and which do not meet the diagonal ; find the 
condition that the forces may have a single resultant. 

JResult. {XY+ YZ+ ZX) V3 + P(X+ Y+Z) = 0; where 
X, Y, Z denote the forces along the edges, and P the force 
along the diagonal. 

6. If a triangle is suspended from a fixed point hy strings 
attached to the angles, the tension of each string is propor- 
tional to its length. 

7. A uniform heavy triangle is supported in a horizontal 
•position by three parallel strings attached to the three sides 
respectively ; shew that there is an infinite number of ways 
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EXAMPLES OF FOECES IN DIFFEBEKT PLANES. 

in which the strings may be jelatively disposed so that their 
tensions may be eqiiaJ, but that the situation of one being 
given, that of each of the other two is determinate. 

8, A sphere of given weight rests on three planes whose 
equations are 

x cos a + y cos & + z cos 7 = 0, 

x cos a, + y cos ^, + a cos y, = 0, 

X cos a^ + y cos /S^ + iz cos 7, = 0, 

the axis of z being vertical ; find the pressure on each plane, 

9, A heavy triangle ABC is suspended from a point by 
three strings, mutually at right angles, attached to the angular 
points of the triangle ; if ^ be the inclination of the triangle 
to the horizon in its position of equilibrium, then 



•J{\ + sec A sec B sec C) ' 

10. An equilateral triangle without weight has three un- 
equal particles placed at its angular points; the system is 
suspended from a fixed point by three equal strings at right 
angles to each other fastened to the corners of the triangle ; 
find the inclination of the plane of the triangle to the horizon. 

H?" + TF + W 
EesulL The cosine of the angle ia -TTTrrvAi — i,rr-r,,-fTT, 

where IT,, IT,, W, represent the weights of the particles. 

11, Four smooth equal spheres are placed i 
rical bowl. The centres of three of them are in the s 
horizontal plane, and that of the other is above it. If the 
radius of each sphere be one-third that of the bowl, shew 
that the mutual pressures of the spheres are all equal ; and 
find the pressure of each of the lower spheres on the bowl. 

Remits. Let W be the weight of each of the spheres ; 
then each of the mutual pressures between the spheres is 
W iW 

-j^; and -j^ is the pressure of each of the lower spheres on 

the bowl. 
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12. Three equal spheres hang in contact from a fixed 
point by three equal Btringe ; find the heaviest sphere of given 
radius that may be placed upon them without causing them 
to separate. 

Mesidt. Let W be the weight of each of the equal spheres, 
$ the angle which each string makes with the vertical, tf> the 
angle which the line joining the centre of one of the three 
equal spheres with the centre of the upper sphere makes with 
the vertical ; then the weight of the upper sphere must not 

exceed : — -, — -i^ — a . 

tan p — tan o 

13. ABCD is a tetrahedron in which the edges AB, AC, 
AD are at right angles to each other ; forces are represented 
in magnitude and direction by AB, AC, AD, BC, CD, DB\ 
determine their resultant. 

14. Three equal hollow spheres rest symmetrically inside 
a smooth paraboloid of revolution, whose axis is vertical ; a 
solid sphere of equal radius is placed upon them; shew that 
the equilibrium will be destroyed if the radius of the spheres 

is less than , where I is the latus rectum ; the weight of 

the hollow spheres being neglected in comparison with that 
of the solid one. 
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CHAPTER VI. 



EQUILIBRIUM OF A CONSTRAINED BODY. 

86. To find the conditwris of equilibrium of forces acting 
on a rigid body when one point is fixed. 

Let the fixed point be taken as the origin of co-ordinates. 
The action of the forces on the body will produce a pressure 
on the fixed point ; let X', Y', Z be the resolved parts of 
this pressure parallel to the axes. Then the fixed point will 
exert forces — -Z', — Y' , —Z' against the body; and if we 
take these forces in connexion with the given forces, we may 
suppose the body to be free, and the equations of equilibrium 

2.Y-X' = 0, SF-r = 0, %Z-Z'='d, 
L = 0, M=0, N^Q. 

The first three equations give the resolved parts of the 
pressure on the fixed point ; and the last three are the only 
conditions to be satisfied by the given forces. Thus the forces 
will be iu equihbrium if the sums of the mommts of the forces 
viith respect to three straight lines at right angles to each other, 
and passing through the fixed point, vanish. 

Conversely, if the forces are in equilibrium the sum of the 
moments of the forces with respect to any straight line 
through the fixed point will vanish. 

From the equations X' = %X. Y' = XY,Z'-= tZ, it follows 
that the pressure on the fixed point is equal to the resultant 
of all the given forces of the system moved parallel to them- 
selves up to the fixed point, 

K all the forces are parcel, we may take the axis of e 
passing through the fixed point parallel to the forces. Then 
all the forces included in %X vanish, and so do all the forces 
included in S Y; thus N vanishes, M reduces to — 'S.Zx, and 
X reduces to ^Zy. Hence X' and Y' vanish and the equa- 
tions of equihbrium reduce to 

%Z-Z' = Q, 2% = 0, tZx=(i; 
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EQUILIBRIUM OF A BODY. 

nlie first determines the pressure on the fixed point, and the 
Ibther two are conditions which must he satisfied by the given 
forces. 

If a]] the forces act in one plane passing through the fixed 
point, and we take this plane for that of (x, y), all the forces 
included in S^ vanish ; also the ordinate parallel to the axis 
of z of the point of application of each force is zero. Thus 
X and if vanish ; also Z' vanishes, and the equations of equi- 
lihrium reduce to 

tX-X'=0. Sr-r = 0, %{Yx-Xy) = <^; 
the first twodetermine the pressure on the fixed point, and the 
third is the only condition which the forces must satisfy. 
Thus the forces will be in equilibrium if the sum of the mo- 
ments of the forces with respect to the straight line perpendicular 
to their plane, and passing through the fixed point vanishes; 
and conversely, if the forces are in equilibrium the sum of the 
moments of the forces with respect to this straight line will 
Tanish. 

87. To find the condition of equilibrium, of a hody which' 
has two points in it fixed. 

Let the axis of z pass through the two fixed points ; 'and 
let the distances of the points from the origin be a' and z". 
Also let X', Y', Z' be the resolved parts of the pressures 
on one point, and X" , Y", Z" those on the other point. 

Then, as in Art. 86, the equations of equilibrium will be 

sx-x'-x'=o, 2F-r-r"=o, ^z-z'^z-=% 

i+yV+ Y"z'' = 0, M~XV-X'V' = 0, J^^=0. 
The first, second, fourth, and fifth of these equations will 
determine X', X", Y', Y"; the third equation gives Z' +Z", 
shewing that the pressures on the fixed points in the direction 
of the line joining them are indeterminate, being connected 
by one equation only. The last is the only condition of 
^uilibrium, namely N= 0. Thus the forces will be in equi- 
librium if the sum of the moments of the forces vdth respect to 
the straight line passing through the fixed points vanishes ; and 
conversely, if the forces are in equilibrium the sum of the 
moments of the forces with respect to this straight Hne will 



§8 , CONSTEAINED BODY. 

88. The indeterminateness which occurs as to the values 
of Z' and Z" might have been expected ; for if two forces, 
— Z' and —Z", act on a rigid body m the same atraight 
line, their etfect wilt be the same at whatever point in their 
line of action we suppose them applied, and consequently 
they may be supposed both to act at the same point, or one 
of them to be increased provided the other be equally di- 
minished. If it be objected that in any experimental case 
there really would be some definite pressure at each fixed 
point, we must reply, that no body on which we can ex- 
periment fulfils the condition of perfect rigidity, on which 
our conclusions depend. See Poisson, Art. 270 ; and Poinsot, 
Arts. 128.. .132. 

The ease which we have been considering is that of a body 
which is capable of turning round a Jiced axis; for an axis 
will be fixed if two of its points are fixed. 

89. If the body, instead of having two fixed points, can 
turn round an axis aud also slide along it, then in addition to 
the condition ^= 0, we must have %Z— 0, supposing the axis 
of z directed aloog the straight line on which the body can 
turn and slide. For the axis will not be able, as in the last 
case, to furnish any forces —Z' and —Z" to counteract 2.2) and 
therefore XZ must = 0. 

!)0. To find the conditions of equilibrium of a ngid bod^ 
resting on a smooth plane. 

Let this plane be the plane of (ir, y) ; and let x, •}/ bo the 
co-ordinates of one of the points of contact, R' the pressure 
which the body exerts against the plane at that point. Then 
the force —K, and similar forces for the other points of 
contact, taken in connexion with the given forees, ought to 
satisfy the equations of equilibrium ; hence 

sx-0, sr=o, %Z-R--R" -...={), 
L-Ri/'-E"!/"-...^(i, M+Il'x' + R"x" + ...^0, N=0. 

If only one point be in contact with the plane, then the 
third tquation gives the pressure, and we have five equations 
of condition, 

SA'=0, Sr=0, L-^"SZ = 0, M + x'lZ=0, N=0. 



■give E^^:±^'^^. ^..^_X.; + %- 

^m yx -^y y^ -^y 

^^ an 
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If two points be in contact, then the equations 
B'y'-\-R'y"=L, Ex' -^Ifx" = -M, 



^ and the eqaations of condition are 



2X = 0. Sr=0. s/- -^(""--"'H lJ^i;^:W).Q, and ^=0. 1 

y X -xy I 

If three points are in contactj then the pressures are | 

determined from the equations 

Ex- + E'x" + 72" V" = -M, ^H 

and the conditions of equilibrium are ^| 

sx=o, 2y=o, itf"=o. I 

If more than three points are in contact, then the pressures ■ 

are indeterminate, since they are connected by only three 1 

equations ; but the conditions of equilibrium are still i 

2X=0, 2F=0, 7^=0. 

91. The equations at the commencement of the preceding 
Article shew that if a body rests in equihbrium against a 
plane, the forces which press it against the plane must reduce 
to a single force acting in a direction perpendicular to the 
plane, for the condition 

LtX+M^Y+2^Z=Q 
is satisfied, since 2X, S Y, and N vanish. Hence the forces 
reduce to a single force ; and since 2X and 2 Y vanish, this 
force must be pterpendicular to the fixed plane. 

Also, this single force must counterbalance the forces 
— R, — ii". .., which are all parallel and all act in the same 
direction. Hence, from considering the construction given 
in Art 66 for determining the centre of a systera of 
parallel forces, it follows that the point where this resultant 
outs the plane must be within a polygon, formed by so joining 
the points of contact as to include them all and to have 
no re-entering angle. 
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MISCELLANEOUS EXAMPLES. 

1. The lid ABGD of a cubical box, moveable about 
hinges at A and B, is held at a given angle to the horizon 
by a horizontal string connecting C with a point vertically 
over A : find the pressure on each hinge. 

2. Two equal forces act on a cube whose centre is fixed, 
along diagonals which do not meet of two adjacent faces : 
find the couple which will keep the cube at rest. 

Mesult. Let P denote each force, a the edge of the cube ; 
the moment of the required couple is either — ~- or -^ ac- 
cording to the du'cetions of the two given forces. 

3. Three equal heavy rods in the position of the three 
edges of an inverted triangular pyramid are in equilibrium 
under the following circumstances : their upper extremities 
are connected by strings of equal lengths, and their lower 
extremities are attached to a hinge about which the rods 
may move freely in all directions. Find the tension of the 

' strings. 

4. A given number of uniform heavy rods, all of the 
same weight, have their extremities jointed together at a 
common hinge, about which they can turn freely ; and being 
introduced through a circular hole in a horizontal planu 
with their hinge end downwards, are spread out symmetri- 
cally along the circumference of the hole like the ribs of 
a conical basket. If a heavy sphere be now placed in the 
interior of the system of rods, so as to be supported by them, 
determine the position of rest. 

5. A cylinder with its base resting against a smooth 
vertical plane is held up by a string fastened to it at a point 
of its curved surface whose distance from the vertical plane 
is h. Shew that h must be greater than i — 2a tan and ieaa 
than b, where 26 is the altitude of the cylinder, a the radius 
of the base, and 6 the angle which the string makes with the 
vertical. 
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A cylinder resta viith its base on a smooth inclined 
) ; a string attached to its highest point, passing over 
i pully at the top of the inclined plane, hangs vertically 
md supports a weight ; the portion of the string between the 
rt'linder and the pully is horizontal Determine the con- 
Stions of equilibrium. 

':3. Let W he the weight of the cylinder, W the 
^weight attached to the string, a the inclination of the plane 
■to the horizon; then IV= Wtmia, and taiict must not ex- 
Tceed the ratio of the diameter of the base of the cylinder to 
' a height of the cylinder. 

7. A cone of given weight W ia placed with its base 
1 an inclined plane, and supported by a weight W which 

langa by a string fastened to the vertex of the cone and 
over a pully in the inclined plane at the same 
neight aa the vertex. Determine the conditions of e(|uilibrium, 

)s. Let a be the inclination of the plane to the 
horizon, the semi-vertical angle of the cone ; then 

W'= Tf tana, and tan 5 must not fae less than ^ sinSn. 

8. A smooth hemispherical shell whose base ia closed 
Includes two equal spheres whose radii are one third of that 
of the shell. The shell ia fixed with its base vertical; find 
the mutual pressures at all the points of contact. 

Eesults. Let 5, be the pressure between the upper sphere 
and the shell, R.^ that between the two spheres, Ji that be- 
tween the lower sphere and the base of the shell, i?, that 
between the lower sphere and the curved part of the shell ; 
then 

W 2W SW iW 

^■"va- -"-"vF' •"■-V3' -"'"vs' 

9. A rectangular table ia supported in a horizontal posi- 
tion by four legs at its four angles : a given weight W being 
placed upon a given point of it, shew that the pressure on 
each leg is indeterminate, and find the greatest and least value 
it can have for a given position of the weight. 
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CHAPTER VII. 



GENERAL XnEORESIS ON A SYSTEM OF FORCES. 



92. In Art. 72 it is proved that the forces acting on a, 
rigid bodj may be reduced to a force B and a couple G, and 
that G' = L' + M' + N', where L, M, N are the moments of 
the forces round three rectangular axes arbitrarily chosen. 
It is obvious that neither L, M, nor N can be greater than O ; 
hence, for a given origin, the resultant moment G is greater 
than the moment of the forces about any other axis. For this 
reason G is called the principal moment of the forces. 

From the equations in Art. 72, which determine the direc- 
tion of the axis of G, it follows that G cos ^ is the moment 
of the forces about an axis which passes through the given 
origin, and makes an angle with the axis of principal 
moment. 



93. The value of It in Art, 72 is independent of the 
position of the origin of co-ordinates ; J? is in fact the re- 
sultant of the given forces, supposing each of them moved 
parallel to itself until they are all brought to act at the same 
point. The value of G, however, depends on the origin we 
assume. If we take a point whose co-ordinates are x, y', z', 
and denote by L', M', N' the moments of the forces round 
straight lines through this point parallel to the co-ordinate 
axes, and by G' the principal moment of the forces with respect 
to this point, we have, by Art. SI, 

L' =L-y'XZ + z'tr, ■ 
G^^L-' + M'^ + NK 



LEAST PHIJJCIPAL MOMENT. 9S 

I We proceed to apply tKese equations to ficd the least 
dlue of G'. 
To find the locm of the origins which give the least principal 
lents, the magnitude of those moments, and Ute position, of 
eir axes. 

Multiply the first of equations (1) by 2A' the second by 
[ tY, and the third by l-Z. and add ; thus 

= {(£X}' + (2F)' + Ct^'j \L" + il/" + N''] 
= {N% Y- M'XZ)' + (i'SX- N"XX)' 
+ {M'XX-L'XY)'+{L'l.X+M'XY+N-tZ)\..[3). 
Of these four terms the last is constant for all values of 
ss', y, z' by (2) ; hence we obtain the lemt value of G' by 
making the three preceding terms vanish, which gives 

2X 2r xz ^'' 

that is, 

L - y't Z +z-S. r _ M- zXX+x'tZ _ N-x'S . Y+y'tX ... 
%X ~ tY XZ ~ '•■^'''■ 

Hence the required locua is a straight line. 

From (4) it appears that L', M' N' are proportional to 
2X, 2 Y, XZ respectively, which shews that the axia of the 
principal moment at any point on the straight line (5) is 
parallel to the direction of the resultant E. By (3) the value 
of the least principal moment is 

LXX+MXY+NtZ 



Each of the fractions in (5) is, by a known theorem. 



liequal to 



LXX + MXr+NXZ 

(XX)-'+{XYr + {Xzy' 

LXX+MtY+NtZ 



CENTRAL AXIS. 



The equations (5) may by suitable transformations bo 
reduced to the ordinary symmetrical equations to a straight 
line. We have 



ySZ) ii" - ( J/S F+ NiZ] IX; 



therefore 

il(S7)'+(2^)'l + (/Sr- 
therefore 

(I'ff-iTSJ+iSF) s r- {n'm-Ltz+s^x)%Zi 

therefore 

L^Z- N-iX\ _ 1 l_, M-ZX-Ll.y 



ix{'''- 



S' 



^■izV 



zz\ 

quatic 

J^f , L%Z-N 



Hence we conclude that the equations (5) may bo written 
N'XY~M'XZ\ 1 f , L%Z-N%X\ 
Si 



from which we see that the straight line determined by (5) is 
parallel to the direction of R. Hence this straight line haa 
the following properties : at every point of it the value of the 
principal moment is the same, and is less than it is /or any 
point rtot in the line ; also for every point in the line the position 
of ike ojeis of principal moment is tlie aame, being the line itself. 
This line is called the central axis. 

We have supposed in the investigation that It is not zero. 
If £ be zero we have for every origin 






M' = M, N' = 



94. The equation (2) of Art. 93 may be written 
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This shews that if we resolve L\ M', N' along a straight 
[ine parallel to the direction of ^, and add the resolved parts, 
we obtain the same result whatever origin be chosen. Thus 
the resolved part of any principal vwment inthe direction ofR 
ie constant. By the resolved part of the principal moment in 
the direction of R we mean that part of the moment which has 
tis axis in the direction of B. 

;. From equations (1) of Art. 93 it appears that L' = L, 
M' = M, and N' = N', provided 

«' _ .V' _ "' . 

2j: 27 Sir- 

that is, if the point (x', y, z') be on a straight line through 
the origin parallel to the direction of R. Since the origin is 
arbitrary, we may therefore assert that the principal moment 
remains unchanged, when the point to which it relates motiea 
■tUoTtg any straight line parallel to the direction of M. 

i. The equation to the plane through the origin perpendi- 
cular to the direction of R ia 



ie'2Z + ysr+3'2X=0.. 



If we combine this equation with equations (5) of Art. 93, 
we obtain the co-ordinates of the point of intersection of this 
plane with the central axis. 

We thus find for these co-ordinates 

NXr- M%2 L^Z- N-^X M1.X-L%Y 
i£" ' E' ' R' ' 

Tthich we will denote by h, h, I respectively. 
If x'. y, s' satisfy (1), then i^'S 7 - JlfS^" 

{N-s!%Y^y-S.X) SF- (3f-s'SA" + a:'£^ 22 
= 2nY'-M^Z~x'R:' = K'{h~a!). 
Similarly L'-ZZ-N'tX= R^ {h-y'), 

2£"ZX-L'ZY=R'il-z^. 
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REDUCTION OF A SYSTEM OF FORCES. 
Therefore from equation (3) of Ait. 93 



n^ 






Hence G' remaioa constant for all points in the pl&oe (I) 
for which {h — x'y+(k-jf')*+{l — z')* is constant; that is, 
for all points in (1) which a,re at a constant distance from the 
central cuns. From this and Art. 93 it follows, that if a right 
cylinder be described round the central accis, the principal 
moment has the same value for any point on the surface of this 
cylinder. 

97. Of the two expressions which compose G' in equation 
(2) of Art. 96, the latter, by Art. 94, is the resolved part of 
C'jjaroZ/eJ to the direction oiR; hence the former part is the 
resolved part of Q' perpendicular to the direction of .fl. Call 
the former part Q, and the angle -which the direction of the 

axis of G' makes with that of .H ; then sin <f> = -7y' > ^^^ this 

is constant so long as G' is, that is, for every point on, the 
surface of the cyliiider in the preC'eding Article. 

98. The propositions already given in this Chapter admit 
of other modes of demonstration, which we proceed to in- 
dicate. 

To shew that any system of forces can always he reduced 
to a force and a couple, the axis of tlie latter being parallel 
to the direction of the former. 

The forces can be always reduced to a force 2i and a couple 
G, and the angle between the former and the axiS' of the 
latter is given by the equation 

. LXX+MXY+KSX 
cos^= ^^ . 

Resolve the couple G into two others ; one having its axis 
parallel to the direction of li and its moment equal to G cos (ft, 
the other having its axis perpendicular to the direction of li 
and its moment equal to G sin 0. The forces of the latter 
couple are therefore in a plane parallel to B; and by pro- 
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»erly placing this couple in its own plane, and making each 
f its forces equal to M, one of its forces may be made to 
etlance the force It. We shall then have remaining the 
Jouple G cos and a force B, the direction of which is 
terallel to the axis of the couple, and which is moved to 

a distance „— ^ from its original position. The system ia 

thus reduced to a force li and a couple -— , 

the axis of the latter being parallel to R, and therefore ita 
plane perpendicular to .S. 

Since the resultant couple must be independent of the direc- 
tion of the axes of co-ordinates we conclude that 

mX+MS-Y+NlZ 



must he constant whatever be the direction of the axes ; and 
as .Sis constant it follows that L^X + M%Y + N'S.Z mMst be 
constant whatever be the direction of the axes. The expres- 
sion also remains the same whatever origin be chosen, as ap- 
pears from equation (2) of Art. 93. 

99. When a system of forces is reduced to a force and a 
couple in a plane perpendicular to the force, the position and 
maffnitude of the force are always the same. 

The magnitude of the force is always the same, for it is the 
resultant of the given forces supposing each of them moved 
parallel to itself until they are all brought to act at the same 
point. We shall now 'shew that there is a definite straight 
line along which the resultant force must act 

Let x, y , z be the co-ordinates of an origin such that the 
axis of the resultant couple coincides with the direction of 
the resultant force. Then, with the notation of Art. 93, 
we have 

^k XX sr xz' 

^Monc 



r the direction cosines of the axis of the couple are propor- 
ional to U, M\ and N', and those of the direction of the 

1 



CENTEAL AXIS, 

force are proportional to 2-Y, Si' %Z. Hence the locus of 
the ongins ia the straight liue determined by equations (5) 
of Art. 93. 

100, It appears from the last Article that there ia only 
one position of the resultant force in which it is perpendicular 
to the plane of the resultant couple. If we wish to transfer 
the resultant force to any other point, we can do it by 
introducing two forces, R and — R, at that point ; the latter 
with the original force R will form a couple ; and if this 
couple be compounded with the original couple we have 
a new couple, the moment of which is »/ (^K^ + I^p*), where 
K denotes the original moment and p the distance to which 
R has been moved. This moment ia greater than K; and 
hence the straight line in which R acts when perpendicular to 
the plane of the resultant couple ia the cuis of least principal 
moment. It ia therefore the central axis. 

K is shewn in Art. 9 



101, The principal moment will be the same for every 
point of the central axis, since when we have reduced the 
forces to a single force and a couple in a plane perpendicular 
to the force, the force may be supposed to act at any point 
in its tine of application, and the plane of the couple may be 
moved parallel to itself into any new position. See also Art. 95. 
Hence if we draw any plane perpendicular to the central axis, 
and deacribe a circle in the plane with radius p, and having ita 
centre at the intersection of the central axis, then, by the 
last Article, the principal moment for any point in this circle 
will he t/{lC + R^p'), and the angle <^ at which the direction 
of its axis is inclined to the direction of ij is given by the 

equation tan ^ = -^ . 

102. Wlien a system of forces acting on a rigid hodg is 
reduced to two forces, and these are represented by two straight 
lines which do not meet and are not parallel, the volume of the 
tetraliedron of which the two straight lines are opposite edges 
is constant 
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Let the atraiglit lines AB and A'B represent the two forces, 
A A' being a straight line at rigbt . 

angles to both. Suppose twoparal- 
lel lines Ax, A'x' drawn, each at 
right angles to AA', and Ai/, A'y, ^' 
respectively at right angles to Ax, 
A!x', and also at right angles to 
AA'. Let BAx = ^, £'AW = (j>, 
and let T and 2" denote the inten- ^>" 
sitiea of the forces in AB and A'B" 
respectively. Then T may be resolved into T cos ift and 
2" sin A acting at ^ along Ax and Ay respectively, and 2" 
into 2" cos 0', T' sin ^' acting at A' aloug A'x and A'y' 
respectively. Let a be the inclination of AB and A'B, so 
that ^' = + a. Now determine by the equation 

2*009 .^ + 2" cos 0' = (1), 

2'cos.^+2'cos(</>4-a) = 0. 

Then by (1) the forces 2" cos and 2" cos rf>' will form a covph 
in the plane xAA'x' ; and 2" sin ^ and 2^ sin will have a 
single resultant perpendicular to the plane of this couple, 
for they cannot form a couple since then the whole system of 
forces would reduce to a single couple which is contrary to the 
auppoaition. Let P denote the intensity of this single force 
so l^at 

P=2'ain<^ + 2"sinf (2). 

[.The moment of the couple is ^^'x2'cos0, "Hence, by 

I the latter part of Art 98, AA' x P x 2" cos tf> is constant 

I whatever be the position and magnitude of the forces T and 

Y2", so long as they are equivalent to a given system of forces. 

Now the volume of the tetrahedron of which AB and A'B' 

[ore opposite edges is ^AB. A' J? .AA' sia a. For the base 

may be considered to he the triangle AA'B, the area of 

which is ^ A A' .A'B'; and the height will thenhe j4B sin a. 

But from (1) and (2) we have 2" sin a — Pens *. Hence the 
Evolume of the tetrahedron becomes ^AA' .T .P C09,^, which 
KWe have just seen to be constant. 

This result is due to Chasles; see Mobius, Lehrbuch der 
^8taiik, I, 122. 
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103, When a system of parallel forces actiDg on a rigid 
body has a single resultant, that resultant always passes . 
through a fixed point in the body whatever may be the 
position of the body. When any system of forces acts on 

a rigid body we might investigate the consequences of turn- 
ing the body from one position into another while the forces ] 
retain their original directions, or of turning the forces in ' , 
such a manner as to leave their relative directions unchanged 
while the body remains fixed. We shall here give some 
examples of the general theorems that have been demon- 
strated on this subjects The forces are supposed to act at 
fixed points in the body. ' 

104. Let PA and QA be the directions of two forces 
lying in one plane, acting at the 
points P and Q respectively; TA 
the direction of their resultant. 
Suppose the forces in PA, QA to 
be turned round the points P and Q 
respectively through the same an- 
gle a towards the same direction ; 
since PA and QA will include the 
same angle as before, their point 
of interaection will move on a circle 
passing through P and Q. And 
a£ the magnitudes of the forces are i _ 
magnitude of the resultant and the angles which it makes 
with the components remain unchanged. Hence if The the 
intersection of the resultant and the circle originally, it will 
always be so, since the arcs PT and QT are proportional to 
the angles PA T and QA T; the resultant will therefore have 
turned through the angle a round the point T. 

The same conclusion holds if instead of supposing the body 
to be fixed and the forces to revolve, we suppose each force 
to remain parallel to itself and the body to be turned through 
any angle round a perpendicular to the plane of the forces. 

The point T through which the resultant always passes 
may be called the centre of the forces which act at P and Q. 
It is evident, in like manner, that if a third force pass 
through a fixed point S and meet the straight line TA, we 
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may find tbe centre of the forces at T and 8, that is, the centre 
of the forces at P, Q, and S; and generally we may infer 
that every system of forces in one plane which is reducible to 
a single resulta7it has a centre ; or, in other words, if there 
be a system of forces acting in a plane and having a single 
resultant, and we know the magnitude of each force, the 
angles the directions of the forces make with each other, 
and one point in the direction of each, then we can deter- 
mine the magnitude of the resultant, the angle its direction 
makes with those of the component forces, and one point in 
its direction. 

105. If a system of forces maintain a body in equilibrium, 

and equilibrium also subsist after the body has been turned 

through any given angle which is not a multiple of two right 

angles, about any axis, then equilibrium will still subsist 

I when the body is turned about the same axis through any 

\ angle wlmtever, the forces being supposed to act with the 

a intensity and in parallel directions throughout. 

Take the axis of z to coincide with the straight line about 

which the body is turned. Since there is equilibrium in ita 

t position, we have 

2X=0, 2r=0, 2Z=0 (1), 

^{Zy^Yz) = Q. %{Xz-Zx)=Q, S (r^-Zy) = 0...(2). 
If equilibrium subsist when the body is turned through an 
angle 6, the equations (1) and (2) must hold when we put 
jTcos^— ysinfl for x, and irsin^ + ycos5 for y. Hence (2) 
become 

8in5S{^)+cos&2C^^)-S(r3) = (3), 

. 2(A'a)-cos^2{^) + sin^S{2»=0 (4), 

co%et{Yx-Xy) -sme%{Xx+ Yy) = (5). 

By means of (2), equations (3) and (4) become 

sin e 2 [Xz) - (1 - cos 6) 2 {Yz) = 0, \ 

Cl-cosfl)2(Zz)+ainfl2{r3} = 0. '■. , , *'' 

As these equations hold for some value of sin 8 different from 
zero we must have 

, S(X2)=0, and2(Fs)=0 (6). 
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Then, by (2), -we infer 

X[2!x) = 0, and S(Z^) = (7). 

And from (2) and (5), 

t{Yx-X2/) = 0, and X{Xic + Yi,) = (8). 

And when (6), (7), and (8) are true, (3), (4), and (5) are true 
for alt values of 6. 

It appears from the preceding investigation that when 
forces act in one plane on a rigid body and maintain equi- 
librium, the necessary and sufficient additional condition in 
order that equilibrium may subsist after the body has been 
turned round an axis perpendicular to the plane while the 
forces remain parallel to their original directions, is 

tiXx+Yy)'^0. 

106. A system of forces acts on a rigid body : determine 
the conditions which must hold in order that when the system 
is resolved parallel to any straight line thes^ resolved parts 
may be in equilibrium. 

Take a straight line whose direction cosines are I, m, n. 
In order that the resolved parts of the forces parallel t(i 
this straight line may be in equilibrium we must have, by 
Art. 78, 

%{lX+mY+nZ) = 0, 

I m 

^ 'S,{lX+mY+nZ)s 
n 

And as these are to be true for all ratios of I, m, n we 
must have 

23:= 0, 2r=o, 2Z=0, 

SXy = 0, tXz = 0, %Yx = (i. •ZYz = Q, %Zx = 0, %Zj/ = 0, 

%Xx = tYy = XZz. 

Tliese are the necessary and sufiBcient conditions. 
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107. We have remarked in Art. 9 that the property 
of the divisibility of matter leads us to the suppoBitioD that 
every body consista of an assemblage of material particles or 
molecules which are held together by their mutual attraction. 
Now we are totally unacquainted with the nature of theae 
molecular forces ; if, however, we assume the two hvpotheses 
that the action of any two molecules on each other is the 
same, and also that its direction is the straight hne joining 
them, then we shall be able to deduce the conditions of equi- 
librium of a rigid body from those of a single particle. 

To deduce the conditioTis of eqmlihriwn of a rigid hody from 
those of a single particle. 

Let the body be referred to three rectangular axes; and 
let x^, y , Sj be the co-ordinates of one of its constituent par- 
ticles ; Xj, Y^, Z^ the resolved parts, parallel to the axes, of 
the forces which act on this particle exclusive of the mole- 
cular forces ; P^, P P, the molecular forces acting on 

this particle ; a,, (3,, 7,; 0^,^5,7,', the angles their re- 
spective directions make with the three axes of co-ordinates. 
Then, since this particle ia held in equilibrium by the above 
have, by Art. 27, 

Z,-l-P, cosa, + P, coso,4- =0 (1), 

r,-l-P,cos/3,-|-i', cos^,+ = (2), 

.^i-l-P,coa7,+PjCOS7, + = (3J. 

We shall have a similar system of equations for each particle 
in the body ; if there be n particles there will be Zn. equations. 
Theae 3« equations will be connected one with another, since 
£uiy molecular force which enters into one system of equations 
must enter into a second system; thia is in consequence of 
the mutual action of the particles. 

There are two conditions which will enable us to de- 
duce from these 3k equations six equations of condition, 
independent of the molecular forces. These will be the 
equations which the other forces must aatisfy, in order that 
equilibrium may be maintained. 



The first condition is this, that the molecular actions are 
mutual ; and that, consequently, if P^ cos a, represent the 
resolved part parallel to the axis of x of any one of the 
molecular forces involved in the 3h equations, we shall like- 
wiae meet with the term — P, cos a, in another of those equa- 
tions which have reference to the axis of x. Consequently, 
if we add all those equations together which have reference 
to the same axis, we have the three following equations of 
condition independent of the molecular forces, 

SX=o, 2r=o, 2-?=o. 

The second consideration is this: that the straight lines 
joining the different particles are the directions in which the 
molecular forces act. 

Thus, let P, be the molecular action between the particles 
whose co-ordinates are (a:,, ^,, aj and (x^, y^, zj. 



P^ cos a,, 
- P cos a , 



P, COS j8,, 
-P.coa^,, 



P, COS7,, 

- P^ cos 7, , 



the corresponding resolved parts of P^ for the two particles. 
Then 



r = V[(3;, ■ 



OS p^ = — — —' , cos 7j = ■ — 



These enable us to obtain three more equations free from 
molecular forces ; for if we multiply (1) and (2) by y, and a:, 
respectively, and then subtract, we have 



r,a:, - Z^, + . . . + P, K cos y3, - 



o,j+... = 0...(4). 



By the same process we obtain from the system of equations 
which refer to the particle (x^, y^, zj. 



3>,-Z,y,+ .. 



Bat the valuea of cos a^ and cos, 
condition 

(a;, — a:,) cos ff^ — (y, — y) cos a, 



y,cosaJ-|-... = 0... (5J, 
\ given above lead to the 
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I Wherefore the equatioQ 

r,fl;,-X,y, + + l\x,~X^^^-^ = 

1 not involve P, , the molecular action between the particles 
whose co-ordinates are x^, y^, z^ and x^, y,, Sj respectively. - 

It follows readily from what we have shewn, that if we fonn 
ftll the equations similar to (4) and (5), and add them together, 
B shall have a final equation 

S(r3:-Xi/)=0, 

. independent of the molecular forces. 

nanner we should obtain 

Moreover wo can shew that these sis equations are the only 
equations free from the molecular forces, supposing the body 
to be rigid, and consequently the molecules to retain their 
mutual distances invariable. For if a body consist of three 
molecules, there must evidently be three independent mole- 
cular forces to keep them invariable ; if to these three mole- 
cules a fourth be added, we must introduce three new forces 
to hold it to the others ; if we add a fifth molecule we must 
introduce three forces to hold this invariably to any three of 
those which are already rigidly connected ; and so on ; from 
wbich we see that there must be at least 3-1-3 {n— 3) or 3k— 6 
arcea. Hence the 3m equations resembling (1), (2), and (3) 

itaia at least 3n— 6 independent qnantitiesto be eliminated; 

i therefore there cannot be more than six equations of con- 
Vdition connecting the external forces and the co-ordinatea of 
P4iheir points of application. 



MISCELLANEOUS EXAMPLES. 

' 1. Determine the central axis when there are two forces 
Pand Q whose lines of action are defined by z=c, y=x tan a, 
Ud z = — c,y = — x tan a respeetively. 
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2. If F and Q are two forces whose directions are at right 
angles, shew that the distances of the central axis from their 
lines of action are as P^ to Q'. 

3. Parallel forces act on a rigid body and maintain it 

in equilibrium, the points of application being all in one 
plane ; shew that the forces will maintain the body in equi- 
librium however they may be turned about their points of 
application. 

4. A system of forces acting on a rigid body is equiva- 
lent to a single force : shew that it will also be equivalent to 
a single force after the body has been turned through any 
angle about the axis of r, the directions of the forces remain- 
ing the same, if 

S(X}S(r;:) = 2(7)S{Z^). 

and ^{X)-Z{Zx) + -^{Y)t{Zy)=-S.{Z) t{X^+ 7y). 

5. ^Forces act at the angular points of a tetrahedron in 
directions respectively perpendicular to the opposite faces, ■ 
and proportional to the areas of the faces in magnitude : 
shew that the forces have the property considered in Art. 106. 

6. Shew that within a quadrilateral there is but one 
point, at which forces acting towards the comers and pro- 
portional to the distances of the point from them, can be 
in equilibrium. 

7. Two forces acting at a point are represented in magni- i 
tude and direction by straight lines drawn from that point : 
their sura is constant and their resultant is constant both in 
magnitude and direction. Find the locus of the extremities 
of the straight lines which represent the forces. 

8. If forces P, Q, R acting at the centre of a circular 
lamina along the radii OA, OB, OCbe equivalent to forces 
F', Q', R acting along the sides BG, CA, AB of the inscribed 
triangle, shew that 

p.p .(i.Q:.B.it 
so *'Tm*'ab -"■ 
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9. A uniform rigid rod, of length 2a, can turn in a hori- 
zontal plane about its middle point. At one end a string is 
tied which passes over a fixed puUy, vertically above that 
end, and at a distance b from it, and is then fastened to a 
given weight. The rod is then turned through an angle 0, 
and kept at rest in that position by a horizontal force P per- 
pendicular to the rod through its other end. Prove that P 
will be a maximum if 

tan*- = 



2 b^ + W 



10. Prove that a system of forces can be reduced in an 
infinite number of ways to a pair of equal forces, whose direc- 
tions make any assigned angle with one another ; and find 
the distance between these forces when the angle is given. 
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108. Weight is measured like other quantities by means 
of au arbitrary unit. If a certain upward force be necessary 
to prevent a body from falling, then another body which 
requires an equal force to sustain it is said to have a weight 
equal to that of the first. When two weights have been 
recognised to be equal, a body which requires to sustain it 
a force equal to the sum of the two equal forces which would 
sustain the two equal weights, is said to have a weight double 
that of either of the two equal weights ; and so on. 

It appears from experiment that the weight of a given body 
is invariable so long as the body remains at the same place on 
the earth's surface, hut changes when the body is taken to a 
different place. We shall suppose therefore when we speak of 
the weight of a body that the body remains at one place. 

When a body is such that the weight of any portion of it is 
proportional to the volume of that portion it is said to be of 
uniform density ; the density of such a body is measured by 
the ratio which the weight of any volume of it bears to the 
weight of an equal volume of some arbitrarily chosen body of 
uniform density. 

The product of the density of a body into its volume la 
called its mass. 

When a body is not of uniform density its density at any 
point is measured thus : find the ratio of the weight of a 
volume of the body taken so as to include that point to the 
weight of an equal volume of the standard body ; the limit of 
this ratio, when the volume is indefinitely diminished, is the 
density of the body at the assumed point. 
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I 109. It was shewn in Arts. 66 and 68 that there is a 
Joint in every body such that, if the particles of the body be 
acted on by parallel forces in the same direction and this 
point be fixed, the body will rest in whatever position it be 
placed. 

Now the weight of a body may be considered as the resultant 
of the weights of the different elementary portions of the body, 
acting in parallel and vertical lines. In this case the point 
above described as the centre of parallel forces is called the 
centre of gravity of the body. We may define the centre of 
gravity of any system of heavy particle.t as a point such that 
if it be supported and the particles rigidly connected with it, 
the system will rest in any position. 

In the present Chapter we shall determine the position of 
;he centre of gravity in bodies of various forms. We shall 
give a few elementary examples. 

(1) Given the centres of gravity of two parts which compose 
d hody, to find Vie centre of gravity of the whole body. 

Let Q denote the centre of gravity of one part, and G^ the 
centre of gravity of the other part ; let m^ denote the mass of 
■flie first part and m, the mass of the second part. Join G^ ff, 

and divide it at O so that 7Tfr — ~^> then Q is the centre 

,<rf gravity of the whole body (Art. 37). 

(2) Given the centre of gravity of a Itody and also the centre 
of gravity of a part of the body, to find the centre of gravity of 
me remainder. 

Let G denote the centre of gravity of the body, and (?, the 

I centre of gmvity of a part of the body ; let m denote the mass 

f the body, and m^ the mass of the part. Join G^G and pro- 

•ftuce it through Q to G^, so that tj-^' = - — -*— , then G^ is the 






leentre of gravity of the remaindei 



GG,' 



twiifo 



(3) To find the centre of gravity of a ^angular figure of 
''brm ['•■'-'- — ' -' — ''■■ 



i density. 
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Ijet ^BCbeone surface of the triangular figure ; bisect 5C 
at E; join AE; draw ceb parallel to 
CEB cutting AE at e. Then, by 
fiimilar triangles, 

ce : CE :: Ae 
and be : BE :: Ae 

therefore ce : CE :: he 
but CE= BE, therefore t 
Hence AE bisects every straight line parallel to BC. There- 
fore each of the strips similar to ce&, into which we may 
suppose the triangle to be divided, will balance on AE, and 
therefore the centre of gravity must be in the straight line AE. 

Bisect ^ C at F and join BF; let this cut AE at G. 
Then, as before, the centre of gravity must be in BF; but 
it must be in AE; and therefore G is the centre of gravity. 

SomEF. Then, because CE=BEia\A C^=^F, there- 
fore EFia parallel to AB and AB=^FE] and by similar 
triangles, 

EG : EF :: AG ; AB, therefore E0 = \AO. 
Hence to find the centre of gravity of a triangle, bisect any 
side, join the point of bisection with the opposite angle, and the 
centre of gravity lies a third of the way up this straight line. 

The centre of gi'avity of any plane polygon may be found 
by dividing it into triangles, determining the centre of gravity 
of each triangle, and then by Art. 66 deducing the centre of 
gravity of the whole figure. 

We may observe that the centre of gravity of a triangle 
coincides with the centre of gravity of three equal particles 
placed at the angular points of the triangle. For to find the 
centre of gravity of three equal particles placed at A, B, G 
respectively, we join OB and bisect it at .ff; then E is the 
centre of gravity of the particles at G and B ; suppose these 
particles collected at E \ then join AE and divide AE at G so 
that EG may be to J. Gag the mass ofthe one particle at ^4 is 
to that of the two at E, that is, as 1 is to 2 ; then G ia the centre 
of gravity of the three equal particles. From the construction 



G is obviously also the centre of gravity of tKe triangl 
ABC. 

Let the co-ordinates of A referred to any axes bo a;,, y^, a, ; 
those of B, Xj, y^, z^; and those of C, x^, y^, z^\ then, by 
Art. 66, the co-ordinates S, y, z of the centre of gravity of 
three equal particles placed at A, B, C respectively, are 

By what we have just proved, these are also the co-ordinatea 
of the centre of gravity of the triangle ABC. 

It may be remarked that in Art. 66 the co-ordinates may 
be rectangular or oblique. 

(4) The centre of gravity of any rectilinear figure might be 
found by cutting it up into triangles, and replacing each tri- 
angle by three equal particles at its angular points. If the 
triangles are all equal the particles will be all equal ; but if 
the triangles are not all equal, the particles which are sub- 
stituted for any triangle must be taken proportional to the 
area of that triangle. For example, we will determine the 
position of the centre of gravity of any quadrilateral. 

Let ABCD denote the quadrilateral; let the diagonals 
^C and BD intersect at E, 

Let BE^n^ and ED^n^; then the areas of the triangles 

ABC anti ACD will be proportional to n, and n,, and may 

be denoted by /^n, and pJi, respectively. Let y^, y^, y^, y^ 

. be the ordinates oi A, B, C, I) respectively; then replace 

I the triangle ABChy three particles at A, B, C respectively 

each equal to /in, ; and replace the triangle A CD by three 

I particles at A, D, G respectively each equal to fin^. Letj/ 

I denote the ordinate of the centre of gravity of the system, 

I that is, of the given quadrilateral ; then 

^ ^"i (^1 + }h + yJ + MT^^ (■'/» + y> + .Vr) 
3 (/*"i + fi^i) 



= Hy.+y=) + 



'iy.+" 



3K + «J 

This may be simplified by making use of the ordinate of 
I the point E\ denote this by y : theu, by Plane Co-ordinate 
GeoJitetru, Art. 10, we have 



I 

4 
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therefore 
so that 



^ n^ + n, ' 



Similarly the abscissa of the centre of gravity can be ex- 
pressed in terms of those of A, B, C, D and E. 

(5) To find the centre of gravity of a pyramid on a tri- 
angular base. 

Let ABO be the base, D the vertex; bisect -4(7 at E; join 
BE, BE; take EF==^EB, then F is the centre of gravity 
of ABC. Join FB; draw ah, he, ca parallel to AB, BG, CA 



-c^K.. 



iil> 



• 


-7f \ 


• 

• 

• 
1 

i 


» 1 


1/ 




- — Jt'.. 




jp •' 


****"—• Ay' 




'x^ 



respectively, and let BF meet the plane ahc at /; join hf 
and produce it to meet BE at e. Then, by similar triangles, 
ae = ec', also 

BF^BF EF' 
but EF=^IBF, therefore ef^\hf\ 
therefore/ is the centre of gravity of the triangle ahc) and 
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if we suppose the pyramid to be made up of an indefinitely 
great number of indefinitely thin triangular slices parallel 
to the base, each of these slices has its centre of gravity in 
DF. Hence the centre of gravity of the pyramid is in I)F. 

Again, take EH= \ED ; join HB cutting IJi^at Q. Then, 
as before, the centre of gravity of the pyramid must be in 
BH; but it is in DF; hence G, the point of intersection of 
these straight lines, is the centre of gravity. 

Join FS', then FR is parallel to BB. Also because 
EF=\'EB, therefore FE^\BB, and 

S^S"§' ^^'^^^=\^^- therefore J'G = ^iJff = J_D^. 

' Hence the centre of gravity is one*fourth of the way up the 
straight line joining the centre of gravity of the base with the 
vertex. 

In the same way as the coiTesponding results were demon- 
strated for the triangle, we may establish the following : 

The centre of gravity of a pyramid coincides with the Gen- 
re of gravity of particles of equal mass placed at the angidar 
toints of the pyramid. 

Let x^, y,, z, he the co-ordinates of one angular point; 
t, y,, Zj the co-ordinates of another ; and soon; letS,^,zbe 
yhe co-ordinates of the centre of gravity of the pyramid: then, 
&y Art. 66, 

^ = iK-l-a;.-l-a-, + 3:,), 

^ = i(^. + ^, + ^. + ^J- 

(6) To find the centre of gravity of any pyramid having a 
plane hose. 

Divide the base into triangles ; if any part of the base is 
curvihnear then suppose the curve to be divided into an in- 
definitely great number of indefinitely short straight lines. 
Join the vertex of the pyramid with the centres of gravity of 
all the triangles, and also with all their angles. Draw a 
plane parallel to the base at a distance from the base equal to 
i^ne-fourth of the distance of the vertex from the base; then 



B|<» 
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this plane cuts every Btraight liue drawn from tbe vertex to 
the base in parts having the same ratio of 3 to 1 ; and there- 
fore the triangular pyramids have their centres of gravity in 
this plane, and therefore the whole pyramid has its centre 
of gravity in this plane. 

Again, join the vertex with the centre of gravity of the 
base ; then every section parallel to the base will be similar 
to the base, and if we suppose the pyramid divided into an 
indefinitely large number of indefinitely thin slices by planes 
parallel to the base, the centre of gravity of each slice will lie 
on the straight line joining the vertex with the centre of 
gravity of the base. Hence the whole pyramid has its centre 
of gravity in this straight line. 

Therefore the centre of gravity is one-fourth of the way up 
the straight line joining the centre of gravity of the base 
with the vertex. 

This result will hold also for any cone, right or oblique ; 
for the cone may be decomposed into an infinite number of 
infinitesimal pyramids having a common vertex. 

(7) To find the centre of gravity of the frustum of a pyra- 
mid formed by 'parallel planes. 

Let ABCabc be the frustum; 
G, g the centres of gravity of 
the pyramids DABG, Babe; it 
is clear that the centre of gravity 
of the fiTistum must be in gG pro- 
duced ; suppose it at G'. 

Let Ff=c, AB=a, ab = h. 

Since the whole pyramid DABG 
is made up of the frustum and 
the small pyramid, therefore, 

GG' wei ght of small pyramid 
Og weight of frustum 

vol. of small pyr. 



vol. of large pyr. — vol. of small pyr. a" — b' 




i 
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since similar solids are as the cubes of their homologous 
edges ; 

and Gg = DG'Dg=l {BF- Df) = fc ; 

therefore Gff = -r--~ — w 

\ Also GF=IDF= i{DF-Df) -^ by similar figiu'es, 



therefore FG' = FG- G'G = ^\ -^ — P-r, 
* [a — or — 0° 

c a'+ 2ab + Sb' 



I This is true of a frustum of a pyramid on any base, a and 6 
I being homologous sides of the two ends. 

(8) We may tytheaid of the theory of theccntreof gravity 
I 'demonstrate some geometrical propositions. For example: 
I the straight lines which join the middle points of the opposite 
I edges of a tetrahedron meet at a point which bisects each 
m straight line. 

For suppose equal particles placed at the corners of a 
I tetrahedron ; then to find the centre of gravity of the system 
Tre may proceed -thus ; The centre of gravity of any pair 
of particles is at the middle point of the edge ■which joins 
them ; and the centre of gravity of the other pair is at the 
middle point of the opposite edge : then the centre of gravity 

tof the system is at the middle point of the straight line which 
joins the middle points of the selected edges. And the 
^me point will of course be obtained for the centre of 
gravity of the system, whatever pair of edges be selected. 
Eeuce the required result ia obtained. 
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(9) Particles are placed at the comers of a tetrahedron, tHe 
^lass of each particle being proportional to the area of the 
opposite face : sliew that the centre of gravity of the system, 
coincides with the centre of the sphere inscHbed in the tetra- 
hedron. 

Let A, B, 0, D be the angular points of the tetrahedron. 
Let p be the perpendicular from D on the face ABC. 
Then the distance of the centre of gravity of the system from 
the plane AB G 

_ p X area of face AB 

sum of the areas of the faces 
_ 3 X volume of tet rahedron 
sum of the areas of the faces ' 

And this expression ia eq^ual to the radius of the sphere 
inscribed in the tetrahedron. 

Hence the required result is obtained. 

(10) A polyhedron is arciimscnbed about a spliere; at the 
points of contact masses are placed which are proportional to the 
areas of the corresponding faces of the polyhedron : shew that 
the centre of gravity of these masses coiricides with the centre 
of the sphere. 

Take the centre of the sphere for origin, and any plane 
through the origin for the plane of {x, y). 

Let A^, A^, Aj, denote the areas of the faces of the 

polyhedron ;_ let z,. z yZ^,... denote the ordinates of the points 
of contact ; z the ordinate of the centre of gravity. Then, by 
Art. m, 

-^ A^z,+A^z^+A,<i^+ ... 
A^ + A^ + A^+.:. '' 

Now the projection of the area A^ on the plane of (a:, y) 

is —^-^ , where r, is the radius of the sphere ; and similarly 

for the other prqections. And the sum of such projections 
is zero. Thus s = ; and since the plane of (x, y) is any 
plane through the centre of the sphere, the centre of gravity 
must coincide with tlie centre of the sphere. 



(11) JVowt any point within an equiangular polygon per- 
pendiculars are drawn on all the sides of the polygon, and 
are produced in a constant ratio ; at the extremities of the 
straight lines thus drawn equal particles are placed : deter- 
mine the centre of gravity of the system. 

Let c he the distance of the point from which the perpen- 
diculars are drawn from a fixed origin, and a the angle which 
this distance makes with a fixed straight line which coincides 
with one of the perpendiculara. Let n he the number of 

Bides in the polygon, and ^ = ^^ . Lot p„ denote the per- 
pendicular from the origin on the m*" side of the polygon; 
then the corresponding perpendicular from the assumed point 
J8 p„—ccos{m0 — a). Let r denote the Constant ratio. 
Then if «,, and y„ are the co-ordinates of the mi'" particle we 
have 

i^^m = J" {Pm — c cos (m0 — a)] cos m^ + c cos c^ 
y«.=»"{j'»~c cos (mi/S — a)} Biam0+ c sin a. 

Hence proceeding as in Proposition VIII. at the end of 
J Chapter il we obtain for the co-ordinates of the centre of 
I gravity 

5 = f — -^ cos a + c cos a, 



where f = - S^„ cos » 



»j = - Sp„ sin Tn0, 



Hence if r= 2 we have 



I -80 that in this case the position of the centre of gi'avity is 
1 independent of the position of the assumed point. 
We proceed now to the analytical calculations. 

110. In all the cases in which the Integral Calculus is 
[ employed to ascertain the centre of gravity of a body the 
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principle is the same; the body is divided into an indefinitely 
large number of indefinitely small elements ; the volume of 
an element is estimated, and this being multiplied by the 
density gives the mass of the element. The mass ia multi- 
plied by the abscissa of the element, and we find the sum 
of the values of this product for all the elements ; the result 
corresponds to the "XPx of Art. 66. Also we find the sum 
of the massea of all the elements and thus obtain a result 
corresponding to the 2P of the same Article, Divide the 
former result by the latter and we have the value of «; 
similarly y and £ can be found. In the following examples 
the student must not allow the details of the Integra! Cal- 
culus to obscure his recognition of the fundamental formula 
of Art. 66 ; he must consider in every case what corresponds 
to the P, X, y, s of that Article, that is, he must carefully as- 
certain into what elements the body ii 




111. Let CBEH be an area bounded by the ordinates 
BC and EH, the curve 
BE, and the portion CH ^ 
of the axis of a; ; it is re- 
quired to find the centre 
of gravity of the area. Or 
instead of the area we 
may ask for the centre of 
gravity of a solid bounded 
by two planes parallel to 
the plane of the paper and equidistant from it, and bya straight 
line which moves round the boundary CBEH remaining al- 
ways perpendicular to the plane of the paper. Divide t7^into 
n portions, and suppose ordinates drawn at the points of divi- 
sion. Let LP and MQ represent two consecutive ordinates, 
and draw FN parallel to LM. 

Let OL=a!, LP=y, LM=&lx, 00==c, OU=h. 

The area of the rectangle PM is y^x ; suppose u to denote 
the area of PQN, and lot x be the abscissa of the centre of 




PLANE AREA. 

ravity of the area FQLM. Then if k denote the thickness. 
F the solid and p its density, Icp [y^x + u) is the mass of the 
element PQML. Hence, if x \ni the abscissa of the centre oi 
Rgravity of the whole figure CBEH, by Art, 66, 

%kp{yliix-iru) 2(yA3; + u) ' 
lupposing the thickness and density uniform. The summa- 
" a is to iuclude all the figures like PQML, which are com- 
prised in CBEH. 

Now suppose n to increase without limit, and each of th»i 
portions LM to diminish without hmit ; then the terra 2« ia ' 
the denominator of x vanishes ; for it expresses the sum of 
all the figures like i*QiV, and is therefore less than a rectangle 
having for its breadth Aa; and for its height the greatest 
■.ordinate comprised between GB&TiAHE. Also the term Sai'n 
1^ the numerator of x vanishes, for it is less than the product 
PSSw, and as we have juat shewn, this nltimately vanishes. 
Hence the expression for x becomes, when the number of 
■'divisions is indefinitely increased and each term indefinitely 
Idimiaished, 

Xa!y^x 
~tyAx ■ 
Moreover, ai' must lie between at and 3: + Aar: suppose it 
wual to a: + !;, where v is less than Ax ; then the numerator 
tx may be written 

Sxt/Aw + XvyAx ; 
sad as the latter term cannot bo so great as AicSjAa^, it 
ultimately vanishes. Hence we have 
_ _ %xyAx 

that is, the above formula will give the correct value of x 
when we increase the number of divisions indefinitely and 
diminish each Urm indefinitely, and extend the summation over 
ce CBEH. This will be expressed according to the 
f notation of the Integral Calculus thus. 



4 



I 



_ j*xydx 



X = —fi- -,— 



]."y& 



.(!)■ 
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In the same maDner we may shew that 

where y' ia the limiting value of the ordinate of the centre 
of gravity of the element PQML when its breadth ia indefi- 
nitely diminished ; y ia therefore = \y ; hence 



.(2). 



* f.'s"'^ 

"We have now only to substitute in (1) and (2) for y its 
value in terms of x, and then to effect the integration by the 
ordinary methods. 

112. - It will not he necessary for the student in solving 
an example to repeat the whole of the preceding process. 
When he understands how the necessary exactness may be 
^ven, if required, he may proceed shortly thus. The figure 
PQML = yKx ultimately, and the co-ordinates of its centre 
of gravity are x and Jy ultimately. Hence 

lydx " ]ydx 

the integrations being taken between proper limits. 

Unless the contrary be specified, we shall hereafter sup- 
pose the bodies we consider to be of uniform density, and 
shall therefore not introduce any factor to represent the 
density, because, as in the preceding Article, the factor will 
disappear. 

113. Ex. 1. Let the curve he a parabola whose equation is 

y=1\f{ax). 
l^yxdx _ J *2s/(ace} xdx _ J^x^dx 
' ifi^' ~ i:^^I{ax)dx ~ j^^^i^x 



Here x = 



_iC*L 



5(i«-c') 
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If c=0, 0! = ^, which determines the abscissa of the 
centre of gravity of a portion of a paraholic area beginning 
at the vertex. Also 




Whenc = 0,y=|V(aft). 

Ex. 2. Let the Curve be an 
6 



j:ya^da,Jj^f^^-f}^_j:.. 



ScV^ 



JJ^- 



\/(a' — cc^dx 



Now Jx ^{a^ -a?)dx=-^{a:' - 1^^\ 

therefore j;x-J{a*-af) dx = \^a' -(ff ~\ (o'-A*)*- 

And / V(a' -a?)dx = "'^^(^^-^) + 1° sin-" ^ ; 
therefore 
S^^{a'-a?)dx=-^ ^-^-^ ^ + ^ (^sm '--sm '-J . 

mce as ia known. 



^ Bin — sin'- 
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If we require the centre of gravity of the quadrant of the 
ellipse, we must put c = and A = a. Hence 

- 4a - 4J 

Ex. 3. Let the curve be a cycloid whose equation is 

y^hji^ax — a*) + a vers"^- ; 

and suppose we require the centre of gravity of half the area 
of the curve ; then 



Now \y'^'-^4-li%^ 



li y(^o ^- 



- ^ « f ^ //2a--^> 



Also, when a?=0,y = 0, and whena? = 2a, y = 7ra; 
therefore j^yxdx = J {ira (2a)"} — ^j^x V(2aa? — a?) dx : 
and as J^x^j(2ax ''a?)dx will be found == Jsra', we have 

Again, lydx^yx-^ix-r^ dx 

=y^ — J V(2flw? — a?') do? ; 
therefore i^ydx = 27ra" - ^^ sji^ax - a?») rfu: 

= 27ra* — \iTcf = f 7ra' ; 

therefore 5 = |^ = Ja. 



'ijf'dx = }^a; — 2jya:-j-dji 

= i/'x — 2 j[2ax — 3^dx^2aj V(2aai — a;") vers"' - dx 
= y^x—2aa?-\- -^ 2a \ V(2ttc — a^) vers"' -da:; 

^erefore S^y'dx= STr'a'— -a- - 2a I /^(Zax — a?) vers'' - dx. 

I By assuming vers"' - = 9, we may shew that 



/: 



- 3; ) vera - rfj; = —j— . 



ierefore 

114. If & curve have a branch below the axis of x sym- 

' metrical with one above the axis, and we require the centre 

of gravity of the area bounded by the two branches and or- 

dinates drawn at the distances e and h from the origin, we 

have 

^B^ — _ 2J"* yxdx _ /* pxdx 

■Sfthe 



= 0. 



^MQi 



115, We have hitherto supposed .the axes rectangular; 

they are oblique and inclined at an angle co, then the figure 
PQML (see fig, to Art. Ill) will = ein wj/A.^ ultimately. 
Hence the formulte (1) and (2) of Art. Ill remain true, for 
sin b) occurs as a factor in the numerator and denominator, 

id may therefore be cancelled. 



116. It is Bometimes conyenient to use polar formulse. 

Let DE be the arc of a curve ; and suppose we require 
the centre of gravity of the araa compriaeJ between the arc 
DE and the radii OD, OE drawn from the pole 0. 




Divide the angle DOE into a number of angles, of which 
POQ represents one ; let 0P= r, POx = S, POQ = M. The 
area POQ = ^t^Ad ultimately {Differential Calculus, Art. 
313). Also the centre of gravity of the figure POQ will be 
ultimately, like that of a triangle, on a straight line drawn 
from bisecting the chord PQ, and at a distance of two- 
thirds of this straight line from 0. Hence the abscissa and 
ordinate of the centre of gravity of PO Q will be idtimately 

jr cos B, and ^r sin 6 respectively. 

„ _ _ /jrcos e ^r=^ _ I J/ cos Odd 

Hence x- ^^^.^^ - j^^^" - . 



|r sin I f'de _ g Jr* sJn Be 



In these formulee we must put for r its value in terms of 9 
given by the equation to the curve ; we must then integrate 
from 6= a to 6=^, supposing a and the angles which OD 
and OE respectively make with the fixed straight line Ox. 
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117. Ex. Let be the fcreus of a parabola, and the 
^fized straight line Ox pass through the vertex ; then 

where 4ffl is the Rzfus recium of the parabola. 

j, cos' ^^ 

Now — f-ni'^^= — . I a Bec° Agjg 

=/(l - taii'^5) (1 + tan' i^ sec' i^rf^ 

= /(I - tan<l«) «ec'i9ci9= 2 (tan J9- Jtan' \B) ; 

tierefora / -5^=^(ie=2(tani,3-tanJa)-J(tan'!/3-tan"Jo). 
Also f ^^^ =;(l+lan" je) sec" JM9=2 tan J» + 1 tan' JO i 

lercfoie I — j-r^=2(tan J^— tan^a) + |(tan'J^-tan'Ja); 

, __ tan jg - tan }» - ^ (tan' jg - tan' ja) 
lerelore a: «<'-,|,„ j^_tanis+ J(tan'"j/3-tan'ia) ' 

,, fjMiS„2f™y,i9=4Ts; 

J COS J0 J co3° J6 coa'^p 

lerefore | -^-r>jd(9 = 3ec*^^-sec*Ja ; 

j»coa ^tf 

sherefore y = Ja. 



Bee* ^j3 - Bee* ^g 



■ tan i|S — tau ^a + ^ (tan' ^/3 — tan'' ^ xj ' 
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Plane Area. Double Integration, 

118. There is another method of dividing a plane s 
into elements, to which we now proceed. 





^ 






























c ir:r 





i 



Let a aeriea of straight linei? be drawn parallel to the axis of 
y, and another scries of straight lines parallel to the axis of ar. 
Let st represent one of the rectangles tonncd hy these straight 
lines ; and suppose x and y to be the coHDrdinates of s, and 
ic + Aa; and y + Ay the co-ordinates of t. Then the area of 
the rectangle st is ^x^y, and the co-ordinates of its centre 
of gravity are ultimately x and y. Hence, to find the abscissa 
of the centre of gravity of any plane area, we can take the 
sum of the values of xAxAy for the numerator, and the sum 
of the values of Ax^y for the denominator, Aa; and Ay being 
indefinitely diminished. This is expressed thus. 



Similarly, 



I 
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■ 119, Suppose, for example, that the area is bounded by 
the two ordiuates BbC, EeH, and the two curves BPQE, 
bpqe. Let y = </i (a;) be the equation to the upper curve, and 
y = '\^{x) the equatioa to the lower curve; let 0(7= c, 
OH=h. The sum of the product xAz^y for all the rect- 
angles similar to si, which are contained in tha strip PQqp, is 
equal to x^x multiplied by the sum of the values of Ay, for 
xKx has the saiue value for each of these rectangles. Since 
the sum of the values of Ay is ij) or («) — i^ (x), we have 
3:Aa; . (<^ (a)) — ■<^ {x)\ as the result obtained by considering all 
the rectangles in the strip PQqp. We have then to sum up 
the values of x^x [i^ (a:) — -^ [x)\ for all the strips similar to 
PQqp comprised between Bb and Ee ; that is, we must deter- 
mine the value of /*a;[0(3;) — i^(a;)} dx. Considerations of a 
similar kind apply to the denominator of x, and we obtain 

In the numerator of y we observe that yA^Ax represents 
that portion of it which arises from the element st ; hence we 
shall find the result obtained from all the elements in the 
strip PQqp, if we determine the sum of all the values of yA_y, 
.and multiply the result by Aa;. Now the sum of the values of 

WAy is I yd^, or J[[0 {x)Y—[^ ("')!']■ If we multiply by 

m&x, and find the sum of the values of the product for all the 
'irips between^fi and £e, we obtain the numerator of ^. Hence 

The value of y may be written thus 

The meaning of the factors in the numerator is now ap- 
parent ; for {(p {cc) — i}r (ic)} Aa; ultimately represents the area 
of the strip PQqp, and | [^ (x) + i^ (x)], which is the ordinate 
of the middle point of Pp, will ultimately be the ordinate 
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of the centre of gravity of PQqp. Hence the above equation 
agrees with that given in Art. (i6, 

- SPtf 
2/= 2/- 

The proee!w and the figure in the preceding two Articles 
would have been unnecessary if our only object had been to 
establish the formulie for x and ^, since these formulfe can be 
obtained more simply as we have just shewn. But we shall 
require hereafter other formula involving double integration, 
and have therefore directed the reader's attention to these 
in order to accustom him to the subject. 

120. Ex. Let OPE be a parabola ha\ing for its equation 
^" = 403;, and Oi? a straight line having for its equation i/ = Aa;; 
find the centre of gravity of the area OPJiJ between the curve 
and the straight line. 




Here 1^ (a;) = 2 V(a^). ■^(x) = !cx, i 
from the equation 2 «/(a/j) = kh ; 

therefore ^ ~ IS • 



= ; A is to be found 



2fe 8a 
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i-Jahf- 



JW 



JV- 



»VM = 



Sometimes it will be more convenient to integrate 
^e formulse in Art. 118, first with respect to x and then with 
respect to y. For example, if the given area ia comprised be- 
'Ween the straight lines y=c, and y = h', and the curves 
f — '^iy)' ^^^ x = (j) ly), we obtain 

j;i*M-t(y)l* ' 

" /.'.'l* «-+«]<(•' ■ 

If we apply these to the example given in Art. 120, we have 
!^(y) = i ' ^Cy) = /.' c' = 0, and It' ia to be found from the 
h' A" 



iquation 7 



; therefore k' = 



The results will of course be the aame as before. 

For fuller explanations and illustrations of double integra- 
tions the student ia referred to treatises on the Integral Calcu- 
Ilua. (See especially /ftfe^ral Calculus, kri. 141 and Art. 152.) 
I T. S. ^ 
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122. "We will now give polar formuIiE involving double 
integration. 

Let a series of straight lines be drawn from a pole 0, also a 
series of circles be described from as a centre. Let st be one 
of the elements formed by this mode of dividing a plane area ; 
let r and 6 be the polar co-ordinates of s, r+ Ar and ^+ A^ the 
co-ordinates of ( ; then the area of the element at will be ulti- 




mately rA^ Ar, and the abscissa and ordinate of its centre of 
gravity will be r cos 5 and rsin^ respectively. Hence we 
obtain 

- _ jjr c os 0rd0dr _ jjr' cos dB dr 



iirdddr 



jjr de dr 



■ JJ'-'Bi 



Suppose the area bounded by the curves BPQE, hpq^e, and 
the radii ObB, OeE. Let r = ip{6) be the equation to the 
first curve, j- = ^ (0) that to the second ; and let a and /3 be 
the angles which OJi and Oi-' make respectively with Ox. 

The sum of the values of r'cos^Ar Aff for all the elements 
comprised in the strip PQqp, will be found by multiplying 
the sum of tbe values of T^Ar by cos^A^; the former sum 
is ultimately 

iiimv-wmn 
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Hence the numerator of the value of x is 
and the denominator, in like manner, is 

- i5ioosd[[<}>i6)}'-{f(ef)Y]d0 



therefore 



Similarly, 



__ jigsing[{<^(g)}'-{^(g)nrfg 



123. Ex. 1. Find the centre of gravity of the area com- 
prised between two semicircles Opb and OFB. 




Let Oh = c, OB = k; j>{e)=hcosd, f{e)=ccosd; a = 0, 
j8 = i7r; thus 

- ^ (h* - c') j*' cos* ed0 

^- {h' - c*) J,*' cos* edd 

_ 2 3 y-c* 
~3'4'A»-c* 

^IJ^ + hcW 
~2 h+c ' 

(See Integrcd Calculus, Art. 35), 



Also 



_ l{h*- c') fo*'8in cos' grfg 
y- {h* - c^) l** Qoa' 0d0 

§ (A'-c')i ^ 2(^+^0 + 
~ (/*» - c") iTT 3(/i. + c)7r 



a— ^ 
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Ex. 2, The sector of a circle. 

Let B OE be the sector, eub- ; 
tending an angle ^, OB = a. 

In this example we may 
■with equal facihty integrate 
first with respect to d and then 
with respect to r, or first with 
respect to r' and then with re- 
spect to 9. ' 

__ illfr* cose dr (W _ sva^^ydr _ 2a sing 

"^ ^''X'-'^rde ~ $~Jydr " 3;3 ' 

- _ f;jgr' sin grfr rfg _ (X - cos j3) Hr'dr _ 2a(l- eosffl 

^ i'Jlrdrde ~ ^Jlrdr ~ 3^" ' 

It will be instructive for the student also to notice the 
solution of this example when rectangular formula are used. 
The equation to the straight line OE is y = xtaQ^; and the 
equation to the circle EB is s^ + y' = a\ 

If we integrate with respect to x first we must integrate 
from x = ycoi^ to ic = V('*' — y)i since when we integrate 
with respect to x we have to collect all the elements in a strip 
which is parallel to the axis of x, and is bounded by OE at 
one end and by EB at the other. These strips extend from 
the axis of x up to E, and the ordinate oi E'v&a sin /3. ■ Hence 
we integrate with respect to y from y — ^ to ^ = a sin g. 
Therefore 

nxdydx J I ydydx 

ndydx I I dydx 

where '^{y)=y cot y9, ^ (y) = VC"' ~ yOi '*' = a sin /3. 

TTie integrations may be easily effected. 

If we wish to integrate with respect to y first, we shall 
have to divide the figure into two parts by a straight line 
drawn from E perpendicular to OB. For the part to the 
left of the dividing line the Hmits of y are and x tan ft and 




I I xdxdy + \ I xdxdy 

\ \ dxdy-\- f' dxdy 

Jo Jo JoeoapJo 

Similarly y may be expressed. 

We have treated this example as an illustration of integra- 
tion rather than for the purpose of obtaining the result in the 
* simplest form. We might proceed thus ; the centre of gravity 
must lie on the straight line which bisects the angle EOB, 
Hence taking this straight line for the initial line and using 
polar co-ordinates, we have ^ = 0, and 



L 



11 



r" cos B dr dd 



IT?" 

Solid of devolution. 



_iadn}3 



124. Let a surface be generated by the revolution of the 
curve BPQE round the 
axis of X, and suppose ? 
■we require the centre of 
gravity of a portion of the 
solid bounded by this sur- 
face and by planes perpen- 
dicular to the axis of revo- 
lution. 

Let the co-ordinatea of 

k point P in the curve be x and y, and x -(- Aa; the abscissa 

an adjacent point Q. As the curve revolves round the 

LIS of X, the area P QML will generate a volume which is 
iltiniately equal to nry'^x. Also the abscissa of its centre 
'" ' ultimately. Hence 




*~ j-rry'dx " ]fdx' 



The centre of gravity of the solid is obviously in the straight 
line Ox, bo that we only require the value of S in order to 
determine its position. 

125. Ex. 1. Let it be required to find the centre of 
gravity of a portion of a paraboloid. Suppose y^ = iax 
the equation to the generating parabola, and that the solid 
is bounded by planes distant c and A respectively from the 
vertex ; then 

~ _ I'io^'t^^ _ 2 h' — c' 
Jj* iaxdx Z' h'— c'' 

If we put c= we find for the centre of gravity of a seg- 
ment of a paraboloid commencing at the vertex 



I 



Ei. 2. Required the centre of gravity of a portion of a 
gphere intercepted between two parallel planes. 

Let y' = a' — ar* be the equation to the generating cirde ; 
J/(a'-^')ard:r ^ K(/>'-c')-^(V-c') 
l\a^-x')dx a'(A-c)-^(/t'-0 ' 

If we put c = and h = a, we find for the centre of gravity 
of a hemisphere 



Here 



Ex. 3, Find the centre of gravity of the solid generated 
by the revolution of the cycloid y = ^{2aa; — a:^) + a vera"' - 
round the axis of x, 

frf^ ■ 

Now y* = 2a:c-ic*+2aV(2aa: — a;*)vers"'' - + a' I vera"' -J . 

Thus the numerator of x consists of three integrals of 
which we will give the values ; these values may be obtained 

without difficulty by transforming the integrals where vers"' - 
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[ occurs by the assumption vers"' - = ^, so that x = a(l — cos^), 
I and then integrating by parts. We shall find . 

Hence the uumerator of a; is (-j o")'''* 

Also the denominator of x consists of three integrals which 
[ have the following values, 

f 4a* 

I {2ax — a^)dx= -^, 

2a I V(2«a: — a^*)vers"' -tic=2«— j^- , 

a' I ( vers"^ - J da; = {tt' — 4) o'. 

Hence the denominator of Sis (^-r — iilo'. 

„, f - U g/*" {CStt* - G4) a 

Therefore x = 3^_,, ^ = 6(0^'-16) " 

126. If a solid of revolution be formed by revolving a 
rve round the axis of i/, we find for the position of the 
e of gravity 

^ ~ jvx'di/ ~ ~J^dy ' 
For example, let the cycloid y = '/{2ax~x^ + ayeis~' -, 
■ievolve round the axis of y, and suppose that we require the 



136 
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centre of gravity of the volume generated by that half of the 
curve for which y is positive. Here 



Now Jii:'ydy = J3.^i/^dx; thus in the present case. 



Similarly 



j iL'ydy-j '^y-£.dx. 



Thus y 



r , I' 



■^-'fda: 



IXW- 






1 



Tho numerator of y consists of two integralB which have 
the following valuea. 



The value of the denominator of y is ^ o 



'^)- 



i 



127. We may also find it convenient in some cases to use 
formulse involving double integration. 

Suppose the figure in Art. 118 to revolve round the axis 
of X ; let x, y be the co-ordinates of s ; and x + Aa;, y + Ay 
those of t. The area st generates by revolution an elementary 
ring, the volume of which ia -rr (^ + Ay)' Ax — -rry'Ax ; this 
may be put ultimately equal to 2tn/AyAx. The centre of 
gravity of this ring ia on the axia of x, and its abscissa is 
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^K ultimately x. Hence by proceeding as before we shall have 
^L ultimately 



i I yxda:dy 



where y = '^{^ is the equation to the lower bounding curve 
and y = ^{p) to the upper, and c and h are the abBcissas of 
the planes which bound the solid of revolution perpendicu- 
larly to its axis. 

Similarly, if the solid is formed by revolving the area in- 
^L eluded between two curves round the axis of y, we shall 
^P bave 

r 

■ 122 

^ ordi 



\ I xydydx 
xdydx 



Or we may use polar formula. Suppose the figure in Art, 
122 to revolve round the axis of x ; let r, be the polar co- 
ordinates offi; and r + Ar, + AO those of (. The volume 
of the ring generated by the revolution of the area st is ulti- 
mately 2-nT am ffrAr Ad; and the abscissa of the centre of 
grsvity of the ring is ultimately r cos 0. Hence 

Hh - _ If!t^_Ocosedddr 

^H " JJt^ sin 9 dddr 

B Sii 

■ Wi 
^F ofun 



Similarly, if the figure revolve round the axis of y 
_ _ JJr' cos 6 sin dd dr 
^ Sfr' cos 8 dtidr ' 



I 



We have hitherto assumed the solid of revolution to ho 
■uniform density ; if this be not the case the formula must 
be modified. Tor example, take the first formula in the 
present Article ; suppose thst p denotes the density at the 
point (x, y). Then the mass of the ring considered will be 
ultimately ^wpy Ay Ax. Hence 



j j pyxdxdy 

And p iDeing supposed a known function of x and t/, the 
integrations present no theoretical difSciilty. 

Similarly the polar formulae may be modified. For examyie, 
instead of the formula given above for 5 we now obtain 
- - Sjp^s mffc os 9 de dr 
jfpr' smd dd dr 

In this case p must be expressible as a function of r and 
6, in order that the integrations may be practicable. The 
most common cases are two ; in one the density depends only 
on the distance from a fixed point in the axis of revolution, 
so that by taking this point as origin p is a function of r ; in 
the other case the density depends only on the distance from 
the axis of revolutioDj so that p is a function of r sin 9. 

Any Solid. 




128. To find the centre of gravity of a solid we divide it 
into elements as follows: draw a series of planes perpen- 



1 
1 

I 



ir to tbe axis of w, then two consecutive planes will 

le between them a slice such as LphiqM in the figure ; 

s. second series of planes perpendicular to the axis of y, 

each slice is divided into strips such as PpqQ in the 

t ; lastly, draw planes perpendicular to the axis of e, 

each strip is divided into parallelepipeds such as si in 

the figure. Let x, y, z be the co-ordinates of s, and x 4-* Aa;, 

y-\- ^y, z + Az those of ( ; then AxAyAz is the volume of st, 

and as the co-ordinates of its centre of gravity are ultimately 

(C, y, and z. we have 



Sffdxdyds ' 



Jflyd^^dz 
^ JJfdxdydz ' 



^JJfzdxdydz 

' JUibdsJf 



129. In applying the above formula to examples, great 
Jeare is necessary in assigning proper limits to the integra- 
tions ; this we shall illustrate by Examples, 

Ex, 1, Find the centre of gravity of the eighth part of 
an eUipsoid cut off by three principal planes. 

Let the equation to the surface be 

i-^i-i-^-i. 

B'tThen the equation to the curve in which the surface meets 
I the plane of (x, y) is 

f titegrate firet with respect to z, and take for the limits z = 
y \ . — i.i....j include all i 



i 



V(-m:)^ 



ilike st which form the strip PpqQ. Next integrate with re- 



^/(-3^ 



)ect to y, and take for the limits y=0 a: 

e thus include all the strips like Pp^Q which form the slice 
!/. Lastly integrate with respect to x, and take for 
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the limits x = and ic = a; we thus include all the slices' 
like LplmqM v/bich form the solid we are considering. Hence 

j^ij'^ja'dxdydz ' 
where we put s, for c . /( 1 — i — fi)$ 

and y, for b . /(l — ~,] ■ 

Now /_"& = ,,. 0^(1-^-^) 

_0:vo 



i-i-'^d^dn 






I 



" 46"' 



We may in this example effect the integrations with equal 
simplicity in any order we please ; if we integrate first for x, 
then for y, and lastly for s, we shall have 



J I I dzdydx 



i 
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where x^ stands for a /( 1 — 5 — m) > 

and y^ stands for b /(l — t) ♦ 

This will be easily seen by drawing a figure so as to make 
the planes bounding the slice parallel to that of (a?, y), and 
the edges of the strip parallel to the axis of x. 

Ex. 2. Let it be required to find the centre of gravity of 
the solid bounded by the planes z = /Sx, z = 70:, and the cylin- 
der 2/" s= 200? — a?. We shall have 

I I / xdxdydz 

riary, ryx > 

I / f dxdydz 

where y^ is pnt for /^{2ax — x^) . 
Now I dz={y-fi)x, 

Jpx 



x = 



I I ^dxdy 

therefore ^' "rdry! • 

/ / xdxdtf 

J J -yi 

Also / dy=2V(2aa?-a;»); 



2a 



therefore 



/2a 
a?* V(2aa? — a^ da? 

Q» SS — ^^ - — 

I XA/{2ax — a^dx 

Jo 

(See Integral Calculus, Ex. 5 to Chap, ill.) 
Similarly we may find 



y = 0, «« — ^^1 — ^ 
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130. It is often convenient to divide a, solid into polar 
elements. 

Let a series of planes be drawn through the axis of s ; the 
solid is thus divided into wedge-shaped slices such as COML. 
Let a series of right cones be described round the axis of s 
having their vertices at ; thus each slice is divided into 
pyramidal solids like OPQS. Lastly, let a series of concentric 




spheres be described round as centre ; thus each pyramid is 
divided into elements similar to pqst. 

Let xOL^^, COP=e, Op = r, 

LOM= A0, F0Q = A9, pt=Ar. 
Then pq is the arc of a circle of which the radius is r and 
the angle AC ; therefore pq = rAd. 

Also ps is the arc of a circle of ■which the radius is rsin d 
and the angle A^ ; therefore ps = r sin OAtfj. 

Hence, since the element pqst is ultimately a parallelepiped, 
its volume is r" sin 6AdA<ftAr. 

Also the co-ordinates of its centre of gravity are ultimately 
rcos^sinS, rsin^sinfl, and r cos ft Hence supposing its 
density to he p, we LaVe 



- _ Jfjpr' sin' COS >p d4> de dr 
" JJJpr' sin dd<p~de'dr ' 

- i'i/£»^_sin' ^sin 4> d<j> dO dr 
'^' f!jpr'~smed^'dddr~~' 

- _ Sffp'^ ®'° ^ •'"^ 



I 



edr ■ 

131. Ex. 1. Apply the preceding formulte to find the 
centre of gravity of a hemisphere whose density varies as the 
It"" power of the distance from the centre. 

Take the axis of z perpendicular to the plane base of the 
hemisphere. Let a be the radius of the hemisphere, and 
p = /ir", where jU is a constant. ' First integrate with respect to 
r from to a; we thus include all the elements hke pqst com- 
prised in the pyramid 0PQ8. Next integrate with respect to 
8 from to Jtt, we thus inchide all the pyramids in the shce 
COML. Finally, integrate from ^ = to = Sir ; we thus 
include all the slices. Thus 



J^li' l'r"^&ixiB <:'. 



edr 



W4-3 a 

''ji + 4'2' 



/,"/„*'/„ V"sin 8 d<l> dd dr 
_ n + 3 f„^f ^*' Bind COB dd4>dd 
-n + i^ Jl^j^i' sin 8 d<pdd 
x and y eax;h = 0. 

Ex. 2. A right cone has its vertex on the surface of a 
sphere and its axis coincident with a diameter of the sphere, 
find the centre of gravity of the solid included between the 
cone and sphere. Take the axis of s coincident with that 
of the cone ; suppose a the radius of the sphere, ^ the semi- 
vertical angle of the cone. The polar equation to the sphere 
is 7- = 2a cos 8, and to the cone ^ = /9. Hence we have 

I I I r' COS 8 sin. 8 d(f,d6dr 



m 



r'smedjidddr 



X and i/ each = 0, 



CENTBE OF OBAVITr. 






132. Suppose a circle of variable radius to move so that 
its centre describes a given curve and its plane is always 
perpendicular to the tangent line of the curve, we may require 
the centre of gravity of the solid generated. The simplest 
case is that in which the radius is constant and the solid of 
uniform density ; the result depends solely on the nature of 
the curve described by the centre of the circle, and for short- 
ness the process is called finding the centre of gravity of a 



Let BPQE be a plane curve ; BP the 
from some fixed point B, 
BP=s, PQ = ^3; X, y the 
co-ordinates of P. Let k de- 
note the area of a transverse 
section ; then the volume of 
the element PQ is iA«, and 
the co-ordinates of its centre 
of gravity are ultimately x 
and y. Hence 




- Hcxds fxds ,,, .J. J , , ^ 

X = —fj-i = f -;—... (1) it A be constant, 
Jkaa }ds ^ ' 



_ \kyd8 _ ^yds 
Jlcda jda " 



m- 



Since "^ = . /]l + ( j-J \, T^e may also write 



'I7FW VFW 



From the equation to the curve 1/ and ^ are known in 



£?V 



4 



...(3). 
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terms of x ; their values must be substituted in the precedin 
expreaaiona and the integratioiis then effected. 

If we use polar co-ordinates we have z = r cos d,y = r sin ( 
[ence 



JVt-HS)}^ 



yY<{.)V' 



for r and -^ we must substitute their values in terms of B 
given by the eq^uation to the curve. 



133. Es. 

density. 



1. A straight rod of uniform thickness and 



Taking the origin on the line we have y = ffx, where is 
constant ; hence, by equations (3) of Art. 132, supposing the 
■origin to be at one end of the rod and A the abscissa of the 
other end, 



_ fJ'xdx 






That ia, the centre of gravity is the middle point of the rod, 

Ex. 2. Suppose the transverse section of the rod to vary 
fks the It'" power of the distance from one end. Take the 
'Origin at this end, and suppose the axis of x to coincide 
with the axis of the rod ; then y = 0, and in equation (1) of 
Art, 132 we put fix" for k, where fj, is constant. Hence, xf h 
be the length of the rod, 



_ IgX"*^ ds _ J^x"*' dx 



7i + l, 



Ex. 3. An arc of a c 
Take the origin at 
the centre of the circle, 
and the axis of x bi- 
j the arc. Then 
_, = ; and supposing 
2a to be the angle sub- 
tended at by the given 
arc, and a the radius of 
the circle, we have, by 
Art. 132, equation (4), 



_a°J!a cos grfg_ 



I 



Ex. i. The arc of a seraicycloid. 

Take the origin at the vertex, and the axis of y a tangent 



KdxJ 



I hence 






S'-dx • 
J. V« 



No,v/X&.2j-j,^^,.2,^,_2p,|^ 



= 2^ \/j; - 2/V(2a - a:) da; = 2y Va^ + J (2o - a:)**] 
therefore j J^ dr = Sttq (2(i)i- J (2o)* ; 

therefore y = """ '"^^_ ?'.'"*; _ =. ^^ _ 
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X X 

Ex. 5. The curve y = ^c (e^ + e"'). 

If / denote the length of an arc of the curve measured from 
the point whose co-ordinates are 0, c, to the point {x, y), we 
have for the co-ordinates of its centre of gravity 

therefore i + (^^ j = _ (e» + e ' )«, 



c! -?. , , c " "^ 



thus 5=2(^*-^ ')> and/ = -(e«-^~«). 

r ds 1 r - -- 

Also Ia7-^efo; = ^ la; (e'-he *') rfa? 

|(e._e-)-|j(e--e«) 






therefore I ^;T-rf<a5 = -^ (e" — e •) — — (e* + e*'; + 

and jc = a!' ; . 

s 

r /Jo f r * -* ? _? 



c» 



10—2 
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=!/(' 



ix ix Ji ix 9x ^ 



therefore j y^^« = -^(«"-« ' ) "^ T 



j^t 



- 2 "^ 2 ' 



^. _ y . <'* 



and 2^=2 +2?- 



134. If the curve be of double curvature, the formulae 
(1) and (2) of Art. 132 still hold ; in order to effect the inte- 
grations we may use the formula 



i'A'-$h{m 



dx 
and from the two equations to the curve we must find — 

cly 
and —^ in terms of z. (See Integral Calculus, Art. 120.) For 

example, in the helix 

aj = a cos nz, y = a sin n;5 ; 

da 
therefore ^ = V(l + nV), 

^ _ /\/(l + wV) xdz __ Ja cos nz dz 
^ - ;^(l + n'a:') dJ 'fdz • 

If we take for the limits z = and ;5 = A, we have 

- _ a sin nA 
nh ' 

CI. •! 1 — a(l — cosnA) - ,, 
Similarly y = — ^ -, , z = \h. 



Surface of Bevolution. 

133. Let BPQE be a curve which by revolving round 
he axis of x generates a surface. Suppose a shell of 
' wliich this surface is tlie 
exterior boundary, and of 
which the interior boundary 
is another surface of revolu- 
tion round the axis of x in- 
definitely near to the former. 
Required thecentre of gravity 

of a portion of this shell cut 

off by planes perpendicular to ^ 

the axis of x. 

Let P, Q, be adjacent points in the exterior generating 
[ curve ; suppose B a fixed point in the curve, let BP = s, and 
PQ= As; let x, 1/ be the co-ordinates of P; & the thickness of 
, the shell at P. The volume of the element contained between 
' two planes perpendicular to the axis of x through P and Q 
I respectively is ultimately 2-mjlc^s, and the abscissa of the 
I centre of gravity of this element is ultimately 3:; hence 

_ _f27ri/kx(?3 _!y:riJs 



j'lirykds ji/da ' 



> if i be constant. 






Jwhere c and h are the distances from the origin of the bound- 
ing planes. 

Since the centre of gravity required is on the axis of x, we 
Tieed only the value of x in order to determine its position. 



Similarly, if the curve BPQE generates a surface ty re- 
volving round the axis of y, we have 





y = 




■(1)1- 




where i 
of tlie < 


and h denote as before the abscissa of the extremities 
curve. 


If we use polar c 


o-ordi nates, we 


iha»e«-rc. 


-j,e,!, = r,me. 



S-\/f'+(S)}' 

thus if tlie curve revolves round the axis of x, we have 
and if the curve revolves round the axis of y, we have 



/""VI-'HSJ 



The limits uf the integrations are the values of 6 which 
correspond to the extremities of the curve. 

Es. 1. A cylindrical surface. 

Take the axis of the cylinder as the axis of a;; then y = tbc 
radius of the cylinder, and is constant; hence 
- _ !^x(ix _ ^(A'-c'j _ A + c 
j^dm . h— c 2 ' 

Ex. 2. A spherical surface. 
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Here y = \/{a^ — a?), 

dy _^ X 

ds a a 

dx *J{ci^ — x^) y^ 

^, « - j^axdx c + h 

therefore x = "".^ , = ^ • 

J.^adx 2 

Hence in both these examples the centre of gravity is equi- 
distant from the two bounding planes. 

Ex. 3. The surface of a cone. 

Here y = x tan a, where a is the semivertical angle, 

ds 

-J- = sec a, 
dx 

^ _ j^x tan a a^sec adx _ 2{k^ -c^) _ 2{h* + kc + c') 
"" j^x tan a sec a etc ~ 3 (A'' — c*) "" SQi + c) 

Ex. 4. Suppose the cycloid 

y = A^{2ax — a;*) + a vers""^ - 
to revolve round the axis of a;. 

Here ' '^^- /( ^a-A ds _ //2a\ 

^^""^ dx-yK^)' dx'y\x)' 



a 

Now [2^ic'(^ = -^ - f J ar* ^ dx 

= -^L f ^x\J{2a -'x)dx; 



V 


IHIIIB^ 


therefore 


/V^.=^-f«)^-i/-.^(.„-.)..; 


and Jx 


1 




-^F^'-A(-^A 1 


til ere fore 


j"a:^{2a-^)da:-±(2ay-; ^J 


thus 


£U.!=<?^_4„, H 


Also 


j"V*''-"=2™ (2o)i-| (2o)5, (sec p.go 140), 




'™f' ' ,'(2»)' 


therefore 


5= 




27r«(2«)i-|(2a)5 




47r 32 2a/ 8^ 
3 45 3 l"^ 15^ 


> 








** „ 8 4 ■ 




27r~- TT-i,. 




3 3 


Ex.3. 


Suppose the cycloid 




y = V(2a3: - cc") + a vers"' ? 


to revolve 


round the axis of y, and that we require the centre 


of gravity 


of the surface generated by that half of the curve 


for which 


y is positive. 


Here 


J ^^V (^)'^^ jyx^da; g 




' ['s/&h />'-■ 


The value of the numerator was found in the preceding 


example ; 


and 


^ 


£■«.*&-! (2»)i, 
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(2o)*-7t(2o)^ 



therefore v = i^-^— ^^-^^— . 

Ex. 6. Find the centre of gravity of the surface formei 
by revolving the curve r = a (1 + cos 0) round the initial line. 
Here 

^ = -asin^, r*+(^y=2a'(l + cos^), 

therefore § = ^|r« + (g)] = 2a cos | . 

I r* sin ^ cos ^ 2a cos ^ rf^ 
Thus 5 = iA "^ 



r sin ^ 2a cos ^ e?^ 
2a|'cos«|(2 cos'l - l) sin ^d0 



— 1^— £ 



/. 



^ ^ 



Now Icos®^ f2cos'^ — 11 sin^a5 = — ^cos'^ + ycos'^o' 

0/^ .0 ^\ . .. 4i 2 



therefore / cos^^ [2cos'^ — 1 j sin^(?5 = ^— =. 
Similarly | cos*^sin^t?5 = - 



. - - 5' 



(I-?) 



,, . - ^"^VQ 7/ 50a 
therefore x = — ^ = -tto" • 

5 

-<4wy Surface. 

136. Let there be a shell having any given surface for 
one of its boundaries, and suppose its thickness indefinitely 



smalL Let x, y, z be the co-ordinates of any point of the 
given surface, k the thickness at that point, AiS the area of 
an element of the surface there, then AAiS is ultimately the 
volume of this element, and x, y, z the co-ordinates of its 
centre of gravity ; hence 

_ J hcdS 
^~ jk dti ' 
and similar expressions for y and z. 

It may be shewn (see Integral Calculus, Art. 170) that if 
we take AS" such that its projection on the plane of (x, y) is 
the rectangle Ax Ay, 

Ek. The surface of the eighth part of a sphere. 
Here a?+y^ + £'=a', 

V f + {£) + (^) } = v(«"-°"-j'r 

xdxdy 



Jk 



-sD 



n ax ay 
Jj~'J{a''-x^-y') 
First integrate with respect toy fromy = to y = >J(a' — 3?); 
we thus include all the elements that form the strip of sur- 
face of which LlviM is the projection on the plane of {x, y) ; 
see fig. to Art. 128. 






^/{a^-x^-y') 

therefore x = -},— , = -tj— ■ 

)i<irdx ]ax 

The limits of the integration for x are a 

therefore x = Ja. 

Similarly y = \<i, z = \a. 



EXAMPLES. 



1 1^ »^ 

loo 



137. In the preceding Articles we have given the usual 
formulaB for finding the centres of gravity of bodies, but par- 
ticular cases may occur which may be most conveniently 
treated by special methods. We add some examples. 

(1) A circle revolves round a tangent line through an 




angle of 180° ; find the centre of gravity of the solid generated. 

Let Oy be the tangent line about which the circle revolves, 

and let the plane of the paper bisect the solid; the centre of 

gravity will therefore lie in the axis of x. Let OM^x, 

MP= y = y(2aa; - a?*), MN=^ Aa?. The figure PQqp will by 

its revolution generate a semi-cylindrical shell, whose volume 

is ultimately 2yirx^x] the centre of gravity of this shell will 

2x 
be in the axis of a? at a distance — from (see Art. 133, 

Ex. 3) ; 



TT 



therefore 



p2a:^ , 2p ,, 
I — zyirxdx —I yardx 



0?=*'-^ 



r'ia 



irxdx 



" -I 

•2a 



0, 
•Sa 



/•2a 

I yxdx 

Jo 



'"•' 



TT 



rsa 

I x*j\/{2(ix- a^)dx 

Jo 

/•2a • 

I xj>^{2ax''X^)dx 

Jo 



_ 5a 
It will be found that x = 



27r* 



(2) The density of a right cone varies as the «*" power of 
the distance from the axis ; find the centre of gravity of the 
cone. 

Let OAB be the right-angled triangle which by revolving 






round Ox generates the cone. Let PS and QR be drawn 
parallel to the asis of x at distances y and y + Ay respec- 
tively. Let 

OA = h, mg\eSOA = a. 



Then 



OM=y cot a, PS=h — i/cota. 



The volume of the cylindrical shell generated by the revolu- 
tion of PQRS round Ox is ultimately 

Stt^ Ay (/i —y cot a). 

Its density is fiy", where ^ is constant; therefore, its mass is 

27r/iy"*' Ay {h~y cot a), 

The distance of its centre of gravity from is ultimately (see 
Art. 135, Ex. 1) 

i^(0-3/+0^), tbatis^(^ + ?/cotQ); 

/■StBni. 

I ^-Kfiy"** {h—ycaia)\{h-^y cot o) dy 

therefore »= " rhii^ 

j ^TTfiy"" {h~y cot a) dy 

1 Mtunoi 

-J 2/"*'(A'-ycot'a)(?y 
J y"*' [h-y cot a) dy 
and the integrations can be easily performed. 



(3) A shell lias for its outer and inner boundaries two 
similaT and similariy situated ellipsoids ; required the centre 
■ of gravity of the eighth part of it included between three 
principal planes. Let a, b, c be the semi-axes of the exterior 
ellipsoid, ra, rb, re those of the inner ellipsoid, r being a 
quantity less than unity. 

li a, h, c be the semi-axes of an ellipsoid ; the volume of 
the eighth part is ^Trahc, and the co-ordinates of its centre of 
gravity are |a, ft, and gc (see Art. 129). Hence 



■p» 



|a . ^-Kobc = Ira . ^-irr'abc + x (jTraic — ^Tir'a&c) ; 
r„™ V = i» (1 - O = =„ l + r + r' + r- 



If we suppose the shellindefinitely thin, we must put r= 1, 
and then x = Ja. Similar results may be found for y and s. 

(4) An ellipsoid is composed of an infinite number of in- 
definitely thin shells ; each shell has for its outer and inner 
boundaries two similar and similarly situated ellipsoids ; the 
density of each shell is constant, but the density varies from 
shell to shell according to a given law ; determine the centre 
of gravity of the eighth part of the ellipsoid included between 
r three principal planes. 

Let a:, y, a represent the three semi-axes of an ellipsoid ; 

Sien the volume of the ellipsoid is -^ xyz. Suppose that 

= 7nx and z = nx, where m and n are constants, then the 

fvolume becomes — ^ — ^> ^'^^ i^ there be a similar ellipsoid 

•iaving x + ^x for the semi-axis corresponding to the semi- 
c of the first elHpsoid, the volume of the second ellipsoid 

)e -- ij — (a; -|- Aa:)'. Hence the volume of a shell bounded 
fty two similar and similarly situated ellipsoids may be de- 
nted by — : — [{x 4- Aa;)' — a;"}, and therefore by 47rm»a;'Aa; 

when the thickness is indefinitely diminished. Let ^{x) de- 
lete the density of the shell, then its mass is^Tnnnj>{n:)x*^x. 



Thus themassof the eighth part of the shell is 0(a:)a^'Aj. 

And the abscissa of the centre of gravity of the shell measured 
along the semi-axis xia ^,'by the preceding example. Thus 
for the ahscissa x of the centre of gravity we have 



If, 



'if> (x) dx 



j x^if) {x} dx 

where a is the semi-axis of the external surface corresponding 
to the senii-axie x. When (j> (x) is given the integrations 
may be completed ; and when x is known, the other coordi- 
nates of the centre of gravity may be inferred from symmetry. 

(5) A chord of an ellipse cuts off a segment of constant 
area; determine the locus of the centre of gravity of the 
gegment. 

If a chord cuts off a segment of constant area from a circle, 
it is evident from the symmetry of the figure that the locus of 
the centre of gravity of the segment is a concentric circle. 
Now if the circle be projected orthogonally upon a plane in- 
clined to the plane of the circle the circle projects into an 
ellipse ; and the segments of the circle of constant area project 
into segments of the ellipse of constant area ; also the con- 
centric circle projects into a second ellipse similar to the firet 
ellipse and similarly situated. 

Thus the required locus is an ellipse similar to the given 
ellipse and similarly situated. 

This problem might have been solved without making use 
of projections, in the manner shewn in the next example. 

(6) A plane cuts off from an ellipsoid a segment of con- 
stant volume ; determine the locus of the centre of gravity of 
the segment. 



I 



Let the cutting plane have any position; and refer the 

conjugate semi-diameters a 
(y, z) he parallel to the position of the cutting plane, and 
suppose the equation to the ellipsoid to be 



'^ + 



6'* 



~=1. 



(rhere a is the angle Letween the axes of y and z, and a is 
he angle which the axis of x makes with the plane of {y, z). 
Suppose V to denote the constant volume, and Xa' the ab- 
tcisaa of the plane cutting off the segment; then 



Now suppose the segment cut offhy the plane to he divided 
into an indefinitely large nomberof indefinitely thin sHceaby 
planes parallel to the plane of (y, z). By the properties of 
the ellipsoid these slices will be bounded by elhpses which 
have their centres on the axis of x ; and thus we see that the 
centre of gravity of the segment cut off will he on the axis of . 
X. Consider one of the slices hounded by planes which have [ 
for their ahscissEe x and x + Aa; respectively ; then it will he J 
found that the volume of the slice is ultimately 



TT&'c' 1 - 



-7i I sin 01 



sin aAx, 



V= 



iri'c' sin to sin ct I f 1 ;, I 



dx 



= 7ra'6'c' sin w sin a [1 — X— s (1 — ^■')1- 

Now by the properties of the ellipsoid, 
trdVd sin (u sin cc = •jrdhc, 
where a, S, c are the semi-axes of the ellipsoid ; thus 

r=7ra&c[l-X-^(l-X')J.... 



And. if X he the abscissa of the centre of gravity of the 
igraent cut off, 



,. (1), 
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Trt'c' sin w sin a I s^ix rAt 



iro''6'c'sin(0 3ina f 



(1-^=)- 



==;,'= |i(i-v)-^(i-v)}» (2). 

Now (1) gives a constant value for X, and then (2) shews 
that X bears a constant ratio to a'. 

Thus the locus of the centre of gravity of segments of an 
ellipsoid of constant volume is an ellipsoid similar to the 
original ellipsoid and similarly situated. 

(7) Find the centre of gravity of a portion of an ellipsoid 
comprised between two cones whose common vertex is at the 
centre of the ellipsoid and whose bases are parallel. 

The volume between the two cones may he divided into an 
indefinitely large number of shells which have the centre of 
the ellipsoid as their common vertex, and their bases in planes 
parallel to the bases of the two cones. We shall first shew 
that if the planes which contain the bases of the shells are 
equidistant the shells are all equal. Take conjugate semi- 
diameters as axes, and let the plane of (y, z) be parallel to 
the bases of the two cones. The volume of the cone which 
has the centre of the ellipsoid as vertex, and for its base the 
plane curve formed by the intersection of the ellipsoid \nih 
the plane which has x for its abscissa, is 



J irh'c sin £0 sin a 1 1 — -;]; J a; 

on is the same a^ in the pre 
le cone which has the centn 
or its base the plane curvt 
LB ellipsoid with the plane v 

Jirfcc' sin 0) sin a 1 1 — ;, — \ ix + Ax). 



where the notation is the same as in the preceding example. 
Tho volume of the cone which has the centre of the ellipsoid 
as vertex, and for its base the plane curve formed by the 
intersection of the ellipsoid with the plane which has x+Ax 
for its a' * 



i volume of the slice between the planes whose abBciss<e 
e X and x + Ax respectively ia ultimately 




«(i-S^ 



Ttb'c' Bill a> ain all i^ j Ax. 



Hence we obtain for the volume of one of the shells ulti- 
inately the product of -n-b'c' sin to sin a into 

s product is ultimately 

277&'c' sin a sin aAa; 
3 ■ 

The centre of gravity of each shell is on the axis of jc at a 
distance from the vertex of the cone, which is equal to three 
fourths of the abscissa of the plane in which the base of the 
cone is situated (see Ex. (6) of Art. 109). Let x denote the 
abscissa of the centre of gravity of the proposed solid ; then if 
h and k be the abscissjB of the plane bases of the two cones, 

Ir*2ir6VBinwmna , 
- Vk 3 ^'^'' ._ 3 ( t' -/>') _ 3 

■" f^ lTrb'c'smwsm a b {k - h) 8 ^ "^ '' 



(8) is thfe centre of a regular poIyhecJron, S ia any point 

ithin it ; from 5 perpendiculars are drawn on the faces, and 

equal particles are placed at the feet of those perpendiculars : 

shew that the centre of gravity of the system of particles ia 

on the straight line OS, at the distance ^ OS from 0, 

kTake S for the origin of three rectangular axca, and let 03 
reduced through S be the direction of the axis of x. Let 
ae 
rhi( 



. Let p denote the length of the perpendicular from on 
me of the faces of the polyhedron ; let d, 0, -^^ he the angles 
' "t the i " .- . ™ 



li 



_ rhich it makes with the axes of x, y, z respectively. Then 
the length of the perpendicular from S on the face is ^— ccos5; 
and therefore the co-ordinatea of the foot of the perpendicular 
from (S on the fa^e will be respectively, 

(p~CCOS 5) cos f, (^ — CCOB^) COS0, (^ — coos 5) COS'^, 

11 
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Hence if n he the number of faces of the polyhedron Tve 
have for the co-ordinates of the required centre of gravity 
_ _ S (?) — c cos 0) cos 



c cos d) cos (& 



_'S, ip — C cos 8) COS^p• 



■where the summation is to be taken with respect to the 
perpendiculars on all. the faces. 

Now it is obvious that 

2p cos 9=0, '2p cos ^ = 0, Sjj cos t^ = 0, 
tecause the centre of gravity of a system of equal particles 
placed at the feet of perpendiculars from on the faces 
would by symmetry coincide with 0. 

Moreover it follows from the principles explained in Sphe- 
rical Trigonometry, Arts. 177 and 183, that 



iCOS t'^';;, 



^ = 0, S cos fl COB i/r = 0. 



Thus the required result is established. 

(9) Water is gently poured into a vessel of any form : 
shew that, when so much water has been poured in that 
the centre of gravity of the vessel and water is in the lowest 
possible position, it will be in the surface of the water. 

Suppose that when any quantity of water has been poured 
in the centre of gravity of the vessel and the water is above 
the surface of the water. Let a small additional quantity of 
water be poured in ; then the centre of gravity of the whole 
system is at some point between its former position and the 
centre of gravity of the additional water : that is, the centre 
of gravity of the system has descended slightly. In this 
manner we shew that the centre of gi'avity of the system 
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continually descends until it reaches the ascending surface 
of the water ; and after that it coatinuaiiy ascends. 

Although the problem may he solved in this simple manner, 
yet ,the formal applicatiou of the Integral Calculus is very 
mstructive. 

Take the origin at the bottom of the vessel ; let M denote 
the mass of the vessel, h tho height of its centre of gravity 
above the origin. Let ^ (a;) denote the area of the horizontal 
section of the vessel at a height x from the bottom ; then 
when the water is at the height f the height of the centre of 
gravity of the fluid is 

I (f) (x) xdx 

■f? • 

I ip{x)dx 

Suppose the density of the water to be denot-ed by unity; 
then the height, x, of the centre of gravity of the system 
determined by 



f/Vw- 



f 

^P Now to find the minimum value of x 

By the Integral Calculus, Chapter ix, we find that 

^ f ■» (g) { J+ ly M J»} - ■!• (f) \irh + J"' j. M arJt] 



f- 



f| 4,(x)x 



S that then * = f. 



M+\'i>lii:)dx 
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In order to establish the existence of a minimum it must 
be shewn that -j^ is then positive. The corresponding value 

Of 



iM+j <f>{x)da;l M+j<f>{x)dx 

and this is obviously positive. 

We shall conclude this Chapter with a few general pro- 
positions involving properties of the centre of gravity, 

138, If the mass of each of a system of particles he mul- 
tiplied into the square of its distance from a given point, tlie 
sum of the products is least when tlie given point is the centre 
of gravity of the system. 

Let the centre of gravity of the system be made tlie 
origin ; let a, j9, 7, be the co-ordinates of the given point ; 
37,, y,, z,, the co-ordinates of the first particle; a;,, y e^ 
those of the second ; and so on ; »i,, i«j, . , . the masses of the 
particles; p^, /),,... the distances of the particles from their 
centre of gravity; r,, r^, ... the distances of the particles Irom 
the fixed point; then 

»-,'=a' + ^ + 7'-2 (aa;, + /3y, + 7Z,) +p^\ 
T^' = a' + 0'+i'-2{ax^ + ^y^ + ryz^)+p^\ 



Multiply these equations by m,, m,, m^,... respectively, and 
add; then 

Smr" ={a^ + ^ + y')tm~2 {aXmx + ^%my -1- 7^1113) + Smp'. 
But, since the origin is the centre of gravity of the system, 

Imx = 0, Xmy = 0, 'S.mz = 0, 
therefore Smr' ={a' + 0'+'f) 2m + Xmp\ 

Now Smp' is independent of the position of the given 
point ; hence the least value of 2mr" is that which it has 



i 
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fcrhen a" + ^' + 7* vanishes, that is, wlien the given point is 
^t the centre of gravity of the system. 

139. Let a,, ^,, 7,, be the angles which p, makes with tha 
axes ; a,, /?,, 7,, the angles which p^ makes with the axes; 
and so on ; then we have, supposing the origin the centre of 
gravity of the system, 



Zmp cos c 



= 0, 



zmp cos p. 



= 0, 



Sm/) cos 7 = 0. 



Square each of these eqnatioos and add the results ; then if 
m, m represent any two masses, and (p, p') the angle between 
the straight lines which join them with the centre of gravity, 

Sm'p' + ^-mm'pp' cos (p, p") = 0. 

2pp cos {p, p) = p' + p'*— u', 

a denotes the distance of m. and m'. Hence 

Sm'p' + limm' (p* + p" - m") = 0, 

Blf we select the coefScient oi p^, we find it to be 

m," + m, (m^ + m^ +,.,), or m,Sm, 

Bid the other coefficients are similar. Hence the above 



iquation may 1: 
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140, Tf a particle be acted on by a number of forces each 
passing through a fixed point and proportianal to the distance 
Jro7n that point, Vie resultant force will pass through a fixed 
2Xiini and be proportional to the distance from that point. 

Take any position of tbe particle as the origin; let 
a;,, 5,, z,, be the co-ordinates of a fixed point ; r, the distance 
of this point from the origin ; fi^r^ the force which acts on 
the particle from this fixed point. Similarly let a;,, y,, z„ 
be the co-oi-dinates of a second fixed point ; r„ its distance 
from the origin, and p.^r^ the corresponding force on the 
particle, and so on. Let A' i' Z denote the whole force 
acting on the particle along the axes of x, y, e; then, by 
Art. 26, 








=ft^, +/'^ 


+ ^A 


+ 


Similarly 


y= 


= y-iVi + i^iV 


+ ^sy 


+ 


and 


Z-- 


= Mi^i + Ma^, 


+ Ma^, 


+ 
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Let w, y, z be the co-ordinates of the centre of gravity 
of a system of particles, whose masses are proportional to 
/^i' ^s' /^a,... placed at the respective fixed points; then 

therefore X'=x%fi., Y=ySfi, Z = z'2.ii. 

These equations shew that the resultant force is equal to 

rS/i, where r is the distance of the centre of gravity from 

the origin, and that its direction passes through the centre of 

gravity. Hence when the particle is situated at the centre of 

gravity the resultant force vanishes and the particle ia in 

equilibrium. 

141. A hody is placed on a horizontal plane, to find when 
it will he supported. 

The only force acting on it besides the resistance of the 
plane is its own weight, and this acts in a vertical direction 
through the centre of gravity of the hody. Hence, by 
Art 91, the body will not be in equilibrium unlesa the 
vertical through the centre of gravity of the body falls 
within a polygon formed by so joining the points of contact 
of the body and the plane as to include them all and have 
no re-entering angle. 

Wlten a hody is suspended from a point round which it can 
move freely, it will not rest unless its centre of gravity be in 
the vertical line passim^ through the point of suspension. 

For the body is acted on by two forces, its own weight 
which acts vertically through its centre of gravity and the 
force arising from the fixed point ; for equilibrium these force* 
must act in the same straight line and in opposite directions; 
thus the centre of gi-avity must be in the vertical line passing 
through the point of suspension. 
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HeQce if a body be suspended successively from two pointa 
the vertical lines drawn through the points of suspension will 
both pass through the centre of gravity ; therefore the point 
at ivlucii they intersect is the centre of gravity. 

If a body be capable of revolving round an axis which is 
not vertical it will not rest unless the centra of gravity be in 
tJie vertical plana passing through the axis. For the hody 13 
acted on by its own weight and the forces arising from the 
fixed asis ; by Art. 87, the moment of the weight round the 
fixed axis must vanish, and this requires the centre of 
gravity to be in the vertical plane through the fixed axis. 

The student will readily perceive as an experimental fact 
that there is an important difference between the position of 
equilibrium in which the centre of gravity is vertically above 
the fixed point or fixed asis, and that in which it is vertically 
below it. In the former case, if the body be slightly disturbed 
from its equilibrium positiou and then left to itself, it will 
begin to recede from its original position. In the latter case, 
'! the body be slightly disturbed from its equilibrium position 
wid then left to itself, it will begin to return to its original 
jjosition. The former position of equilibrium is called unstable, 
the latter stable. We shall return to this point in 
3iap. X.IY. 

142. The volume (T') of a portion of a cylinder inter- 
(epted between two planes, one of which is perpend iculai- to 
' e axis of the cylinder, is given by the equation 
V=lf£dxdy, 

Bwhero the plane of (x, y) is supposed perpendicular to the 
',s, and z is the ordinate of a point in the other plane, 
e limits of the integrations depend on the curve in which 
) plane of (x, y) cuts the surface. This follows from the 
jategral Calculus. 

Let ^ denote the angle between the two planes; the 
[ ftrea of an element of the other section of which is: Ay is 
I the projection on the plane of {ce, y) is A3: At/ sec 1^, Let A 
I denote the area of the section of the cylinder by the plane of 
I [^1 y)j ^d consequently A sec ^ the area of the other section ; 
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let z denote the ordinate of the ceBtre of gravity of the plane 
area formed by the intersection of the cylinder with the 
second plane ; then 

^ sec ^ . 3 =llz sec <^ dx dy, 
or Az = fjz dm dy, 

therefore V=Az. 

The volume is therefore equal to the area of the base multi- 
plied by the perpendicular upon it from the centre of gravity 
of the other section. 

The centres of gravity of the two plane Bectiona are on 
the same straight line parallel to the generating lines. For 
the co-ordinatea of the centre of gravity of the section 
the plane of (a;, y) 



il^^^ and ^^y^'^^y 

A A ' 

and those of the upper section are 

jjx sec ti>dxdi/ , /|yaec 



For J 
a by j 



which agree with the former values. 

Thus the centres of gravity of all plane sections of a 
cylinder are situated on a straight line parallel to the gene- 
rating lines of the cylinder. 

If a portion of a cylinder he cut off by two planes, 
neither of which is perpendicular to the axis, we may sup- 
pose it to be the difference of two portions which have for 
their common base a section perpendicular to the axis. The 
difference of the straight lines drawn I'rom the centres of 
gravity of the oblique sections perpendicular to the ortho- 
gonal section will be the straight line joining those centres 
of gravity. Hence the volume of a portion of a cylinder 
contained between any two planes is equal to the product 
of the area of an orthogonal section into the straight line 
joining the centres of gravity of the oblique sections. 

143. Through the centre of gravity of each face of a 
tetrahedron a force acts at right angles to the face, and pro- 



I 
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. portional to the area of the face : if the forces all act inwafds 
or all act outwards they will be in equilibrium. 

Let A, B, G, D denote the angular points of the tetrahe- 
dron. The force acting oa the face ABC, at its centre of 
gravity, may bo replaced by three equal forces acting at right 
angles to the face at the points A, B, C respectively. Simi- 
lar substitutions may be made for the other forces. Thus we 
have, acting at the point A, three forces respectively at right 
angles to the three faces which meet at A and proportional to 
the areas of those faces ; and, by what has been shewn in the 
Propositions at the end of Chapter V. these three forces are 
equivalent to a single force acting at A in the direction per- 
pendicular to the face BCD, and proportional to the area of 
that face. Hence, by Proposition r. at the end of Chapter V, 
the proposed system of forces will be in equilibrium. 

The preceding result may now be extended to the following 
proposition: Through the centre of gravity of each face of a 
polyhedron a force acts at right angles to the face, and pro- 
portional to the area of the face : if the forces all act inwards 
or all act outwards they will be in equilibrium. 

For each face of the polyhedron may be divided into 
triangles ; and the force acting at the centre of gravity of 
the face may be replaced by forces acting respectively at 
the centres of gravity of the triangles, and proportional to 
the areas of the triangles. Then the polyhedron may be 
supposed to be made up of tetrahedrons which have a com- 
mon vertex, and two equal and opposite forces may be 
supposed apphed at every common face, acting through the 
centre of gravity of the face at right angles to the face and 
proportional to the area of the face. Hence the required 
result follows from the former part of this Article in the 
manner already exemplified in Proposition i. at the end of 
Chapter IV, 

The preceding general result was first brought under the 

laiotice of the present writer by the late Bishop Mackenzie ; 

tit was given in an examination paper in GonviUe and Caius 
™ " ^ in 1849, probably by himself. The method by which 

tie demonstrated it will be found interesting and instruc- 

Itive by the student who is acquainted with Hydrostatics. 
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Imagine a fluid in equilibrium acted on by no forces ; then 
the pressure will be constant thronghout the mass. Sup- 
pose a portion of the fluid in the form of a polyhedron to 
become solid ; then the equilibrium will not be disturbed. 
The forces acting on the faces of the polyhedron will be 
respectively at right angles t-o the faces and proportional to 
the areas of the faces, and will act through the centres of 
gravity of the facea Hence the required result follows. 

The proposition may have been enunciated previously ; 
however a very eminent mathematician stated at the meeting 
of the British Association at Cheltenham in 1856, that he 
had been unable to find it in print. 

By means of Art. 50 we ciin deduce the following proposi- 
tion respecting couples : A system of couples represented in 
position and magnitude by the faces of a polyfiedron will be 
in equilihrium, supposing the axes of the couples all to be 
directed inwards or all outwards. This is given by Miibiiis ; 
Lekrbuch der Statik, Vol. i. page 87. 



Guldinus's Properties. 

Hi. If any plane figure revolve about an aans lying in its 
plane, the co-ritent of the solid generated by this figure in re- 
volving through any angle is equal to a prism, of which the 
ba^e is the revolving figure and height the length of the path 
described by tJie centre of gravity of the area of the jj/ane 



The axis of revolution in this and the following proposition 
is supposed not to cut the generating curve. 

Let the axis of revolution be the axis of x, and the 
plane of the revolving figure in its initial position the plane 
of (^. y) i let (S be the angle through which the figure 
revolves. 

The elementary area Ax Ay of the plane figure in revolving i 
through an angle Ad generates the elementary solid whose ] 
volume is y^O Ax Ay ; therefore the whole solid 

= JSJ^y dx dy de = ^jjy dx dy. 
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The limits of x and y depend on the nature of the curve, 
f Sut if y be the ordinate to the centre of gravity of the plaiie 
I figure, then, by Art, US, 

_ _ JJy dx dy 

' the" liinits being the same as before. 

Therefore the whole solid = 0ffydj:dj/ = y^jjdxdj/— the 
arc described by the centre of gravity multiplied by the area 
of the figure. 

^ any plane figure revolve about fflw axis lying in its plane, 

.the surface of the solid generated is equal in area to the rect- 

', angle, of which tlie sides are the length of the perimeter of tlie 

generating figure and the lengtli. of the path of the centre of 

gravity of the perimeter. 

The surface generated by the arc As of the figure revolving 
through an aogle A6 ia y^d As ; therefore the whole surface 

'=l^^ydsd9 = ^Syds. 

The limits depend on the nature of the curve. But if ~y be 
the ordinate to the centre of gravity of the perimeter, 

1 jd.- 

the limits being the same as before. 

Therefore the whole surface =y/3/(is = the arc described 
by the centre of gravity, multiplied by the length of the 
perimeter. 

Ex 1, To find the solid content and tJie surface of tlie ring 
formed by the revolution, of a circle round a straight line in its 
. ovm plane which it does not meet. 

Let the distance of the centre of the circle from the axis of 
revolution he a ; let & be the radius of the circle ; then the 
length of the path of the centre of gravity of the area of the 
figTii'e is 2ira, and the area of the figure is -rrb'; 

therefore the content of the solid = 27r'a&'. 
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Also the length of the patli of the centre of gravity of the 
perimeter ia 2'jra, and the length of the perimeter is ^irb; 

therefore the surface of the solid = iir^ah. 




Ex, 2. To find tlie centre of gravity of the area and also of 
the arc of a semicircle. 

. semicircle by revolving about its diameter generates 

a. sphere ; the content of the aj 

Wa', the radius being a ; the area of the semicircle is ^ tto*, 

and the perimeter ira ; therefore, the distance of the centre 
of gravity of the area from the diameter 



_ content of sphere 
Stt . area of semicircle 



thedistanceofthecentreofgravityof the arc from the diameter 
_ surface of sphere _ 2a 
2w. arc of seniicircle "Jt 

Ex. 3. To find tJie surface and the solid content of the solid 
formed hy the revolution of a cycloid round the tangent at its 
vertex. 

In Art. 133 we have found -— for the distance of the centre 

of gravity of the are of a cycloid from its vertex ; and the 
whole length of the arc is 8a. Therefore the surface of the 
solid generated is 



And in Art, 113 we have foiind that the distance of the centre 
of gravity of the area included between the cycloid and its 

base from the vertex is -a; and the area bo included is 

D 

SttoV Hence the area of the portion which in the present 
case revolves round the tangent is 47rtt'' — Sira', that is ira*. 
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I And the centre of gravity of this area may be shewn to be at a 
distance I from the vertex. (See Ex. (2) of Axt 109.) There- 
fore tbe solid content of the figure generated ia Stt „ ira', that 

[ is TT V. 

EXAMPLES. 

1. Find the centre of gravity of five equal heavy par- 
ticles placed at five of the angular points of a regular 
hexagon. 

2. Five pieces of a uniform chain are hung at equidistant 
points along a rigid rod without weight, and their lower ends 
are in a straight line passing through one end of the rod ; 
find the centre of gravity of the system. 

3. A plane quadrilateral ABCD is bisected by 'the dia- 
gonal AC, and the other diagonal divides AO into two parts 
in the ratio of p to g ; shew that the centre of gravity of the 
quadrilateral lies in A G and divides it into two parts in the 
latio of 2jj + 3 to J) + tq. 

4. From the fact that any system of heavy particles has 
one centre of gravity and only one, deduce the property that 
the straight lines joining the middle points of the opposite 

a of any quadrilateral figure bisect each other. 

A pyramid stands on a square base : given the co-or- 
I dinatea of the vertex, and the co-ordinates of two opposite 
I comers of the base, determine the co-ordinates of the centre 
[ of gravity of the pyramid. 

ABC is a triangle ; D, E, F are the middle points of 
I its sides ; shew that the centre of gravity of the «ides of ABG 
I coincides with the centre of the circle inscribed in DEF. 

7. A piece of wire is formed into a triangle; find the 
distance of the centre of gravity from each of the sides, and 
shew that if a;, y, r be the three distances, and r the radius 
of the inscribed circle, then 

la^a-r' (j; + ^ + z) -r' = 0. 
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8. If the centre of gravity of a four-sided figure coincide 
■with one of its angular points, shew that the distances of 
this point and the opposite angular point from the straight 
line joining the other two angular points are as 1 to 2. 

9. Shew that the common centre of gravity of a right- 
angled isosceles triangle, and the squares descrihed on the 

two equal sides, is at a distance = y^- a frotn the point in 

which those sides meet, a. Leing the length of one of them. 

10. Prove the following construction for the centre of 
gravity of any quadrilateral. Let £ be the intersection of 
the diagonals, and F the middle point of the straight line 
which joins their middle points ; draw the straight line SF 
and produce it to Q, making FO = \EF\ then Q- shall he 
the centre of gravity required. 

11. A triangle ABG is successively suspended from tie 
angles A and B, and the two positions of any side are at 
right angles to each other ; shew that 

50* = «" + *". 



12. A right-angled triangular lamina ABC is suspended 
from a point D in its hypothenuse AB; prove that in the 
position of equilihriiim A B will be horizontal if 

AD : DB :: AB' + AC : AB' + BC. 

13. A given isosceles triangle is inscribed in a circle ; find 
the centre of gravity of the remaining area of the circle. 

14. If three uniform rods be rigidly united so as to form 
half of a regular hexagon, prove that if suspended from one 
of the angles, one of the rods will he horizontal. 

15. If ABG be an isosceles triangle having a right angle 
at C, and D, E be the middle points of A G, AB respectively, 
prove that a perpendicular from A' upon BB will pass through 
the centre of gravity of the triangle BUG, 

IG. ^5 CZJ is any plane quadrilateral figure, and a, b, c, d 
are respectively the centres of gravity of the triangles BCD, 
CDA, DAB, ABC; shew that the quadrilateral abed 19 
similar to ABCD. 



17. A, B, C,'D, E, Fare six equal particles at the angles 
I of any plane hexagon, and a, b, c, d, e,f are the centres of 

gravity respectively of ABO, BCD, CDE, DEF, EFA. and 
FAB. Shew that the opposite sides and angles of the 
hexagon ahcdefa.Te equal, and that the straight lines joining 
opposite angles pass through one point, which is the centre of 
gravity of the particles A, B, C, B, E, F. 

18. A straight line ED cuts o£F ~th part of the right- 
angled triangle -<4-B (7 of which j4 is the right angle. AB=a, 
AG=b. Shew that the centre of gravity of CEDB desciihes 

I the curve whose equation is 

?^_(3(„-l)5-,i]13(»-l)a;-«4 

19. The distance of the centre of gravity of any number 

[■ of sides AB, BO, CD KL of a regular polygon from the 

f centre of the inscribed circle 
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Ali + BV+ (JD+ +KL' 

20. A frustum is cut from a right cone by a plane bisect- 
ing the axis and parallel to the base ; shew that it will rest 
with its slant side on a horizontal table if the height of the 

. cone bear to the diameter of its base a greater ratio than 
[ V7 to V17. 

21. If particles of unequal weights be placed at the an- 
gular points of a triangular pyramid, and (?, be their common 
centre of gravity; G^ G,,... their common centres of gravity 
for every possible arrangement of the particles ; shew that the 
centre of gravity of equal particles placed at G^, (?^,... is the 
centre of gravity of the pyramid. 

22. If a cone Lave its base united concentrically to the 
base of a hemisphere of equal radius, find the height of the 
cone that the solid may rest on a horizontal table on any 
point of its .spherical surface. Besult. r^S. 

23. If any polygon circumscribe a circle, the centre of 
gravity of the area of the polygon, the centre of gravity of 
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the perimeter of the polygon, and the centre of the circle, are 
in the same straight line ; also the distance of the first point 
from the third is two-thirds of the distance of the second 
point from the third. 

24. If any polyhedron circumscribe a sphere, the centre 
of gravity of the volume of the polyhedron, the centre of 
gi^avity of the surface of the polyhedron, and the centre of 
the sphere, are in the same straight line ; also the distanca 
of the first point from the third is three-fourths of the distance 
of the second point from the third. 

25. From a right cone the diameter of whose base is eqnal 
to its altitude is cut a right cylinder the diameter of ■whose 
base is equal to its altitude, their axes being in the some 
straight Une and the base of the cylinder lying in the base of 
the cone ; from the remaining cone a similar cylinder is cut, 
and so on, indefinitely ; shew that the distance of the centre of 
gravity of all the cylinders from the base of the cone is -^ of 
Qia height of the cone, and that the distance of the centre of 
gravity of the remaining portion from the base of the cone 
is ^J of the altitude of the cone. 

26. A square is cut from an equilateral triangle, a aide 
of the square coinciding with a side of the triangle; from 
the equilateral triangle which remains another square is cut, 
and BO on, ad ivjimtum : find the centre of gravity of the sum 
of the squares. 

27. Find the centre of gravity of the area contained be- 
tween the curves ^ = ax and j' = 2a^ — ar*, which is above 
the axis of a;. i, i, - loTr — 44 _ a 

1.5Tr-40' "^ Stt— 8 

28. Find the centre of gravity of the area enclosed by 
the curve r = a (1 -I- cos d). Besult. S = ga. 

Find the centre of gravity of the area included by a 

loop of the curve r = acoa2d. n ,, _ l28aJ2 

^ Result, a: = — , „ P^ . 

30. Find the centre of gravity of the area included by a 
loop of the curve r = a cos 3^. d i^ - 81 V^a 
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31. The locus of the centro of gravity of all equal s 
tnents cut off from a parabola la an equal parabola. 



32. Find the centre of gravity of a segment of a circle. 

33. Find the centre of gravity of the area included by 
I the curves ^' = ax and a;" = jy. 

MesuHs. x = :§T^a^b\ y = -^^(^h^. 

34. Find the centre of gravity of a portion of an equi- 
lateral hyperbola bounded by the curve, the transverse axis, 
and a radius vector drawn from the centre. 

IBesulta. —, = ~ — = ^ , -- , , j: — ■ ■ 
y X -a 31og{3::4-i/)-31oga' 
jfhere x, y' are the co-ordiuates of the point of intersection of 
the curve and the bounding radius vector. 
35. Two equal circles of radius a are drawn, each passing 
through the centre of the other, and a third circle touches 
both, having one of their points of intersection for its centre ; 
the distance of the centre of gravity of the smaller area in- 
cluded between the outer and inner circles from the common 
[ radius of the first two is 

12 - 2W3 

27r-3V3"* 

36. The density of a triangle varies as the t^ power of 

[the distance from the base ; determine n when the centre of 

ravity of the triangle divides the straight line joining the 

grertex with the middle point of the base in the ratio of 3 to 1 . 

Result. 7i = — J. 

37- Find the centre of gravity of the volume formed by 
^e revolution round the axis of x of the area of the curve 

-tWtf'+a5* = 0. r. ., - SOTT 

* Hesiul. ic = -s^. 

38. Find the centre of gravity of the volume generated by 
ihe revolution of the area in Ex, 27 round the axis of y. 

•' 2(lo7r-44) 
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39. Find the centre of gravity of a hemiBphore when the 
density varies as the square of the distance from the centre. 



Eesult X = 



12" 



40. Find the centre of gravity of the solid generated by 
a semiparabola bounded by the latus rectum revolving round 
the latus rectum. 

Jlesult, Distance from focus = ^ of latua rectum. 

41. The solid included between the surfaces of a cou- 
tinuous hyperboloid and its conical a.syniptote is cut by two 
planes perpendicular to their common axis ; find the position 
of the centre of gravity of that portion which lies between 
the planes. 

Seault. Midway letween the planes. 

42. A soKd sector of a sphere hangs from a point in its 
circular rim with its axis horizontal, find its vertical angle. 

Besult. The cosine of the semi-vertieal angle is ^ 

43. A solid is generated by the revolution of a semicircle 
about a straight line perpendicular to the diameter, and 
which does not meet th& semicircle : find the distance of the 
centre of gravity from the plane generated by the diameter. 

Result. —- . 

ilTT 

44. ^ is a point in the generating line of a right cylinder 
on a circular base, and B, are two others in the generating 
line diametrically opposite. The cylinder is bisected by a 
plane ABC, and one of the aemicylinders is cut by two planes 
at right angles to ABC, passing through AB and A C Shew 
that if the solid ABC be placed with its convex side on a 
horizontal plane, the plane ABC-wWX be inclined to the hori- 
zon at an angle tan"' (^^tt), when there is equilibrium. 

45. A solid cone is cut by two planes perpendicular to 
the same principal section, one through its axis, and the 
other paraUel to a slant side; find the limiting value of the 
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cosine of the vertical angle of the cone, that tbe piece cut 
out may rest on its curved surface on a horizontal plane. 

46. A quadrant of a circle revolves round one of its 
extreme radii through an angle of 30°; find the centre of 
gravity of the solid traced out, the density being supposed 
to vajy as the distance from the centre. 

MesuUs. i = j;-y = ^-^-{2~'^3);z = -^ 

is supposed to coincide with the initial position of the revolv- 
ing radius. 

47. A solid is formed by the revolution of the area of the 
curve y^ = oa;'^ round the axis of x ; shew that the dis- 
tance of the centre of gravity of any segment of this solid 
from the vertex bears to the lieigbt of the segment the ratio 
of 1 to n. The segment is supposed cut off by a plane per- 
pendicular to the axis. 

48. Pind the centre of gravity of the surface of the solid 
jt* 4- y* = 2ax, cut off by the plane x = c. 

Result ^=(^?)(^+M+^'. 
5({a + 2c)5-aS} 

49. Apply Guldinus's theorem to find the volume of the 

frustum of a right cone in terms of its altitude and the radii 

of its ends. i, ,, A"" , m , u , r, 

Result -ir [R* + Rr + r^. 

rind the surface and the volume of the solid formed 
I by the revolution of a cycloid round its base. 

Results. — s — ; Stt'is'. 

51. A segment of a circle revolves round its chord, which 
I subtends an angle of 90° at the centre ; find tbe surface and 
volume of the sohd generated. 

r^-7r). o'(10-3«-)7r 
VS ' ()V2 
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52. An ellipse whoae excentricity is =-- revolves about 

any tangent line. Prove that the volume generated by one 
portion into which the ellipse ia divided by its minor axis 
varies inversely as the volume generated by the other portion. 

53. A plane area moves in such a manner as to be always 
normal to the curve along wJiich its centre of gravity moves; 
prove that the volume generated is equal to the given area 
multiplied by the length of the path of the centre of gravity. 

Henee find the volume of a cycloidal tube whose normal 
section is of constant area. 

54. Extend Guldinus's theorem for finding the volume of 
a ring to the case in which the ring is formed by the revolu- 
tion of a plane area about a straight hne parallel to its plane, 

A ring is formed by the revolution of the lemniscate 
(whose equation is r* = o' cos 26) about a straight line parallel 
to its plane situated in a plane drawn through its double 
point and perpendicular to its axis : shew that the volume of 
., . . . tA' 
this r: 
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CHAPTER IX. 



145. A Machine is an inatrument, or a system of soUd 
bodies, for the purpose of traDsmittiug force from one part to 
another of the ajBtera. 

It ■would be endless to describe all the machines that have 
been invented ; we shall consequently confine ourselves to 
those of simple construction. The most simple machines are 
denominated the Mechanical Powers. These we shall ex- 
plain, and also a few combinations of them. 

146. A Lever is an inflexible rod moveable only about a 
fixed axis, which is called the fulcrum. The portions of the 
lever into which the fulcrum divides it arc called the arms of 
the lever: when the arms are in the same straight line, it is 
called a straight lever, and in other cases a hent lever. 

Two forces act on the lever about the fulcrum, caUed 
the power and the weight : the power is the force appHed by 
the hand, or other means, to sustain or overcome the other 
force, or the weight. There are three species of levers : in the 
first the fulcrum is between the power and the weight ; in the 
second the weight acta between the fulcrum and the power ; 
and in the third the power acts between the fulcrum and the 
weight. 

147. To find the conditions of equilibrium of two forces 
acting in the same plane on, a lever. 
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LEVTIH. 

Let tbe plane of the paper be the plane in which the 
forces act, and also be ,,, 

perpendicular to the axoH, 
of which G is the pro- 
jection, and about which 
the lever can move ; A, B 
the points of application 
of the forces P, W; a, ^ ^ / ^ 
the angles which the direc- 
tions of the forces make 
with any straight line aCb 
drawn through G oq the ■ 

paper. Let E be the pres- " 

sure on the fulcrum, and $ the angle which it makes 
with the straight line aGb; then if we apply a force R 
in the direction GS, we may suppose the fulcrum re- 
moved, and the body to be held in equilibrium by the 
forces F, W, R. 

H We shall resolte these forces in directions parallel and 

^h perpendicular to aCb ; and also take their momenta about G; 

^^ then by Art. 57 we have the following equations : 

H Pcosa- fFcos ^ - i? cos e = (1), 

H Psina-h WBva.^-Rsme = Q (2), 

K and P.CD-W.CE=Q.. (3), 

^H CD and GE being drawn perpendicular to the directions of 

^1 Pand W. 

^V These three equations determine the ratio of P to W when 

^V there ia equilibrium ; and the mt^nitude and direction of the 

^1 pressure on the fulcrum. 

^1 For equation (3) gives 

^1 P^ _ GE _ perpendicular on direct ion of W ... 

^m W~ CD perpendicular on direction of P ^ 

H Also by transposing the last terms of (1) and (2), we have 
H ^co8fi = Pcoaa-Trcosj9, 

B .Hsiu5 = Psina-l-TFsinj3. 
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I Add their squares; therefore 



From (1) and (2) by transposition and division 
^ „ Psina+ FsinS 

^^^ ° = -fi ITT a t 

Pcosa— Wco^p' 
whicii gives the direction of the pressure. 

If we suppose S to be the fulcrum and take the momenta 
about B instead of C, we have instead of equation (4) the 
following ; 

P _ perpendicular on direction of R 
li perpendicular on direction of P" 

This is not a new equation of condition ; but is a conse- 
quence of the three already given, (1), (2), (3), To shew this, 
imagine AD and BE produced to meet GR : they will meet 
this straight line at the same point, since the distances by these 
two constructions are GD cosec (Q — a) and CA' cosec (6 + 0); 
and these are made equal, by equations (1), (2), (3), if we 
, eliminate P and TV. Suppose, then, J'to be the point at which 
L these straight lines meet. By multiplying (1), (2), respee- 
I lively by sinj9 and cos^, and adding, we have 
P _ ain (g + ) _ FB sin (0 + ff) 
R ~ sin (a + ^Q) ~ FB sin (a + 0) 



..(5). 



_ perpendicular on direction of jffi _ 
perpendicular on direction of P ' 
l.therefore this equation is a consequence of the equations 
I (1), (2), (3), as might have been anticipated. 

It follows, then, that the condition of equilihrium in a lever 

I of any species is that tlie two forces must he inversely as the 

I perpendiculars drawn on their directions from the fulcrum and 

} t/ie forces must act so as to tend to twn the lever in opposite 

directions round the fulcrum. 

148. This property of the lever renders it a useful in- 
strument ia multiplying the efficacy of a force. For any two 
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LEVER 

forces, however unequal in magnitude, may be made to balance 
each other simply by fixing the fulcrum bo that the ratio of its 
distances from the directions of the forces shall he equal to the 
inverse ratio of the forces. If the fulcrum be moved from this 
position, then that force will preponderate from which the ful- 
crum is moved and the equilibrium will be destroyed. We are 
thus led to understand how mechanical advantage is gained 
by using a crow-bar to move heavy bodies, as large blocks of 
stone : a poker to raise the coals in a grate : scissors, shears, 
nippers, and pincers; these last consistiog of two levers of 
the first kind. The brake of a pump is a lever of the first 
kind. In the Stanhope printing-press we have a remarkable 
illustration of the mechanical advantage that can be gained 
by levers. The frame-work in which the paper to he printed 
is fixed, is acted on by the shorter arm of a lover, the other 
ann being connected with a second lever, the longer arm of 
which is worked by the pressman, , These levers are bo ad- 
justed that at the instant the paper comes in contact with the 
types, the perpendiculars from the fulcra on the directions 
of the forces acting at the shorter arms are exceedingly short, 
and consequently the levers multiply the force exerted by the 
a to an enormous extent. 



As examples of levers of the second kind, we may mention 
a wheelbarrow, an oar, a chipping-knife, a pair of nutcrackers. 

It must he observed, however, that as the lever moves 
about the fulcrum the space through which the weight is 
moved is, in the first and second species of lever, smaller 
than the space passed through by the power : and therefore 
what is gained in power is lost in despatch. For example 
in the case of the crow-bar : to raise a block of stone through 
a given space by applying the hand at the further extremity 
of the lever, we must move the hand through a greater space 
than that which the weight describes. 

But in the third species of lever the reverse is the case. 
The power is nearer the fulcrum than the weight, and is con- 
sequently greater ; but the motion of the weight is greater 
than that of the power. In this kind of lever despatch is 
gained at the expense of power. An excellent example is 
the treddle of a turning lathe. But the most striking ex- 
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ampleofleversof the third kind is fouudia the animal irame, 
in the construction of which it seems to be a prevailing prin- 
ciple to sacrifice power to readiness and quickness of action. 
The limbs of animals are generally levers of this description. 
The condyle of the bone rests in ita socket as the fulcrum ; a 
strong muscle attached to the bone near the condyle is the 
power, and the weight of the limb together with any re- 
sistance opposed to its motion is the weight. A slight con- 
traction of the muscle gives a considerable motion to the limb. 

149. The lever is applied to determine the weight of 
substances. Under this character it is called a Balance. The 
Common Balance has its two arms equal, with a scale sus- 
pended from each extremity ; the fulcrum being above the 
centre of gravity of the beam and therefore above the centre 
of gravity of the system formed by the beam, the scales, and 
the weights in the scales. The substajice to be weighed is 
placed in one scale, and weights placed in the other till the 
beam remains in equilibrium in a perfectly horizontal posi- 
tion ; in which case the weight of the substance is indicated 
by the weights by which it is balanced. If the weights differ 
ever so slightly the horizontality of the beam will be dis- 
turbed, and after oscillating for some time, in consequence of 
the fulcrum being placed above the centre of gravity of the 
system, it will, on attaining a state of rest, form an angle 
with the horizon, the extent of which is a measure of the 
sensibility of the balance. 

When we take the weight in the other scale as a measure of 
the weight of the substance we are weighing, we assume that 
the aims of the lever are of equal length and that the beam 
■would be itself in equilibrium if the scales were empty. We 
can ascertain if these conditions are satisfied by observing 
■whether equilibrium still subsists when the substance is trans- 
ferred to the scale which the weight originally occupied and 
the weight to that which the substance originally occupied. 

150. In the construction of a balance the following re- 
quisites should be attended to. 

(1) When loaded with equal weights the beam should be 
perfectly horizontal. 

(2) When the weights differ, even by a slight quantity, 
the senalbilil'j should be such as to detect this difference. 



(3) Wben the balance is disturbed it should readily return 
to its state of rest, or it should have stability. 

We shall now consider how these requisites may be satisfied. 

To find how the requisites of a good balance may be satisfied. 

' be the weights in the scales; let AB = 2,a. 



Let P and 
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Let be the fulcrum, h its distance from the straight line 
which joins A and J5. Let W be the weight of the beam, 
k the distance of the centre of gravity of the beam from C; 
this centre of gravity beiog supposed to lie on the perpen- 
dicular from C on the straight line which joins A and B. 
Let S be the weight of each scale ; eo that P and S act 
vertically through A, and Q and 8 vertically through £. 
Let 6 be the angle which the beam makes with the horizon ■ 
when there is equilibrium. 

The sura of the moments of the weights round G will be 
zero when there is equilibrium, by Art. 57. Now the leng^ 
of the perpendicular from C on the line of action of P and S 
is acosd — hsmO; the length of the perpendicular from C 
on the line of action of Q and S h a cos 6 + A sin fl ; and the 
length of the perpendicular from G on the line of action of W 
is k sin B. Therefore 

{Q+8){acose+hsme)-{P+S){acose-hsiae)+Wksme=0; 



therefore 



ime = 



{p+(j+2S}h+mc- 



determines the position of equilibrium. The first 
iquisite — the horizontality wliea P and Q are equal — is 
tiafied by making the arms equal. 

r the second we observe that for a given difference of P 
1 Q the sensibility is greater the greater tan 6 is ; and for 
a given value of tan 6 the sensibility is greater the smaller 
tan^ 



of the sensibility : and therefore the second requisite is ful- 
fiUed by making (P+ Q + 2S)-^W^- as sraaU a 



The stabihty is greater the greater the moment of the 
forces which tend to restore the equilibrium when it is de- 
stroyed. Now this moment is 
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[(P+ Q + 2S) h + Wk\ smB-iP- Q) a cos 9 
supposing P and Q equal it is 

liP+Q + 2S)k+Wk]smB. 



Hence to satisfy the third requisite, this must be made as 
large as possibia This is, in part, at variance with the 
second requisite. They may, however, both be satisfied by 
making {P+ Q + 2S)h+Wk lai^e, and a large also : that is, 
by increasing the distances of tiie fulcrum iFrom the beam 
and from the centre of gravity of the beam, and by lengthen- 
ing the arms. 

It must be remarked that the sensibility of a balance is of 
more importance than the stability, since the eye can judge 
pretty accurately whether the beam makes equal oscilla- 
tions on each aide of the horizontal lino ; that is, whether 
the position of rest would be horizontal : if this be not the 

le, then the weights must be altered till the oscillations are 

.rly equal. 

151. Another kind of balance is that in which the arms 
are unequal, and the same weight is used to weigh different 
substances by varying its point of support, and observing its 
iistance from the fulcrum by means of a graduated scale, 
steelyard is of this description. 
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152. To shew how to giaduate the common steelyard. 
Let AB be the beam of the steelyard. A the fixed point 
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from which the substance to be weighed is suspended, Q 
being its weight ; the fulcrum ; W the weight of the beam 
together with the hook or scale-pan suspended from A ; G 
the centre of gravity of these. 

Suppose that P suspended at ^balances Q suspended from 
A ; then, taking the moments of P, Q, and W about 0, we 
have 

Q.AO~W.CG-P.CN=0; 



w 

CN-^ Z ■ CG 



Take the point J), so that CD= -jj CG; (therefore 



OjV+ CD J 



DN 
~A~C^- 
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Now let the arm DB bo graduated by taking Da , Da,' 

Da,, equal respectively to ^6', 2AC, SAC ; let the 

figures 1, 2, 3, 4, be placed over the points of gradua- 
tion, and let subdivisions be made between these. Then by 
observing the graduation at N we know the ratio of Q to i*; 
and P being a given weight we know the weight of Q. In 
this way any substance may he weighed. 

153. The second of the Mechanical Powers is the Wheel 
and Axle. This machine consists of two cylinders fixed 




WHEEL AND AXLE. 
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jgether, with their asea in the same straight line: the larger 

" r is called the wheel, and the smaller the axle. The 

i by which the weight is suspended is fastened to the 

, and then coiled round it, while the power which sup- 

s the weight acta hy a chord coiled round the circumference 

f the wheel, by spokes acted on by the hand, as in the cap- 
1, or by the hand acting on a handle, as in the windlass. 

154. To find the ratio of the power and weight in Vie 
X'Wheel and Axle when in equilibrium. 

Let AD be the wheel and CC'B the axle; P the power 
represented by a weight suspended 
from the circumference of the wheel 
at ^ ; W the weight hanging from 
^the axle at B. 

Then since the axis of the machine 

) fixed, the condition of equilibrium. 

I that the sum of the moments of 

jhe forces about this axis vanishes, 

RArt. 87) ; therefore 

Wf X rad, of wheel =W x. rad. of Eixle : 




Ji^refore 



W 



rad. of wheel 
rad. of axle 



I 



It will be seen that this machine is only a modification of 
the lever. In short, it is an assemblage of levers all having 
the same axis : and as soon as one Sever has heen in action the 
next comes into play ; and in this way an endless leverage is 
obtained. In this respect, then, the wheel and axle surpasses 
the common lever in mechanical advantage. It is much used 
in docks and in shipping. 

155. The third Mechanical Power is the Toothed Wheel, 
It is extensively applied in all machinery; in cranes, steam- 
engines, and particularly in clock and watch work. If two 
circular hoops of metal or wood having their outer circum- 
ferences indented, or cut into equal teeth all the way round, 
be so placed that their edges touch, one tooth of one c' 



TOOTHED WHEELS, 

ference lying between two of the other (as represented in tbe 
figure) ; then if one of them be turned round by any means, 
the other will be turned round also. This is the simple con- 
Btruction of a pair of toothed wheels. 

156. To find the relation of the power and weight in 
Toothed Wheels. 



Let A and B be the fixed centres of the toothed wteela 




^ 



on the circumferences of which the teeth are arranged; Cthe 
point of contact of two teeth ; QCQ a normal to the surfaces 
in contact at C. Suppose an axle is fixed on the wheel B, 
and the weight W suspended from it at .S' by a cord ; also 
suppose the power P acts by an arm AD ; draw Aa, Bh per- 
pendicukr to QGQ. Let the mutual pressure at C be Q. 
Then, since the wheel A Js in equilibrium about the fixed 
axis A, the sum of the moments about A equals zero ; there- 
fore 

P.AD-Q.Aa = fi. 

Also since the wheel B is in equilibrium about B, the sum of 
the moments about B equals zero; therefore 

Q.Bh-W.BE=0. 

Then by eliminating Q from these two equations, 

P _F Q^_Aa BE 

W Q' W AV Bb' 

, moment o f P _ Aa _ 

moment of W Bb ' 



Fwhen the teeth arc amall this ratio very nearly 



rad. of wheel B' 

157. Wheels are in some cases turned by means of straps 
paeaing over their circumferences. In such cases the minute 
protuberances of the surfaces prevent the sliding of the straps, 
and a, mutual action takes place such as to render the calcu- 
lation exactly analogous to that in the Proposition, 

For the calculation of the heat forms for the teeth, the 
^ reader is referred to works which discuss the subject of 
^L machinery. 

^L 158. The fourth Mechanical Power is the Pully. There 

^^Kire several species of pullies; we shall mention them in order. 

^^FThe simple pully is a small wheel moveable about its axis : 

^^f.a string passes over part of its circumference. If the axis is 

Jixed the effect of the pully is only to change the direction of 

the string passing over it : if however the axis be moveable, 

tben, as will be presently seen, a mechanical advantage may 



K It is sometimes assumed as axiomatic that if a perfectly 
Fflexible string passes over a smooth surface the tension of the 
string will be the same throughout; we shall see, however, in 
the Chapter on Flexible Strings that this result admits of 
demonstration. In the present Chapter we shall only require 
a part of the general proposition. We shall suppose the pul- 
lies to be circular, and assume that the tensions of the two 
portions of any string which are separated by a portion in 
contact with a pully are equal. And this may be shewn to 
I be necessarily true if we merely admit that the string is 
|- a tangent to the circle at the point where it ceases to be in ' 
I contact with the pully. For since the pully is smooth the 
I directions of all the forces which it exerts on the string must 
I pass through the centre of the pully ; hence if we taie the 
I momenta with respect to this point of the forces which act on 
I the string we see that the string cannot be in equilibrium 
I unless the tensions of the two portions are equal. 
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SINGLE PULLY. 



159. To find the ratio of the power and weight in the 
single moveable Fully. 

I. Suppose the parts of the string divided by the pully 
are parallel. 



v^-^^$$$$S:^$$$!S$i;>g 







OP 



Let the string ABP have one extremity fixed at A, and 
after passing under the pully at B suppose it held by the 
hand exerting a force P, or it may be passed over a fixed 
pully. The weight W is suspended by a string from the 
centre C of the pully. 

Now the tension of the string ABP is the same throughout. 

Hence the pully is acted on by three parallel forces, P, P, 

and W'y hence 

W 
2P - F= ; therefore -p- = 2. 

II. Suppose the portions of the string are not parallel. 
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Let a and a' be the angles which Aa and Pb make with 
the vertical 

Now the pnily is held in equilibrium by W in OW, P in 
aA, and P in bP. Hence, resolving the ibrces horizontally 
and vertically, 

L 2'sina-pBina' = (1), 

■ Pcosa + Pcoaa-W=0 (2); 

the equation of momenta round C is an identical equation. 
By (1), sin a = sin a' and a = =t' ; 

W 



therefore, by (2), 

which is the relation required. 



7=2 cos a, 



^H 160. To find the ratio of the power and weight in a system 

^f^puUies, in which each pully hangs from a jCced point by a 

separate string, one end being fastened in the pully above it and 

the other end on a fixed beam, and all the strings being parallel. 

Let n be the number of moveable pullies. 

^k I- Let us neglect the weight of the 
^^bnllieB themselves. Then 



tension of 6, If =Tr; 
tension of ctJ>fit = iW; 

tension of o,6,6, = aiW't 
tension of abc = „, W; 



and BO on ; and the tension of the string 
passing under the n"" pully = — W, and 
Lthis ia equal to P ; therefore 
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~l 



II, Let U8 suppose the weights of the pullics to be con- 
sidered ; and let w,, w,, w^. . ,w„ be these weights. 

Then if p^.p^, Ps,...p, be the weights which they would 
sustain at P, and i*, the weight which W would sustain at 
P, we have 



P = p,+p^+ +i)„ + i',, 

lw+a>^+2w^+2.\ + + 2" 



w 



{ W+ (2' - 1) w,!, that is P~ m^ = .^, ( W- wj. 



161. To find the ratio of the power and weight when the |{ 
system ia tiie same as in tiie last Proposition, but the strings 
are not parallel 

We shall neglect the weights of the blocta. The pullies 
will evidently so adjust themselves that the string at the 
centre of any pully will bisect the angle between the strings 
touching its circumference. 

Let 2a„ 2a^, 2a„.,.23, be the angles included between 
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Then, by Art. 159, 

tension of a^fi^ = .; 

tension of a,6,&5 = 

tension of afiji = 

tension of the last string — 

° 2 eos Oj cos Oj Cos 

and this is equal to P ; therefore 

— =2 cosa,co3a, cosarj...coaa.. 





w 




a- 


003 a, co« 
W 


< 


■1' 


cos a, cos 


o,coaa,' 
W 



4 
4 



162. To find the relation of the power and weight in a 
system of pullies where the same string passes round all the 
pullies. 

This system consists of two blocks, each containing a 
number of the pullies with their axes coincident. The weight 
is suspended from the lower block, which ia moveable, and 
the power acts at the loose extremity of the string, which 
passes round the respective pullies of the upper and lower 
block alternately. 

Since the same string passes round all the pullies, its 
tension will be everywhere the same, and equal to the power 
P. Let n be the number of portions of string at tho lower 
block ; then n,P will be the sum of their tensions ; therefore 



W= 



.P. 



If we take into account the weight of the lower block, and 
call it B, then 

W+B = n.P. 

If the strings at the lower block are not vertical, we must 
take the sum of the parts resolved vertically, and equate it to 
W. But in general this deviation from the vertical is so 
Blight that it is neglected. 
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163. As the weight is rising or falling, it will be observed 
that in general the pullies move with difl'erent angular mo- 
tions. The degree of angular motion of each pully depends 
upon the magnitude of its radius. Mr James White took 
advantage of this, to choose the radii of the pullies in such a 
manner as to give those in the same block the eame angular 
naotioQ, and so to prevent the wear and resistance caused by 
the friction of the puUies against each other. This being the 
case, the pullies in each block might be fastened together, or, 
instead of this, cut out of one mass. 

It will be seen without much difficulty, that if the weight 
Whe raised through a space a, each of the portions of string 
between the two blocks will be shortened by the length a ; 
and therefore, that the portions of string which move over 
the pullies in the two blocks, taken alternately, will have 
their lengths equal to a, 2a, 3a, 4a... Suppose the end of 
the string fastened to the lower block ; then if the radii of 
the pullies of the upper block be proportional to the odd 

numbers 1, 3, 5, these puUies will move with the same 

angular velocity, and might be made all in one piece, as 
mentioned above. And if the radii of the lower pullies be 
proportional to the even integers 2, 4, 6,,.. these also will 
move with a common angular velocity, and might therefore 
be cut out of one piece. 

164. To find the ratio of the power to the weight wlien all 
the strings are attached to the weight. 

If we neglect the weights of the pullieSj : 
the tension of the string 6,a, = P; the ten- 
sion of a,6, = ZP ; and so on : if there be 
n pullies, then the sum of the tensions of 
the strings attached to the weight 
= P+ 2P+ 2'P+ ... + 2-"P= (2"- 1) P; 



_r 



therefore 



W 



-1. 



If we suppose the weights of the pullies are 
(u, &>..((),,... reckoning from the lowest, and 
w , w ', m"',... the portions of W which they 
respctively support, since they evidently 
assist P, and W the portion of W eup- 
ported by P; then 



O' 



© 
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ir = (2--i)P, 

«' = (2"-'-l)(,)^. 
«"=(2"-l)»„ 

„">=(2-l)»._,; 

therefore W-W + ,o' + - (2-- 1) P+ (2" - 1) a, 

+ (2--l)»,+ + (2-l)«._,. 

If »,.<B,=OI,- 

JF- (2-- 1) P+ (2-' + 2-+ +2 - (»- 1)1 »„ 

-(2--l)P+C2'-«-l)<... 

165. The fifth Mechanical Power is the Inclined Plane. 
By an inclined plane we mean a plane inclined to the 

horizon. A weight W may be supported on an inclined 
plane hy a power i* less than W. 

166. To find the ratio of the power and weight in the 
inclined plane. 

Let AB be the inclined plane; /•■' 

K the angle which it makes with the L 

horizon. Let the power P act on U h~\ ^ 

the weight in the direction OP, \ / (Jy 

making an angle e with the plane. \,/e>^'^ 

Now the weight at C is held at Ck 

rest by P in OF. W in the vertical ' *^ 

CW, and a pressure S in CB, at 
right angles to the plane. 

Hence, by Art. 27, if we resolve 
these forces perpendicular and par- 
allel to the plane, we have B 

ii+Psine- TrcO3a = (1), 

Peose- W8ma = li (2). 

P sin a 

The second equation "ivea the required relation -jr-= I 

^ ° ^ IK cose 

and the first equation gives the magnitude of the pressure B. 
If P act horizontally, e = — a, and P = TV tan a. 




If P act parallel to the plane, e = 0, and P=W Sin or. 

If Pact vertically, e = \ir —a, and F= W. 

1G7. The sixth Mechanical Power is the Wedge. This 
is a triangular prism, and is used to separate obstacles by 
introducing its edge between them and then thrusting the 
wedge forward. This is effected by the blow of a hammer or 
other such means, which produces a violent pressure for a 
short time, sufficient to overcome the greatest forces. 

168. An isosceles wedge is kept in equilibrium hy presswea 
on its three faces; to find the relation between them. 




The above three figures represent the wedge and obstacles 
together and separately. 

LetSPdenote the force acting perpendicularly to the thick 
end of the wedge ; It and JH the forces which act on the other 
faces of the wedge : those forces are perpendicular to the faces 
since the wedge is supposed smooth. 



Let 2a be the vertical angle of the wedge. 
Resolve the forces which act on the wedge in directions 
perpendicular and parallel to the thick end; then for the 
equilibrium of the wedge we have 

2P=iS + n'}8ma. 
fi cos a = J?" cos a : 



therefore 



P^Esin 1. 




I 

I 
I 

ll 
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'We do Hot write down the equations of equilibrium of the 
obstacle, because we do not know the forces exerted on it at 
different points of its base by tbe ground on which it rests. 

It is usual to resolve the force It whicli acta on the wedge 
and obstacle into two components ; one along the straight line in 
which A, the point of the obstacle in contact with the wedge, 
would begin to move if the wedge were pushed further into the 
obstacle, and the other at right angles to this direction. Let 
AB be the first direction, making an angle i with the direction 
of H ; then the resolved part of ^ in this direction is R cos i^ 
which we will call S; 

■ P sina 
therefore -t; = r . 

iS COS! 

As however nothing Is known about the value of the aogle », 
the result is of no practical value. 

169. The last Mechanical Power is the Screw. This 
ichine in its simple construction 

conskts of a cylinder AB with a 

imiform projecting thread abed... 

traced round its surface, and making 

a constant angle with straight lines 

parallel to the axis of the cylinder. 

Jhis cylinder fits into a block D 

pierced with an equal cylindrical /" 

aperture, on the inner surface of Pd" 

which is cut a groove the exact 

counterpart of the projecting thread 

aW 

It is easily seen from this de- 

BCription, that when the cylinder is introduced into the block, 

the only manner in which it can move ia backwards or for- 
wards by revolving about its axis, the thread sliding in the 
L groove. Suppose W to be the weight acting on the cylinder, 
I including the weight of the cylinder itself, and P to be the 
' power acting at the end of an arm AO a.t right angles to the 
'3 of the cylinder; the block D is supposed to be firmly 

fixed, and the axis of the cylinder to be verticah 

170. To find the ratio ofthepower and weight in the Screw 
when iheij are in equUibTium. 



e^ 



MZ/' 



J 



Let the distance of G from the axis of the cylinder =a; 
and the radius of the cylinder = 6. 

Now the forces which bold the cylinder in equilibrium are 
W, P, and the reactions of the presaures of the various por- 
tions of the thread on the corresponding portions of the lower 
surface of the groove in which the thread restB ; these re- 
actions are indeterminate in their nuniher but they all act in 
directions at right angles to the surface of the groove, and 
therefore their directions make a constant angle with the axis 

of the cylinder. Let ^ — o be the angle which the thread of 

the screw makes with the axis of the cylinder, then a Is the 
angle which the direction of each reaction makes with the 
axis of the cylinder. If, then, R be one of these reactions, 
B, cos a, R sin a are the resolved parts vertically and horizon- 
tally ; the horizontal portions of the reactions act each at 
i^ht angles to a radius of the cylinder. Hence, resolving 
the forces vertically, and also taking the momenta of the 
forces in horizontal planes, we have 



Pa-t.Rh%ma = 0.. 



■■{1), 
..(2): 



we might write down the other four equations of equilibrium, 
but they introduce unknown quantities with which we are 
unconcerned in our question. 



W d cos aS . fl 



because h and a are constant. 



h sin a ^-rrb tan iz 
circumference of circle of which the radius is 



vertical dial, hetwi 



Luds of the thread ' 



The Screw is used to gain mechanical power in many ways. 
In excavating the Thames Tunnel, the heavy iron frame-work 
which supported the workmen was gradually advanced by 
means of large screws. 
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MISCELLANEOUS EXAMPLES. 

If one arm of a common balance be longer than the 
other, shew that the real weight of any body is the geometri- 
cal mean between its apparent weights as weighed first in one 
scale and then in the other. 

2. The arma of a false balance are unequal, and one of 
tbe scales is loaded ; a body whose true weight is P lbs. ap- 
pears to weigh TFlbs. when placed in one scale, and W lbs. 
when placed in the other scale : find the ratio of the arms 
and the weight with which the scale is loaded. 



Results. 



W-P WW-P' 



■ tf 



P- ^K 



i. A triangular lamina ABO, whose weight is W, is suh- 
I pended by a string fastened at C: find the weight which 
I must be attached at B that the vertical through G may bisect 
the angle A CB. 

Result, -n — ■ 



Two equal weights ai^e suspended by a string passing 
I freely over three tacks, which form an isosceles triangle whose 
I base is horizontal : find the vertical angle when the pressure 
\ on each tack is equal to one of the weights. Result. 120°. 

5. A uniform heavy rod, at a given point' of which a 
given weight is attached, is sustained at one end ; determine 
its length when the force which applied at the other end will 
keep it horizontal is least. 

6. ABGC, ZJEP" are two horizontal levers without weight ; 
B, F their fulcrums : the end 2) of one lever rests on the 
end C of the other ; HK is a rod without weight suspended by 
two equal parallel strings from tho points E, G. Prove that 
a weight P at ji will balance a weight W placed anywhere 
on the rod HK, provided 

EF _BG , P_^ 
DF~BG W~AB' 



lOBCKLLANEOTJS EXAMPLES. 

7. If the axis about which a wheel and axle tiima coin- 
cide with that of the axle, but not with the axis of the wheel, 
find the greatest and least ratios of the power and weight 
necessary for equilibriunij neglecting the weight of the ma- 
chine. 

8. In the system of puUies where each string is attached 
to the weight, let one of the striogs be nailed to the block 
through which it passes, then shew that the power may be 
increased up to a certain limit without producing motion. 
If there be three piiUies, and the action of the middle one 
be checked in the manner described, find the tension of each 
string for given values of P and W. 

9. A weight v) is supported on an inclined plane by two 
forces, each equal to — , one of which acts parallel to the 
base. Shew that equilibrium may be possible when the in- 
clination of the plane is not greater than 2 tan"'f-j , n being 
a positive integer. 

10. A weight is suspended from the two ends of a straight 
lever without weight whose length is 5 feetj by strings whose 
lengths are 3 and 4 feet. Find the position of the fulcrum 
that the lever may rest in a horizontal position. 

Result. At a distance 3^ feet from that end of the lever to 
which the longer string is fastened. 

11. A uniform steelyard AB, having a constant weight P, 
and a scale-pan of weight hP, suspended at B and A respec- 
tively, is used as a balance by moving the rod backwards and 
forwards upon the fulcrum G, on which the whole rests. 
Shew that the beam must be graduated by the formula 



AC = 



\+h k' 



.AB. 



Vk + k' -^ 

the weight of the rod being h'P, and n being each of the 
natural numbers 1, 2, 3, ... taken in succession. 



T freely 
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2, AB is a rod without weight capable of turning 
t its extremity A, which is fixed ; CD is anothei 
equal to 2AB, and attached at its middle point to the ex- 
tremity B of the former, so as to turn freely about this point: 
a given force acts at in the direction CA, find the force 
which must be applied at D in order to produce equilibrium. 
13. A lever without weight in the form of the arc of a 
circle, having two weights P and Q suspended from its ex- 
tremities, rests with its convexity downwards on a horizon- 
tal plane : determine the position of equilibrium. 

Result Let a be the angle which the arc subtends at the 
l^Centre of the circle, S the inclination to the vertical of the 
Ktadius at the extremity of which P is suspended ; then 

tan 



' P-Y Qcosa' 

14. The sides of a rhombus ABCD are hinged together 
'ftt the angles ; at A and C are two pulling forces (P, P) 

1 the diagonal AC; and at B and D there are two 
Vtther pulling forces [Q, Q) acting in BD : shew that 

cos BAD = Z^,. 

15. AB, BG are two equal and uniform beams connected 
■^ a hinge at B; there is a fixed hinge at j1 ; a string fast- 

i^ned at C pas«es over a pully at D and is attached to a 
B^^ight P\ AD is horizontal and equal to twice the length of 

atherbeam: shew that if P be such as to keep -Bf7 horizontal 
^P= TT. Vf, and tan ^ = 2 tan <^ = 2 V2, where 6 and A are 

the angles which AB, CD make with the horizon, and 2PF 

the weight of each beam. 

16. A string ABCDEP is attached to the centre A o( & 
pully whose radius is r ; it then passes over a fixed point B 
and under the puUy which it touches at the points and D ; 
it afterwards passes over a fixed point £ and has a weight P 
attached to its extremity ; BU is horizontal and = §?-, and 
" ? is vertical : shew that if the system be in equilibrium the 
Jreight of the pully is |P, and find the distance AB. 

Result. AB = ~. 



17. Tliree uniform rods rigidly connected in the form of a 
triangle rest on a smooth sphere of radius r ; shew that the 
tangent of the inclination of the plane of the triangle to the 



horiz 



, where a is the distance of the centres of 



the circles inscribed in the triangle itself and in the triangle 
formed by joining the middle points of the rods, and p ia the 
radius of the circle inscribed in the triangle. 

18. If a steelyard be constructed with a given rod whose 
weight is inconsiderable compared with that of the sliding 
weight, the sensibility varies inversely as the sum of the 
sliding weight and the greatest weight which can be weighed. 

19. A heavy equilateral triangle hung up on a smooth 
peg by a string, the ends of which are attached to two of its 
angular points, rests with one of its sides vertical : shew that 
the length of the string is double the height of the triangle. 

20. Three equal heavy spheres lying in contact on a hori- 
zontal plane are held together by a string which passes round 
them. A cube, whose weight is W, is placed with one of its 
diagonals vertical so that its lower faces touch the spheres ; 

shew that the tension of the string is not less than -irin^ • 

21. A roof of given span is to be constructed of two beams, 
which are to be connected at the vertex by a single pin, and 
the weight of the roof would increase in proportion to the 
length of the beams : find the angle of incUnation to the 
horizon, when the whole pressure on the wall is the least 



Shew that the direction of the line of pressure will then 
make the same angle with the vertical line which the beam 
makes with the horizontal line, 

22. An endless string supports a system of equal heavy 
puUies, the highest of which is fixed, the string passing round 
every pully and crossing itself between each. If «, ft 7, &c. 
be the inclinations to the vertical of the successive portions of 
string, prove that cos a, cos ft cos ■/, &c. are in arithmetical 
progression. 
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23. ThrcB equal heayy cylinders, each of which touches 
the other two, are bound together by a string and laid on a 
horizontal table ao that their axes are horizontal : the tension 
of the string being given, find the pressures between the 
cylinders. 

W 
Reaulta. The horizontal pressure = T— ^t-t^ , the other 
^ 2 V3 

= ?"+ -js ; where T is the tension of the string, and W the 

weight of each cylinder. 

24. A string of equal spherical beads is placed upon a 
smooth cone having its axis vertical, the beads being just in 
contact with each other, ao that there is no mutual pressure 
between them. Find the tension of the string; and deduce the 
limiting value when the number of beads ia indefinitely great. 

25. A smooth cylinder is supported on an inclined plane 
with its axis horizontal, by means of a string which, passing 
over the upper surface of the cylinder, has one end attached 
to a fixed point and the other to a weight W which hangs 
freely : if a be the incUnation of the plane to the horizon, 
and B the inclination to the verticil of that part of the string 
which is fastened to the fixed point, the weight of the 
cylinder is 

„^ sin^gcos(3 + ig) 

2G. An inextensible string binds tightly together two 
smooth cylinders whose radii are given : find the ratio of the 
pressure between the cyhnders to the tension by which it is 
produced. 



^ 



4 



Meeult. 



J*! + »", ' 



where r^ and r, are the given radii. 



■ 27. A ring whose weight is P is moveable along a smooth 

rod inchned to the horizon at an angle a; another ring of 
weight P is moveable along a rod in the same vertical plane 
as the former and inclined at an angle a' to the horizon ; a 
string which connects these rings passes through a third ring 
of weight 2 W\ shew that the system cannot be in equilibrium 
unless 

Ptana-i''tan«'+ TP (tan a - tan a'J = 0. 
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28. A ball of given weight and radius is hung by a string 
of given length from a fixed point, to which is also attached 
another given weight by a string bo long that the weight 
hangs below the ball: find the angle which the string to 
which the ball is attached makes witb the vertical. 

BesuU. Let Q be the weight of the ball, P the weight 
which hangs below the ball, a the radius of the ball, I the 
length of the string; then the inclination of the string to the 







■^ij 



29. A right cone whose axis is a and vertical angle is 

2sin"' . /[^] is placed with its base in contact with a smooth 

vertical wall, and its curved surface on a smooth horizontal 
rod parallel to the wall : shew that it will remain at rest if 
the distance of the rod from the wall be not greater than a 



30. A paraboloid is placed with its vertex downwards and 
axis vertical between two planes each inclined to the horizon 
at an angle of 45° : find the greatest ratio which the height of 
the paraboloid may have to its latus rectum, so that, if it be 
divided by a plane through its axis and the line of intersec- 
tion of the inclined planes, the two parts may remain in 
equilibrium ; also find the least ratio, 

Bemlt. Let h be the height and 4a the latus rectum ; then 
the greatest and least ratios are deteraained respectively by 

31. Three bars of given length are maintained in a hori- 
zontal position, and tied together at their extremities so as 
to form a horizontal triangle ; and a smooth sphere of given 
weight and size rests upon them. Find the preasure of the 
sphere on each bar. 
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Oiie end of a string is fastened to a point in a smooth 
[ Tertical wall, the other to a point in the circumference of the 
base of a cylinder ; the cylinder is- in equilibrium, having a 
point of its upper end in contact witli the wall : find the 
distance of this point below the point in the wall to which 
the Btring is fastened. 

Restdt. Suppose x the required distance, I the length of 
the string, h the height of the cylinder, 6 the diameter of its 
base; then 

3a;' = ^ - A' - b\ 

33. The ends of a string are fastened to two fixed points, 
and from knots at given points in the string given weights 
are hung ; shew that the horizontal component of the tension 
is the same for all the portions into which the string is 
divided by the knots. Shew also that if the weights are all 
equal the tangents of the angles which the successive portions 
I of the string make with the horizon are in Arithmetical Pro- 
I gresaion, (Such a system is called a Funicular Polygon.) 

Two uniform beams loosely jointed at one extremity 

are placed upon the smooth arc of a parabola, whose axis is 

[ vertical and vertex upwards. If I be the semi-latus rectum 

[of the parabola, and a, b the lengths of the beams, shew that 

P they will rest in equilibrium at right angles to each other, if 

I and £nd the position of equilibrium. 

3.5. A quadrilateral is formed by four rigid rods jointed at 
the ends ; shew that two of its sides must he parallel in order 
that it may preserve its form when the middle points of either 

' pair of opposite sides are joined together by a string in a state 

, of tension. 

36. Four rods, jointed at their extremities, form a quadri- 
, lateral, which may be inscribed in a circle: if they be kept 

in equilibrium by two strings joining the opposite angular 
points, shew that the tension of each string is inversely pro- 
' portional to its length. 

37. Four equal and uniform heavy rods being jointed by 



J 
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hinges ro as to form a square, two opposite angles are con- 
nected by a string ; this frame-work stands on a fixed point, 
the string being horizontal : find the tension of the string. 
Result. Twice the weight of a rod. 

38. Four equal and uniform heavy rods are connected by 
hinges ; the system is suspended by a string attached to one 
hinge, and the lowest hinge ia in contact with a horizontal 
plane : find the tenaion of the string and the pressure on the 
plane. 

Mesult. Each is twice the weight of a rod, 

39. A regular hexagon, composed of six equal heavy roda 
moveable about their angular points, is suspended from one 
angle which is connected by threads with each of the opposite 
angles. Shew that the tensions of the threads are a,s i^3 : 2. 
Find also the strain along each rod. 

40. A regular hexagon is composed of six eqnal heavy 
rods moveable about their angular points ; one rod is fixed in 
a horizontal position, and the ends of this rod are connected 
by vertical strings with the ends of the lowest rod : fijid the 
tension of each string. 

Jtestdt I W; where Wia the weight of a rod. 

41. Suppose that in tho preceding Example each end of 
the fixed rod is connected with the more remote end of the 
lowest rod, so that the strings instead of being parallel are in- 
clined at an angle of 60° : find the tension of each string. 

Sesuit. W^V3. 

42. A regular hexagon is composed of six equal heavy 
rods moveable about their angular points, and two opposite 
angles are connected by a horizontal string ; one rod is placed 
on a horizontal plane, and a weight is placed at the middle 
point of the highest rod : find the tension of the string. 

Result. Let W be the weight of each rod, and W the 
weight placed on the highest rod ; then the tension ia 

V3 • 
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171. In the inveatigationa of the preceding Chapter, we 
have supposed that the surfaces of the bodies in contact are 
perfectly smooth. By a smooth surface is meant a surface 
which opposes no resistance whatever to the motion of a body 
upon it. A surface which doea oppose a resistance to the 
motion of a body upon it is said to be rough. In practice it is 
found that all bodies are more or less rough. 

The friction of a body on a surface is measured by the 
I" least force which will put the body in motion along the 
I surface. Friction acts in the direction opposite to that in 
■■which motion is about to take place, 

172, Coulomb made a series of experiments upon the fric- 
k tion of bodies against each other and deduced the following 
['laws. M4moires dea Savatts Strangers, Tom. x, 

(1) The Jnction varies as the normal pressure when the 
I materials of the surfaces in contact remain the same. When 
I the pressures are very great indeed, it is found that the fric- 
I tioQ is somewhat less than this law would give, 

(2) The friction is independent of the extent of the surfaces 
in contact so long as the normal pressure remains the same. 
When the 3urfa<;es in contact are extremely small, as for in- 
stance a cylinder resting on a surface, this law gives the 
friction much too great. 

These two laws are true when the body is on the point of 
moving and also when it is actually in motion ; but in the 
case of motion the magnitude of the friction is not always the 
same as when the body is in a state bordering on motion: 
when there is a difference the friction is greater in the state 
bordering on motion than in actual motion. 

T. S. li 
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(3) The friction is independent of the velocity when the hodij 
is in motion. 

It follows from these laws tliat if Pbe the normal pressure 
between two surfaces, then the friction is fiP, where ^ is a 
constant quantity for the same materials and is called the co- 
efficient of friction. 

The following results, selected from a table given by Pro- 
fessor Hankine, will afford an idea of the amount of friction as 
determined by experiment ; these results apply to the friction 
of motion. 

For iron on stone [l varies between "3 and 'T. 

For timber on timber '2 and '5. 

For timber on raetals '2 and -6. 

For metals on raetals "15 and '25. 

For full particulars on this subject we refer the reader to 
Coulomb's papers, and to the Memoirs published in the M^- 
moires de llnstitut, by M, Morin ; see also Rankine'a Manual 
of Applied Mechanics, and Moseley's Mechanical Principles 
of Engineering and Architecture. 

173. Angle of Friction. Suppose a body acted on only by 
its weight to be placed on a horizontal plane and the plane 
to be turned round a horizontal line xmtil the body begins to 
slide. Let W be the weight of the body and a the angle the 
plane makes with the horizon. The pressure of the body on 
the plane will be equal to the resolved part of its weight 
perpendicular to the plane, that is to Tf cos a. The friction 
is equal to the resolved part of the weight parallel to the 
plane, that is to W^ sin a. If /i be the coefficient of friction, 
■fre have 

Train a = /i IF cos a ; 
therefore tan a = ^ 

This experiment will enable us to determine the value of the 
coefficient of friction for different substances. The inclination 
of the plane when the body is Just about to slide is called 
the angle of friction. 

174. In Art, 32 we have found the condition of equilibrium 

of a particle constrained to rest on a sfnooth curve ; we proceed 



o the case of a particle on a rough curve. Suppose the curve 
i plane curve ; let X, Y be the forces which act on the par- 
ticle parallel to tlie axes of x and y exclusive of the action 
of the curve. The sum of the resolved parts of X and Y 
aloug the tangent to the curve is 



The sum of the resolved parts along the normal is 

If /i be the coefficient of friction the greatest friction capable- 
of being called into action is 

Hence, the condition of etiuilibrium will be that the •numerical 

value of X-r + Y -^ must be less than the numerical value 
as as 

"' " ( "^ J -^ j" ) ' ■without regard to sign in either case. 

[ Thifl may be conveniently expressed thus. 

We may exhibit this condition in a different form, as will be 
«en in the following Article. 

175. Next let the curve be of double curvature. Let P 
I denote the resultant force acting on the particle exclusive 
of the action of the curve ; X, Y, Z the components of P 
parallel to the axes ; l,7n,n the direction cosines of the tan- 
gent to the curve at the point where the particle is placed; $ 
the angle between this tangent and the direction of F. The 
resolved part of P along the tangent is P cos 0, and that at 
right angles to the tangent is P sin 8. Hence, if /* be the co- 
efficient of friction, we must have for equilibrium 
Pcaa 0< ftp ain 6; 

14—2 
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I' J ^1 + t^'- 

It is easy to shew that this result includes that of the former 



Article by putting h = 0, i 



ds 



, 1 = 



ds' 



176. A particle is constrained to remain on a rough sur- 
face: determine the condition of equilibrium. 

Let P be the resultant force on the particle exclusive of 
the action of the surface ; eft the angle between the direction of 
/"and the normal to the surface at the point where the particle 
is placed ; u = the equation to the surface ; x, y, s the co- 
ordinates of the particle. The resolved paxt of P along the 
normal is P cos ^, and that at right angles to the normal is 
/•sin ^. Hence, for equilibrium we must have 
Psin0 < fiP cos ; 



therefore 



i' ^ < y*' cos' ^ ; 
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177. In the following Articles of this Chapter we shall 
investigate certain equations which hold when the equilibrium 
of different machines is on the point of being disturbed. The 
equations in such cases will involve the forces acting on the 
machine and fi the coeflScient of friction. When we have 
found one of these limiting equations, we can draw the follow- 
ing inferences : 

(1) ^ If in order to satisfy the equation for a given set of 
forces it is necessary to ascribe to /* a value greater than it« 
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extreme value for the Biibstances id question, which is knowr 
by experimeiit, equilibrium is impossible. 



(2) If the limiting equation can be satisfied by ascribing 
to fi, values less than its extreme value, equilibrium may be 
possible. We say may be possible, because the limiting equa- 
tion may not be tbe only equation of equilibrium, aart of 
course for equilibrium it is necessary that all the appropriate 
equations be satisfied. 

We may illustrate the subject of friction by the solution of 
the following problem : 

A weight H* is placed on a rough horizontal plane ; a string 
is attached to W and passes over a fixed smooth puUy, and 
I to the other end of the string a weight P is attached. Deter- 
mine the limiting inclinations to the vertical of the string 
[ which passes from Wlo the fixed pully, when there is equi- 
I libriiim. 

Let 9 be the inclination of this string to the vertical. The 
f tension of the string is equal to P. The body on the rough 
I horizontal plane is acted on by the tension of the string, by 
I its own weight, by the resistance of the plane, which is at 
I right angles to the plane, and by the friction aloDg the plane; 
denote the resistance by It, and the friction by /iR. 

Then resolving tbe forces horizontally and vertically we 
have 

fiR = Psme, 
Il+Pmsd= W. 
Hence, eliminating B, we have 

fi{W-PcoBe)=PBme; 



therefore 



_ _ Pjin 9_ 

^- W-Pcose 

ain 

"i-costJ' 

W 
fhere k ia put for —p . 

We may, without any real loss of generality, suppose that 
' is a positive angle not exceeding a right angle. • 
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It may be shewn that the differential coefficient of i s 

^ k — cos p 

. A cos ^ — 1 



(A-cos&J' 



thia result will be useful as 



we proceed. 

I. Suppose ir less than P, so that It. is less than unity. 

Now ^ may have any value from zero up to a certain limit, 
known hy experiment, which we shall denote by tan e. Thus 
at the limit 



- COS 6 ' 



e) = is 



i 



therefore 

Let a. be the least angle which has i sin e for its sine, 
that 

sin {B + e) 

And as a is less than e the only solution admissible here is 

5 + 6=s7r— a. 

The expression t « is not positive unless Q is greater 

than the value which makes cos d = h; and for greater values 
of Q the expression decreases as 6 increases, and has its least 



value with which we are concerned when ^= a ; its value 

1 P 

then being ti that is, -vp.. 

Hence we have the following results : 

p 
If the coefficient of friction is less than -,„ there is no posi- 
tion of equilibrium. 
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P . , . 

If the coefficient of friction ia greater than ^ equilibrium 

will subsist for all values of 6 between tt — a — e and ^ . 

IL Suppose W greater than P, so that k ia greater than 
unity. 

In this case a is greater than e^ and the equation 
sin (B + e) =Bina 
has two solutions which may be admissible, namely, 
d+e = a, and 6 + e = -n' — a. 

The expression j-. a ^^ always positive, and as ^ in- 
creases from to g the expression increases up to a maximum 
value and then decreases. The maximum value is when 

•""- J ■'"''" Vptij •'•""". vfH^ ■ 

Hence we shall obtain the following results : 
If the coefficient of friction is not less than - 



^{tV'-P'}- 
equilibrium will subsist for all values of 6 between and ^ . 

P 

If the coefficient of friction is less than -™., equilibrium 

will subsist for all values of 9 between and a — e. 

P P 

Ifthe coefficient of friction lies between ri^a'nd -tttt,-; — j^, 

equilibrium will subsist for all values of d between and 
a — e, and between ir — a — e and ^ . 

III. Suppose W=P. In this case there is equilibrium 
when fl = 0, no friction being then exerted ; and besides this 
■we have results which may be deduced from those in the 
first case. Here a=e; if the coefficient of friction is less 



than unity there is no other poeition of equilibrium ; if the 
coefficient of friction is greater than unity equilihrium will 

also subsist for all values of 6 between n- — 2e and = . 

Or the results for the third case may be deduced from those 
given in the second case, observiDg that a = e. 



Equilihrium of Machines with Friction. 
178. Inclined Plane. 

Lot a be the inclination of the plai 
pose a force P, acting at an in- 
clination 8 to the plane and the 
body on the point of moving down 
the plane. Let R be the normal 
action of the plane, ^fl the friction 
which acts up the plane, W the 
weight of the body. Resolve the 
forces along and perpendicular to 
the plane; then, for equilibrium 
we have 

P,cos0 + /ifl- IF6lna = (1), 

.H + P,sin^-irco8a = (2), 

Substitute in (1) the value of fl from (2); thus 
p _ IF'sina— /xWcosa 



Next, suppose P, a force acting at an incliuation 9 to the 
plane, such that the body is on the point of moving up the 
plane, Friction now acts down the plane, and we shall Hnd 
p _ TP'sina + ZiTF'cosa 
' cos 5 +^ sin ^ 

This result may be deduced from the former by changing the 
sign of ft. 

There will be equilibrium if the body be acted on by & 
force P, the magnitude of which lios between P, and P^ 
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Suppose e to be the angle of friction, so that tan e =/i, 
then P,= ^ r — - ■ a = - ra— \ ■ 
' eoBfl — tanesiuff cos(tf+e} 
Similarly P, = ? j ■ , -^ . 
■* . ' cos [tf — ej 

Suppose we require to know the least force which will 
suffice to prevent the body from moving down the plane. 
The expression for P, will be least wlien cos [8 + e) is 
greatest, that ia when 5 + 6 = 0, that is when 6=^ — e; and 
thenP,= Wsia{a~e). 

Again, suppose wo require to know the least force which 
will suffice to move the body up the plane. The expression 
for P, will be least when cos {8 — e) is greatest, that is when 
6 = €; and then Pj= Wsia{ix + e) ; a force which is just 

t greater than this would move the body up the plane. 
The following problem will illustrate the subject of the 
inclined plane with friction. A weight W is placed on a 
rough inclined plane, and is attached by a string to a point 
above the plane : determine the limiting positions of equi- 
librium, 

■ Let a be the inclination of the plane to the horizon, /3 the 
inclination of the string to the plane, T the tension of the 
string, R the resistance of the plane. Since the body is con- 
strained ta remain at a constant distance from the fixed point, 
it must be situated on the circumference of a certain circle 
described on the plane; suppose the angular distance of the 

• position of the body from the lowest point of the circum- 
ference. The forces which act on the body at right angles 
to the plane are FFcos a, Tsin ,9, and E. Thus 
B+TBin^-WcoBa'^O (1). 

The forces which act on the body in the plane are TFsiuer, 
Tcos ^, and the friction /ifl. Resolve these forces along the 
radius and tangent at the point of the circumference at which 
the body rests. Thus 

TcoBff- Trsinacos5 = (2), 

ftB-W Biaix sine =0 (3). 



From (1) and (3) we obtain 

;ijrsin^ = /iT-Fcosa— TTsinasin^ 
hence by (2) 

/*tan^ = 



Therefore fi = 



_ /t cos a — am a am 6 
a a coij tf 

sin a sin 8 

cos a — sin a tan ^ cos 

cot sin 5 
cot a cot yS — cos ^' 



This result may then be developed in the manner already 
exemplified in Art. 177- 

179. Lever with Friction, 

e a solid body pierced with a cylindrical hole through 




I 



which passes a solid fixed cylindrical axis. Let the outer 
circle in the figure represent a section of the cylindrical hole 
made by a plane perpendicular to its axis, and the inner circle 
the corresponding section of the solid axis. In the plane of 
this section, we suppose two forces P and Q to act on the 
solid body at the points A and B. Also at the point of con- 
tact G there is a normal force B and a tangential force F. 
These four forces keep the body in equilibrium. 

Since R and F have a resultant passing through 0, it fol- 
lows, by Art. 58, that the resultant; of Paad Q must also pass 



['through C, Let 7 be the angle between the directions oi 
' P and Q, and S the resultant of P and Q ; tLen 

S' = F'+Q'-i-2PQcosy. 
. Let the direction of S he represented by the dotted line 
Lmaking an angle with 5. Then since F, B, and S are in 
■equilibrium, 

I s^Scose (1), 

I F==Ssme (2). 

I For the limiting position of equiUbrium F= fiR ; therefore 
I ta.ne = ii (3). 

We may now find the relation between P and Q, by taking 
moments round the centre of the exterior circle ; let »■ he the 
radius of this circle ; a and b the distances of A and £ from 

[ its centre ; a and >3 the angles which the directions of P and 

I Q make with these distances; then 

\ PasiQa + Fr=Qbsm^; 

|*r by (2) and (3). 

I TU 

I Pasina + 7r-^{P' + Q'+2PQcos7)' = Q&sinj9...(i). 

1 If we suppose the friction to act in the opposite direction to 
L that in the figure, we shall obtain 

, Paama ^^^(P' + Q' + 2P§cos7)*=G6sin;9...(5). 

Equilibrium will not subsist unless F, Q, a, b, a, ^, 7 are so 
adjusted that (4) or (5) can be satisfied without giving to fi 
a value greater than its limit known by experiment. 

The following form may be given to the limiting equation. 
Let s be the length of the perpendicular from the centre of the 
outer circle on the dotted hue. Since F, R, and S are in equi- 
librium, we have by taking moments 

Fr^Sa; 
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180. Wedge with Friction. (See Art. 1C8.) 
Suppose the wedge to be on the point of moving in the 
direction in which 2P ui^s it, and 
assume for simplicity that each face 
is similarly acted on by the obstacle. 
The forces which maintain the wedge 
in equilibrium are 2P perpendicular 
to the thick end, B perpendicular to 
each face, and /i,B along each face 
towards the thick end. Hence, re- 
solving the forces parallel to the direc- 
tion of 2P, 

P= It sinci + ^Bcosa.. 

Forces equal and opposite to R and /iR act on the obstacle 
at each point of contact. If R' be the resultant of R and fiR, 
we have 

J!'-iiV(l+/'') (2). 

Let S be the resolved part of R' along a direction making 
ananglei with that of -Sand i' with that of ^ (see Art. 1U8); 
then 

iS = if cosi' 

= R COS 1 -t- fiR sini (3). 

(1), (2), and (3) will give the ratio of F to R' and of P to S. 

18L .Screw teith Friciim. (See Arts. 169, 170.) 

If the surfaces of the screw are rough it is kept in equi- 
librium by W, P, a system of forces perpendicular to the 
surface of the groove, and a system of forces arising from 
friction. Let R, denote one of the forces perpendicular to the 
surface of the groove, (iR, the corresponding friction ; then S, 
makes an angle a. with the axis of the cylinder on which the 
screw is raised, and fiR^ an angle Jtt — a with the axis of the 
cylinder. Suppose IF about to prevail over P; then resolving 
the forces parallel to the axis of the cylinder, and taking 
moments round it, we have 

Tf - Sfl (cos a + ;i sin a) = 0, 
Pa — SR (sin a — ^ cos a) 6 = 0, 
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W a {cos a H-^ sin a) 



' tan a — fi 
E 1 + ^ tan a 



= - tan (a — e), 



If we suppose P about to prevail over W, ^ 
I similarly 



I 
I 



EXAMPLES. 

1. A rectangular prism, whoae breadth is 2.8-^ feet and 
thickness less than 2 inches, is laid with its axis horizontal, 
and with its smaller face on an inclined plane where the 
coefficient of friction is ^. Shew that if the inclination of 
the plane is gradually increased, the prism will roll before it 
"will elide. 

2. If the roughneaa of a plane which is inclined to the 
horizon at a known angle be such that a body will just 
rest supported on it, find the least force requisite to draw 
the body up. 

Results. Let a be the inclination of the plane, TT the weight 
of the body; thentheforcemust be just greater than If sin 2a, 
and act at an inclination a to the plane, 

3. Two rough bodies rest on an inclined plane, and are 
connected by a string which ia parallel to the plane ; if the 
coefficient of fHction be not the same for both, find the 
greatest inclination of the plane which is consistent with eqni- 
ubrium. 
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4. A rectangular table stande on a rough inclined plane, 
and tas two sides borizootal : if the coefficient of friction of 
the lowest feet be /i and that of the others be fi!, find the 
incUnatioa of the plane when the table is on the point of 
fiUdin 

6. Two unequal weights on a rough inclined plane are 
connected by a string which passes through a fixed pully in 
the plane : find the greatest inclination of the plane coosifiteut 
with the equilibrium of the weights, 

Iv,— ITj 

6. A heavy uniform rod whose length is 2a is supported 
by resting on a rough peg, a string of length I being attached 
to one end of the rod and fastened to a given point in the 
same horizontal plane with the peg. If when the rod is on the 
point of sliding the string is perpendicular to it the coefficient 

of friction is - . ' ' 

7. Two weights P, Q of similar material rest on a rough 
double inclined plane, and are connected by a fine string 
passing over the common vertex : Qiaoa the point of motion 
down the plane, shew that the weight which may be. added tQ 
P without producing motion is 

Psin Sixain (3+ g) 
^^-<^)sin(a-^' 
a, (9 being the angles of inclination of the planes and tan ^ 
the coefficient of friction. 

■ 8, A weight P is attached to a point in the circumference 
of a rough circular ring whose weight is W : shew that the. 
ring will hang on a horizontal rod in a plane perpendicular to 
it with any point of the ring in contact with the rod, if the 
coeflicient of friction be not less than 

1 . TT 

-77-i r~ci~\' ■where « = -„. 

9. Two equal hea*y rings are moveable on a horizontal 
rough rod ; a string of given length which passes through 



sinSe 



them haa both enda attached to a given weight; find the 
greatest possible distance between the img%, 

10. Three equal hemispherea, having their baees down- 
wards, are placed in contact with each other upon a horizontal 
table; if a smooth sphere of the same substance and equal 
radius be placed upon them, shewthat there will be equilibrium 
or not, according as the coefficient of friction between the 
hemispheres an(i the table is greater or less than JV2- 

n. A uniform rod rests wholly within a rough hemi- 
spherical bowl in a vertical plane through its centre, prove 
that the limiting position of equilibrium will be given by the 
equation 

~ 2 cos (/S 4 e} cos (^ - e) ' 

being the inclination of the rod to the horizon, 2j8 the 
angle it subtends at the centre, and tan£ the coefficient of 
friction. 

12. A thin rod rests in a horizontal position between two 
rough plMies equally inclined to the horizon, and whose 
inclination to each other is 2a: if /t be the coefficient of 
friction, then the greatest possible inclination of the line of 

intersection of the planes to the horizon is tan"' ~. , 

sin a 

13. A surface is formed by the revolution of an equi- 
lateral hyperbola about one of its asymptotes which is ver- 
tical; shew thiit a particle will rest upon it, supposing it 
rough, anywhere beyond the intersection of the surface with 
a certain circular cylinder. 

14. A heavy particle under the action, of gravity will rest 
on a rough paraboloid — h '^ = 2z, if it be placed on the 
surface at any point above the curve of intersection of the 
surface with the cylinder ~3+^=f-'; the axis of the para- 
boloid being vertical, its vertex upwards, and /* the coefficient 
of friction. 



. 15. A rougk elliptic puUy of weight Wean turn freely 
about one extremity of its major axis, and two weights, P, Q, 
are suspended by a string which passes over the pully ; when 
ih equilibrium its plane is vertical, and its axis inclined at 
60° to the horizon, prove that the excentricity of the ellipse 
is equal to 

-Tf -P)(Q-Tr-3P)1 



V{(3(34 



(Q-i'JVS 



Ifi. A heavy hemisphere reata with its convex surface on 
. a rough inclined plane. Find the greatest possible inclina- 
tion of the plane. 

17. One end A ot a. heavy rod ABC rests against a rough 
vertical plane ; and a point B of the rod is connected with a 
point in the plane by a string, the length of which is equal 
to AB : determine the position of equilibrium of the rod, and 
ehew how the direction in which the friction acts depends 
upon the position of B. 

18. Three equal balls, placed in contact on a horizontal 
plane, support a fourth bait. Determine the least values of 
the coefficients of friction of the balls with each other and 
with the plane, that the equJHbrium may be possible. 

Meaiilts. Let If be the weight of each of the three lower 
balls, W the weight of the upper, ^ the angle which the 
straight line joining the centre of the upper ball with the 
centre of one of the lower balls makes with the vertical ; then 

the coefGcicnt of the fnction between the balls is tan — , and 

the coefficient of the friction between the balls and the plane 

is -jtt; — =-jj^tan ^. If all four balls are equal we have 

-V2- 



19. Determine the curve on the rough surface of an 
elhpsoid, at every point of which a particle acted on by three 
equal forces whose directions are parallel to the axes of the 
ellipsoid, will rest in a limiting position of equilibrium. 



EXAMPLES. 
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20. BGDE is a square board ; a string is fixed to a point 
Aiaa. rough wall and to the corner B of the board. Shew 
that the board will rest with its plane perpendicular to the 
wall, and its side CD resting against it, if ^C be not greater 
than/i50. 

21. A rectangular parallelepiped of given dimensions ia 
placed with one face in contact with a rough incliued plane ; 
determine the limits of its position in order that equilibrium 
may exist. 

22. A board, moveable about a horizontal straight line in 
its own plane, is supported by resting on a rough sphere 
which lies on a horizontal table ; find the greatest inclination 

it which the board can rest. 
Result. Let d be the inclination of the board to the hori- 
I- zon ; then tan 5 = /*, where /* is the coefficient of the friction 
r between the board and the sphere. 

A string FOB passes over a smooth pully 0, and 
F has a given weight P attached to one extremity, while the 
I other extremity B is attached to one end of a heavj' uniform 
1 AB at B. The other end A of the beam rests upon 
I a rough horizontal plane ; determine the position of the heam 
V "when in equilibrium. 

24. A hemisphere is supported by friction with its curved 
I surface in contact with a horizontal and vertical plane : find 
f the limiting position of equilibrium. 

Besult. If 9 be the inclination of the plane base to the 
I horizonj sin S ■■ 



3(1+/.')' 



25. When a person tries to pull out a two-handled drawer 
by pulling one of its handles in a direction perpendicular 
to its front, find the condition under which the drawer will 
stick fast. 

26, Determine the condition under which a given weight 
may be supported on a rough vertical screw without the 

T. s. 15 



actipn of any force ; for example, if the coefficient of friction 
be J, find the least number of turns which may be given to 
a thread on a cylinder 2 feet long and 6 inches in circum- 
ference. Besull, Eight, 

27. Two uniform beams of the same length and material 
placed in a vertical plane, are in a state of rest bordering 
on motion under the following circumstances: their upper 
ends are connected by a smooth hinge, about which they 
can move freely ; their other ends rest on a rough horizontal 
plane, and the heams are perpendicular to each other : find 
the coefficient of friction between the beams and the hori- 
zontal plane. Mesidt. iJ- = i. 

28. A straight uniform beam is placed upon two rough 
planes whose inclinations to the horizon are a and a', and 
the coefficients of friction tan X and tan \' : shew that if be 
the limiting value of the angle of incHnation of the beam to 
the horizon at which it wiU rest, W its weight, and H, S the 
pressures upon the planes 

2 tan e = cot (a + V) - cot (a - \), 

R Jl' _ W 

cos \ sin (a'+X) cos X' sin (a — \) sin (a — X + a'+V) ' 

29. A heavy right cylinder is placed with its base on a 
rough horizontal plane, and is capable of motion round it-i 
axis: find the least couple in a horizontal plane which will 
move it. 

30. Two weights of different material are laid on an in- 
clined plane connected by a string extended to its full length, 
inclined at an angle 6 to the line of intersection of the inclined 
plane with the horizon ; if the lower weight be on the point 
of motion find the magnitude and direction of the force of 
friction on the upper weight. 

31. A carriage stands upon four equal wheels ; given the 
coefficient of friction between the axles and the wheels find 
the greatest slope on which it can remain at rest neglecting- 
the weight of the wheels. 




CHAPTER XL 

FLEXIBLE INEXTEKSIBLE STRINGS. 



1S2. A STEING is said to be perfectly fleidhle wiien any 
force, however small, which is applied otherwise than along I 
the direction of the string, will change its form. For shorts- I 
ness, we use the word fiexihle as equivalent to perfecUi/ 1 
fiexible. Sometimes the word chain is used as synonymous ( 
with string. 

If a flexible string be kept in equilibrium by two forces, j 
one at each end, we assume as self-evident that those forces f 
must be equal and act in opposite directions, so that the I 
string assumes the form of a straight line in the direction of J 
the forces. In this case the tension of the string is measured | 
by the force applied at one end. 

Let ABC represent a string kept in equilibrium by a I 

force T at one end A and an equal force T . 

at the other end C acting in opposite direc- "* b 

tions along the line A G. Since any portion AB of the string 
is in equilibrium it follows that a force T must act on AB 
at B from B towards C in order to balance the force acting 
at A ; and similarly, a force T must act on BC from B to- 
wards A in order that BG may be in equilibrium. This result 
is expressed by saying that the tension of the string is the same 
throughout. 

Unless the contrary be expressed, a string is suppof 
ines^ensible and the boundary of a transverse section of it is i 
supposed to be a curve, eveiy chord of which is indefinitely ] 



183. "When a flesible string is acted on by other forces 
"besides one at each end it may in equitibrium assumi 
fu/rvitinear form. If at any point of the curve we suppose I 
L 15—2 



a section made by a plane perpendicular to the tangent, the 
mutual action of the portions on opposite sides of this plane 
must be in the direction of the tangent, or else equilibrium 
would not hold, since the string is perfectly flexible. 

184. A heavy string of uniform d&nsity and thickness is 
suspended from two given points; required to find the equa- 
tion to the cunie in tvhioh the string hangs -when it is in equi- 
libnum. 

Let A, B be the fixed points to which the ends are 
attached ; the string will rest in a 
vertical plane passing through A 
and B, because there is no reason 
why it should deviate to one side 
rather than the other of this ver- 
tical plane. Ijet ACB be the form 
it assumes, being the lowest 
point ; take this as the origin of 
co-ordinates ; let P be any point in 
the curve ; CM, which is vertical, 
= y ; MP, which is horizontal, = x ; 
CF = s. 

The equilibrium of any portion CP will not be disturbed 
if we suppose it to become rigid. Let c and ( be the lengths 
of portions of the string of which the weights equal the 
tensions at G and P. Then CP is a rigid body acted on 
by three forces which are proportional to c, s, and (, and act 
respectively, horizontally, vertically, and along the tangent 
at P. Draw PT the tangent at P meeting the axis of y 
in T; then the forces holding CP in equilibrium have their 
directions parallel to the sides of the triangle PMT, and 
therefore bear the same proportion one to another that 
sides do (see Art. 19); therefore 
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MT 



tension at lowest point 
weight of the portion CP ' 



dx _ 
dy~ 



J + c 



^v(c'+o ■ (i; 



A 



Blie constant added being such that y = Q when s = ; there- 



s' = y + 2yc.. 



..(2). 



y + c + vV+V) 



I the constant being chosen ao that x and y vanish together, 
■ The last equation gives 

Transpose and square ; thus 

c=e^-2(i/ + c)ce°4-c' = 0; 

|thei-efore y + c=\c{e'-\-e ') (4), 

lAlso s = V[(^ + c)'-c'] by (2) 

= ^{J-e"') (5). 

jiy one of these five equations may be taken as the equation 
l-to the curve. If in equation (4) we write y' for y + c, which 
I amounts to moving the origin to a point vertically below the 
I lowest point of the curve at a distance c from it, we have 

I When the string is uniform in density and thickness, as in 
[the present instance, the curve is called the common catenary. 

185. To find the tension of the string at any pmnt. 

Let the tension at P be equal to the weight of a length iof 
^e string; then, as shewn in the last Article, 

tension at P PT „ . t ds 
— ^-~ — - — T-F . = sr7>, thereiore - = -y-, 
weight of OP TM _ 8 dy 



But s" = j' + 2yc by equation (2) of Art. 18i, therefore 

This shews that the tension at any point is the weight of 
a portion of striug whose length is the ordinate at that poiatj 
the origin being at a distance c below the lowest point. 

Henco, if a uniform string hang freely over any two points, 
the extremities of the string will lie in the same horizontal 
line when the string ia in equihhrium, 

186. To determine the constant c, the position of the points 
of suspension and the length of the string being given. 

Let A and B be the fixed 
extremities, (7 thelowest point 
of the curve, 

00=0, OM=a, 
ON=a\ MA = h, . 
NB^h\ CA^l, CB=V. ■ 
Also let a + a' -■ 

b-b' = k\ (1); 

l + l' 

then h, 1c, \ are tnown quantities, since the length of the string 
and the positions of its ends are given. JFrom Art. 184 



y J 

-k— ■ ■ i s 



r 



-e') 






Equations (1) and (2) are theoretically sufBcient to enable 
us to eliminate a, a, b, b', I, and I' and to determine c. Wo 
may deduce from them 

X = |c (e' — e " + e° — e '}, 

k='io{e" + e " -e° — e '); 
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\ + 7c = c(e° — e '), 
X—k = c{e' — 6 '); 



2) 



therefore ^{X''~Jc')=c{^-e~^} (3). 

This is the equation from which c is to be found, but on 
account of its transcendental form it can only be solved 
by approximation. If the exponents of e are small, wc may 
expand, by the exponential theorem and thus obtain the ap- 
proximate value of c. In order that the exponents may he 

I small, c must be larce compared with h : since -j- = -rr-; k 

. ° ^ 'da V(c +s) 

by Art. 184 it follows that when c is large, compared with 

the length of the string, -j- is small, and therefore the curve 

does not deviate much from a horizontal straight line. Hence, 
when the two points of support are nearly in a horizontal line 
and the distance between them nearly equal to the given 

length of the string, we may conclude that - will be small. 

In this case, we have from (3) 

therefore t/{\' — A'} = A + y-, approximately. 

The right-hand member of (4) continually decreases as c' 
increases ; so that there cannot he more tban one value of c* 
which satisfies the equation. 

187. To find the equations of equilibrium when a flesdble 
string is a^ted on by any foi-ces. 

Let X, y, z be the co-ordinates of a point P of the string ; 
let 8 denote the length of the curve BP measured from some 



FLEXIBLE STBENG. 

fixed point B up to P, and Za the length of the arc PQ 
between P and an adjacent point Q. Let le be the area of a 
Bection of the string at /*, andp the density at P; let 2" be the 

tension of the Btriii" atP; then T^z-, T ? , and T^^ are 

as as as 

the resolved parts of T parallel to the co-ordinate axes ; and 
the resolved parts of the tension at Q parallel to the axes will 
be, by Tajlor'a Theorem, 



+■ -J- IT-j-\ Bs + terms in (^s)', &c 



Ti^^lfr^'' 



ii' 



^S+l(^£)^+- 



Let XpKSs, YpxSs, ^pxSs be the external forces which 
on the clement PQ parallel to the axes. The equilibrium 
of the element will not be disturbed by supposing it 
become rigid ; hence, by Art. 27, the sum of the forces 
parallel to the axis of w must vanisii ; thus 



act 1 

ium 1 

; to 

rces ' 



T,da! , d 



ds \ dsj 



■^-^'£=0- 



^^ ( r J) + Xp« = ultimately. 



SimUarly |(J'|)+F,. = 0,, 



ds \ 



]+Zpic = 0. 



The product Kp may be conveniently replaced by m, bo 
that if m be constant ml represents the mass of a length / 
of the string, and therefore m the mass of a unit of length 
of the string. If m be not constant, conceive a string having 
its length equal to the unit of length and its section and 
density throughout the same as those of the given string at 



the point (a;, y, z), and then m will be the mass of Buch sup- 
posed string. 

The element Ss of the string, the equilibrium of which 
we have considered, becomes more nearly s. particle the more 
we diminish Bs ; hence it is sufficient to consider the three 
equations of Art. 27 instead of the six equatious of Art. 73. 

The three equatious which we have found are theoretically 
sufficient for determining T,y, and z as functions of x, remem- 

beriog that £ - ^{l + (jl)' + (J)] ; aod wheE we know 
the values of if and a in terms of x, we know the equations 
to the curve which the string forms. 



, 188. The equations for the equilibriuna of a flexible string 
may be Written thus : 



j.d^.dTdj, ^^^^ 



Multiply these equations by -j- , -^ , and -, - respectively and 



4 



add ; then, since 



s)"- ©'+©'-. 



dx d'a dt/ d*y ,dzc 
da dn* ds ds' da t 



dT, 
d>' 



therefore T+lm(x~ + r J + ^^)A = constnnt...(3), 






FLEXIBLE smma. 

If the forces are such that m {Xdx + Ydy + Zdz) is the im- 
mediate differential of some function of x, y, z, asf{x, y, z), 
then 

T+f{x, y, z) = constant. 

If the forces are such that their resultant at every point 
of the curve is perpendicular to the tangent at that point, 
we liave 



0. 



as as as 

therefore, by (3), Tis constant. 

In the equations (1) transpose the tenns m.T, mY, mZli 
the right-hand side, then square and add; thus 



-{©■-(S)'-(S)]-(S 



'dT^_ 



:m*(X''+ r' + 2''). 



Hence if p be the radius of absolute curvature of the curve 
formed by the string, and FmBs the resultant external force 
on the element Ss, so that i^' = X'+ Y' + Z', 



(f) 



[dsj 



..(I).- 



dT 



If T be constant -^ = ; hence in this case mF varies as - 



From the equations of equihbriura in J 
integration, 

T^ = -lmXds. 



e deduce by 



ds 



-jmYds, 
■■ - JMZds. 



rpdz__ 
^ dl^ 

Si^uare and add ; then 

T^iJmXdsY- 

The constants that enter when we integrate the difierential 
equations of equilibrium must be determined from the s] 



f/7AtFd4r+ [^mZdsY (5). 
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QENERAl EQUATIONS OF EQUILIBKrmu. 
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circumstances of each particular problem. Thus the co- 
ordinates of fixed points to which the ends of the string 
are attached may be given, and the length of "the stri^. 
Or, besides the forces represented by mXSs, mYZs, and mZSs 
acting on each element, given forces F^ and F^ may act at 
the extremities of the string ; in this case if T^ and 2^ denote 
the values of T at the two extremities of the string, we must 
have T^ equal in magnitude to F^ and opposite to it in 
direction, and similarly for T^ and jP,. 

dT 
189. From equations (1) of Art. 188, eliminate T and -.- ; 



then we have 



„ f^j/ dz tfff dy\ Y f^'' ^ ^^ ^^\ 
\ds* da ds* da) \da' ds d*" dsj ' 

yds' da ds' dsJ ' 
this shews that the resultant external force which acts on an 
element Ss of the string lies in the osculating plane at the 
point {x, y, z). 

190. The general equations of equilibrium become, when 
all the forces are in one plane, namely, that of {x, y), 



U^'ih'^"'' 



ds V dsi 



+mr-o.. 



.(1). 



Suppose X=Q, 80 that the external force is parallel to the 
axis of y ; the first equation gives 

dx 

T -J- — 3. constant, C say. 



therefore 



0_ 

~ dx' 



,.(2). 



Hence the second equation becomes 



s \dj:J 
^ d'ff dx 



BXEXIBLE STRDSG. 

For example ; req^iired the form of the curve when its 
weight is the only force acting on it, and the area of the 
section at any point is proportional to the tension at that 
point. Here Yis constant and may he denoted by ~g, the 
axia of y being vertically upwards. And T varies as m, so 
that T=Xm where \ is a constant. Thus from (2) and (3) 
we obtain 



dx^ \dsj 



d7^ 



^m 



therefore 



tan"' 



dx 



= - + constant. 



J 



The constant vanishes if we suppose the origin at the lowest 
point of the curve ; therefore 
dy 



= tan - ; 



' = — log cos - . 



.(4). 



therefore 

Since in thia case the area of the section at any point is pro- 
portioua! to the tension at that point, the curve determined by 
(4) is called the Catenary of equal strength. 

Since T^Xm^^mag, we have the following result: the 
tension at any point is equal to the weiglit of a length a of 
a uniform string of the same area and density aa the string 
actually has at the point considered. 

191. The equations (1) of the preceding Article may be 
written 



„d^y dTdy 



.(1). 

.(2> 
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tiply (1) by -j and (2) by -,- and subtract ; thus 
\d^ ds dif' dsj~^ V"- ds dsj "' 



from which, since 



^^ + ^^^ = fid 
da ds' ds ds' ' 

dx 

^=^"(^1-41 (■' 

ds* 
Again, multiply (1) by -j- and (2) by -J- and add ; then 
dT f ^dx ^dy\ 

From (3) and (4) by eliminating T, we deduce 
dx 



,.(1). 



3 when given forces 



which is the general equation to the c 
act in one plane. 

192, In Art. 188 we have found the equations 



.(2). 



ds ' 



©'-©■= 



Let 1^ be the angle which the resultant force mFSs makes 
with the tangent at the point {x^ y, z) ; then 

.dz 
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therefore by (1), 

dT ^ ^ 



and therefore, Ijy (2), 

f -- j = Tw" J"' sin' ^ , (4), 

If the force be such that its direction always passes through 
a fixed point, the whole string will lie in a plane passing 
through its ends and through the fixed point, for there is 
no reason why it should lie on one side rather than the 
other of this plane. Let r be the distance of the point 
{x, y, z) of the curve from the fixed point, p the perpendicular 
from the fixed point on the tangent at {x,y, z) ; then (3) and 
(4) may be written 

(5), 







dT _ dr 










?.mfS 

P r 


Hence 




1 dT r dr_ ldp_ 
T ds ~ ppds~ pds' 


therefore 




log T= constant — logp, 


or 




Tp-0. 


Also, from 


(3) 


T--JmFdr. 


Therefore 




^=-SmFdK 
P 


Put ^ (r) 


or 


-JmFdr; then 



and from this differential equation the relation between r and 
$ must be found. 

The equation Tp=0 may also be obtained simply thus : 
Buppose a finite portion of the string to become rigid; this 
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portion is acted on by the tensions at its two ends anii by 
other forces which all pass through a fixed point; take momenta 
round this fixed point ; hence the product of the tension into 
the perpendicular from the fixed point on the tangent must 
have the same value at the two ends of the finite portion of 
the string. Thus Tp = constant. 

193. The results of the last Article give us the form of a 
string when acted on by any central force; these results may 
also be obtained directly in the following manner. 

Let be the centre of force, F a point in the curve, Q an 




adjacent point ; r, 6 the polar co-ordinates of P; let s be the 
length of the curve measured from some fixed point up to P, 
and PQ = h. Draw PL the tangent at P; and PN, ^iV nor- 
mals at P and Q respectively, then PN is ultimately the radius 
of curvature at P. Let T denote the tension at P, T+STthe 
tension at Q,i^mSsthe force acting on the element PQ, which 
will ultimately be in the direction OP produced. 

Let PNQ = ijr, and </> be the angle between PL and OP 
produced. Resolve the forces acting on the element along PL 
and PiV; then 

( T+ ST] cos -^ + FmBs cos - r= 0, 

{T+&T) sin if- - FmSs sm ^ = 0. 

sin^= — ultimately, and cob-^=1. 
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Ilence tlie eijuations become 

iT+FvtBscosd> = 0, 



-J— + Fin. cos ^ = 



0, 



I 



and Fm sin A = 0, 

p 

and tlie solution may be continued as in the last Article. 

We have supposed tbe force repulsive, that is, tending 
from ; if it act towards the figure will be convex towards 
and we sball have the results 



dT 
da " 



mFco8<f) = 0, mFsm<f. 



A BtHng is stretched over a smooth plane curve; 
e tetision at any point and the pressure on tlie curve. 



194. 

find ti 

First suppose the weight of the string neglected. 

let AFQB be the string, A and B being the points where 




it leaves the curve. Let f, Q be adjacent points in the string ; 
let tlie nonnals to the curve at P and Q meet at 0; let 5 be 
the angle which PO makes with some fixed straight line, and 
6 + hd the angle which QO makes with the same line. The 
element PQ is acted on by a tension at P along the tangent 
at P, a tension at Q along the tangent at Q, and the resistance 
of the smooth curve which will be ultimately aloug PO, 
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, Let s be the length of the curve measured from soine fixed 
point up to P, and PQ = Bs ; let BBs denote the resistance of 
the curve on PQ, T the tension at P, T-^- hT the tension 
at Q. Suppose the element PQ to become rigid, and resolve 
the forces acting on it along the tangent and normal at P ; 
then 

I'_(2'+Sr)cos85 = 0„. (1), 

^Sj-Cr+SI") sinS^i^O (2). 



Now 



(89)' , (m 



%-{T^lT)\ 



hence (1) gives by division by h 
therefore ultimately 

'therefore 2"= constant (3). 

'Also fis = pW ultimately, p being the radius of curvature at P, 
therefore, from (2), we have 



^ 



■■{*)• 



Since T is constant, the string will not be in equilibrium 
unless the forces pulling at its two ends are equal ; this ia 
usually assumed as self-evident in the theory of the puUy. 

The wlioh pressure on the curve will be /JJc& ; therefore by 
(4), the whole pressure 



J P 



jTdd. 



Since T is constant, ^Tde = 3"^ + constant ; 

therefore the whole pressure = T{d^~6^, supposing ( 
value of d at A, and S the value of t^t B, 



STBINO ON SMOOTH CUBVE, 



Nest suppose the weight of the string taken into account, 
and the plane of the string vertical. 




Take the axis of y horizontal and that of x vertically 
downwards. The element PQ is acted on by a tension at P 
along the tangent at .P, a tension at Q along the tangent at 
Q, the weight of the element vertically downwards, and the 
resistance of the smooth curve which will be ultimately along 
the normal at P. Let 6 be the acute angle which the normal 
PA" makes with the axis of ic, 8 + 8d the angle which the 
normal QN makes with the axis of ic. Let s be the length 
of the curve measured from some fixed point up to P, and 
PQ = Bs; let T be the tension at P, and 2'+ ST the tension 
at Q ; let mgBs be the weight of the element, and BBa the 
resistance of the smooth curve on the element. Suppose the 
element PQ to become rigid, and resolve the forces acting on 
it along the tangent and normal at P; then 

T-(T+ST)cosBe-7ngSssine = (5), 

BB3-{T+ST} sia M - mgSs cos d = (6). 

From (5) we obtain ultimately 

dT 

-^^-mg^mB (7), 



STBINa OS SMOOTH CURVE, 
and from (6) 

B=- + mgcos0 (8), 

where p is the radius of curvature of the curve at P. 

Since the curve is supposed to be a known curve, s and p 
may be supposed known functions of 5; thus (7) and (8) will 
enable us to find T and Jt in terms of 0. Or we may express 
T and Jt in terms of the rectangular co-ordinates of the point 
P; for if we denote these co-ordinates by x and y, we Lave 



dx „ du 



Uiua (7) may 


be written 






dT 
ds~ 




therefore, if Wi be constant. 






T — 


mgi^+C. 
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where C is some constant ; the value of this constant will he 
known if the tension of the string be known at some given 
point, for example at A or at S. 

Also from (8) 



and p and -Ji \ 
curve is known, 

In the above investigations we stated that the resistance 
of the curve on the element PQ acts ultimately along the 
normal at P ; and in forming the equations of equilibrium 
of the element of the string we supposed the resistance to act 
strictly along the normal at P. It is easy to shew that no 
error is thus introduced. For at P the resistance is along 
tlie normal at P, and at Q the resistance is along the normal 

16—2 



therefore - 



at Q, hence the resistance on the element PQ may be taken 
to be a force which acts in some direction intermediate be- 
tween the directions of these two normals; suppose ■^ the 
angle which its direction makes with that of the normal at P. 
We should then write £8scos-^ instead of BBs in the equa- 
tions (2) and (6), where i^ is an angle less than Bd ■ hence in 
the limit cos 1^=1 and equations (4) and (8) remain un- 
changed. Also the term RS3 sin -^ must be introduced into 
equations (1) and (5) ; thus equation (1) becomes 

T - (T+BT) cos Ze -BBs8ia^fr = 0; 

and ultimately Ta~ P ^'^^ ^^^ V' = ; hence aa before . 

d0 ^■ 

Similarly we may shew that equation (7) remains tnie after 
the introduction of the term JtSs sin yfr into equation (5). 

, 195. A string is stretched over a rough plane curve ; to find. 
the tension at any point and the pressure an the curve in the 
limiting position of equilibrium. 

First suppose the weight of the string neglected. See the 
first figure of Article 194. 

The element PQ is acted on by a tension at P along the 
tangent at P, a tension at Q along the tangent at Q, the re- 
sistance of the curve which will be ultimately along the nor- 
inal at P, and the friction which will be ultimately along the 
tangent at P and in the direction opposite to that in which 
the element is about to move. Let 1' denote the tension at 
P, T-l-SI'that at Q, RBs the resistance, ftESa the friction; 
suppose the string about to move from A towards £. Sup- 
pose the element PQ to become rigid, and resolve the forces 
acting on it along the tangent and normal at P; then 



T+ fiRBs -(T+BT)cosW = (i. 
SSs -{T+ ST) BiaW = 0.. 



■(1). 
.(2)- 



r KOUUU tlURVl 



From (1) V 



and from ( 



! have ultimately 
dT 
th 



= liE.. 



— R.. 



■■<?). 



where p is the radius of curvature at P; 

,. , f dT \ dT 

therefore f-J^-ft "lTt=l'- 

therefore log T= /iff + constant, 

therefore T= (V. 

Let 2", be the force which acts on the string at the end A, 
and therefore the value of T at this point ; and let T^ be the' 
force at 5; let ^^ and $^ be the corresponding values of 6 ; 



then 

tlierefore 









= — ' e»W-*i> + constant ; - 
therefore the whole preseure on the corve 



4 



r.e-rt 



-e^.)=- 



T.-T, 



Next suppose the weight of the string taken into account, 
and the plane of the string verticaL Proceeding as in the 
second case of Art. 194, and supposing the string about to 
move from A io B, vs have 



r-(r+sr)cos89->i 

Bls-i.T+iT)ii 



n« + ,.flS» = (5), 

•mgisca86=0 (6), 



1» 


STHINQ ON SMOOTH SOHFACE. 


From (5) 


we obtain ultimately 




■j- = fjJi — mgBm6, 


and from 


(6) E^^+mgcmB; 


therefore 


~ = 'j-^r.,0.oo.e-smB), 


therefore 


P^-t'^='^9 0'^sff-si'^^P 


that is 


dT 

2g -fiT= mg{ji cos 6- sin 0} p 



Thus we have a differential equation for finding T, and we 
may proceed in the ordinary way to obtain the solution. 
Multiply both sides of the laat equation by e"''*; thus 

— ( Te-"-'] = mge-i^ {fieoa8- sin 6) p ; 

therefore Te'"' = I mge'i^' (/i cos 5 — sin ^ pd0. 

Hence when p is known in terms of 6 we shall only have 
to integrate a known function of 6 in order to obtain the value 
of Tin terms of d. 

196. To form the equations of equilihrium of a Btring 
fetched over a smooth surface and acted on by any forces. 

Let s be the length of the string measured from some fixed 
point B to the point P ; x,y,z the co-ordinates of P; hs the 
length of the element of the string between P and an adjacent 
point Q ; mSs the mass of the element ; RSa the resistance of 
the surface on this element, the direction of which will be 
ultimately the norma) to the surface at P; let a, ff, y be the 
angles which the normal at P makes with the axes ; A'mS*, 
TmSs, ZmZa the forces parallel to the axes acting on the 
element, CKclusive of the resistance flSs. Hence, in the equa- 




btehtq on smooth SURFACB, Si'F 

taoas of Art, 187, for Xm we must put Xm + R cos a, and 
_ make similar substitutions for Ym and Zm ; therefore 

l(^S+^'" + ^-^=' = <» ^1)' 

^{^T^£) + Y^ + Rco.0 = O (2), 

s(^S)-^^'" + ^'^^^^ = ** ^'^• 

Multiply (1) by J, (2) by ^, and (3) by ^^, and add; 
then, since 

(^ , ^'/ a . d' i\ 

-^ COS a + -:' cos a + -^ cos 7 = 0, 
as da as ' 

because a tangent to the surface at any point is perpendicular 
to the normal at that point, we have, as in Art. 188, 

-£H^i-^t-'i>' '*'■ 

Again, multiply (1) by cos a, (2) by cos ff, and (3) by cos y, 
and add ; then 

+ m (Xcos a + r cos ^ + 2' cos 7] +R = 0...(5). 

Let FmBs be the resultant of XmSs, YmSs, Zmhs, and ■^ 
the angle its direction makes with the normal to the surface 
at the point {x, y, z) ; then 

Xcos a + Fco8^ + ,Zcoa7 = ^co3i|r, 

Let p be the radius of absolute currature of the curve formed 
iy the string at the point {x, y, z) ; a', ^ , y the angles its 
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direction mates with the axes; <f> the angle its direction makes 
with the normal to the surface ; then 

d'« _ cos a' (f',v _ cos ff d's cos 7' 
ds' p ' da' p ' ds' p ' 

Hence (5) becomes 

T 



COB tf> -i- Frn cosyjf + R=0.. 



..(0). 



Let u = be the equation to the surface ; then 
cos a cos 3 cos 7 , . 

dx dy ds 
Hence (1) may he written 

ar as as ax 

and (2) and (3) may be similarly expressed. 

Eliminate -j- and RN. and we obtain 
ds 

(t^—-\-X V^— - — — "\ 
V ds' J\da dz ds dy) 

If we put for T its value from {4), the resulting equation, 
together with u = 0, will determine the curve formed by the 
string. 

It appears from Art. 189 that the resultant of F-mZa and 
Rla must lie in the osculating plane of the curve at the point 



I 
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(a;, «, t). If the direction of FmSs be always normal to the 
eimace m = 0, then, since that of RBs is also normal to the 
surface, it followB that the normal to the surface lies tn tlie 
osculating plane to the curve. This we know to be a property 
of the lines of maximum or minimum length that can be 
drawn on a surface between two given points. Hence, when 
a string is stretched over a smooth surface and acted on only 
by forces which are in the directions of normals to the surface 
at their points of application, it forms the line of maximum 
or minimum length that can be drawn on the surface between 
the extreme points of its contact with the surface. 

When ^m^s is always normal to the surface, it follows 
from (4) that Tia constant. 

197. We will now give some miscellaneous theorems con- 
nected with the subject of flexible strings. 

I, Required the abscissa of the centre of gravity of an 
assigned portion of any string at rest, supposing its ends fixed, 
and gravity the only force, 

This may be obtained by the ordinary process of integra- 
tion, or more simply in the following maimer. Imagine any 
portion of the string to become rigid : then it is kept in equi* 
librium by its weight and the tensions at the ends; these 
tensions act in the directions of the tangents at the ends. 
Hence the centre of gravity of any portion must be vertically 
over the point of intersection of the tangents at the extre- 
mities of the portion. 

II. Suppose in Art. 192 that the string is uniform, and 
that the force is attraetive, and varies as the n"" power of tha 
distance. Thus we may put F^ — fw*; therefore 

G wt/ir"*' 

— = i" + constant. 

p n+1 

In the particular case in which the constant here introduced 
is zero we can easily complete the solution of the problem. 
We have 

1 r;;^ 

p" \ 

*her© X is put for — ^ = 

tOfl . . . ., 



Put - for r: then 



/du\' _ 1 



tlierefore 



©■ 



d0 



Xii" 






du vO-xvn' 

Therefore, by integration, 

(n + 2) 5 + const. = ein'" (Xw"*") ; 

therefore — ^ = sin {(ji + 2)6 + constant] . 

If we fix the position of the initial line so that r may have 
its least value where 6 = 0, we shall determine the constant, 
and obtain 

r"'*' = X sec {n + ^)6; 

or denoting by a the value of r when = 0, 
r"" = a""aec{n + 2)e. 

III. Suppose a flexible strinp to be in equilibrium under 
the action of a central force. Imagine any portion of the 
string to become rigid : then it is kept in equilibrium by the 
tensions at the ends and the resultant of the action of the 
central force on the elements of the string ; this resultant will 
be some single force acting through the centre of force. Thua 
the portion of the string may be considered to be in equi- 
librium under the action of three forces; and these forces 
will therefore meet at a point. Hence we obtain the follow- 
ing theorem : Ttie resultant action of the central f wee on (my 
portion of the string is directed along the straight line which 
joins the centre of force with the point of intersection qftka 
tangents at the ertda of the portion. ■ ■ 
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I 



rV, Suppose that a flexible string ia in equilibriuin under 
the action of a central force which varies as the distance. 
Let r be the distance of any point from the centre of force ; 
IE, y the co-ordioates of the point referred to axes having the 
centre of force aa origin. Let the force on an element of the 
Btring of which the length is hs and mass mSs situated at the 
■ point {x, y) be firm^ ; then this force can be resolved into 
ftxmBs and ftymBs parallel to the axes ofa; and ^respectively. 

Hence the components, parallel to the axes of x and y, of 
the action of the central force on any portion of the string 
are fijxmda and /ifyrnds respectively, the integrations ex- 
tending over the portion considered. Now if x and y be the 
co-ordinates of the centre of gravity of the portion, we have 
- _ j^"^'^ - _ jymds 
jvids ' JTnds ' 

Hence we obtain the following theorem : The straight line 
Vthich joins the centre of gravity of any portion of the string 
to the centre of force coincides with tite direction of the resultant 
central force on the portion. 

Hence combining this theorem with that ohtained in III. 
we obtain the following property of the flexible string which 
is in equilibrium under the action of a central force varying 
as the distance : The centre of gravity of any portion lies on 
the straight line which joins the centre of force with the point 
of intersection of the tangents at the extremities of the portion. 

Thus by II. we see that the property here enunciated will 
told for a uniform string in the form of the curve 
/= a' sec 3ft 

T. Two weights are connected by a string which passes 
Over a rough horizontal cylinder in a plane perpendicular to 
the axis: it is required to determine the resultant of the 
normal actions between the string and the cylinder in the 
state bordering on motion. 

' The normal action on any element Ss of the string may be 
denotedbyiiSfl, and the friction on the element by /ifiSs; thus 
the friction on the element bears a constant ratio to the normal 
action, and the directions of the two forces are at right angles. 




Let P be the resultant normal action, and suppose its 
direction to make an angle 9 with the vertical; then thrf 
resultant friction will be fiP, and its direction will make am 

angle 5 — ^ with the vertical on the other side of it. Hence, 

supposing the string to become rigid, and resolving horizon- 
tally, 

Psin 5 - /iP sin (Z-&) = 0. 

Again, resolving vertically, and denoting by W the sum 
of the weights of the system which hangs over the cylinder, 
we have 



Fcos0 + fiPco& {-^ 

Hence we obtain tan 6 = 



"v(i +»■•)■ 



VI, Suppose a heavy string which is not of unifomt 
density and thickness to be suspended from two fixed points, 
and to be in equilibrium. Let t be the tension at any pointj 
6 the angle which the tangent at that point makes with the 
horizon ; then ( cos 9 will be constant. For imagine any por- 
tion of the string to become rigid, then the only horizontal, 
forces which act on it are the resolved parts of the tensions at; 
each end; and these must therefore be equal in magnitude; 
therefore 

( cos 5 =s constant = T suppose (1). 

Let V) be the weight of the portion of the string contained 
between any fixed point and the variable point considered. 
Then by resolving the forces vertically we obtain in a similar 
manner 

t sin $ —w = constant ; 
therefore •u)=t tan ^ + constant (2). 

Again, proceeding as in Art. 193, that is resolving the 
forces which act on an element along the normal, we find 

--3mcQs6=0 (3), , 



ifom* I 



where gmBs is taken as the weight of the element Ss. 
from (1) and (3), 

- = gm cos' 0, 



I 

I 



EXAMPLES. 

1. In the common catenary shew that the weight of the 
etring between the' lowest point and any other point is the 
geometrical mean between the sum and difference of the 
tensions at the two points. 

2. If a and ^ are the inclinations to the horizon of the 
tangents at the extremities of a portion of a common catenary, 
and I the length of the portion, shew that the height of one 
«xtremity above the other is 



i 



i- 



tbe portion is Buppoeed to be all on the same side of the 
lowest point. 

■ 3. A uniform heavy chain 110 feet long is suspended from 
two points in the same horizontal plane 108 feet asunder: 
shew that the tension at the lowest point is 1"477 times the 
weight of the chain nearly. 

4. A uniform chain of length 21 is suspended from two 
£xed points in the same horizontal plane ; 2a is the distance 
between the fixed points and c the length of chain whose 
weight is equal to the tension at the lowest point : shew that 
when I is such that the tension at the points of suspension is the 

least possible that tension is equal to the weight of a length — 

pi the chain, and I and c are determined by 



5. If a uniform chain be fixed at two points, and any 
number of links A, B, C, ... be at liberty to move along 
emootli horizontal lines in the same vertical plane, prove that 
the loops AB, BC, CD, ... will form themselves into curves 
■which will all be arcs of the same catenary. 

6. Three links of a chain A, B, and C are moveable 
freely along three rigid horizontal straight lines in the same 
vertical plane. If when A and G are pulled as far apart as 
possible, their horizontal distances from B are equal, shew 
that this will always be the case when they are held in 
any other position.' 

7. A chain hangs in equilibrium over two smooth points 
which are in a horizontal straight hne and at agiven distance 
apart : find the least length of the chain that equilibrium may 



Besult, The least length is he, where h is the given dis* 
tance. 

8. Prove that the exertion necessary to hold a kite 
diminishes as the kite rises higher, the force of the wind 
being independent of the height, and the pressure of the 
wind on the string being neglected, 

9. A uniform heavy string rests on an arc of a smooth 
curve whose plane is vertical, shew that the tension at any 
point is proportional to its vertical height above the lowest 
point of the string. If the string rests on a parabola whose 
axis is vertical, determine the vertical distance of its ends 
below the highest point so that the pressure at this point 
may be equal to twice the weight of a unit of length of the 
string. 

MesuU. The vertical distance is equal to half the latua 
rectum of the parabola. 

10. One end of a uniform heavy chain hangs freely over 
the edge of a smooth table, and the other end passing over a 
fixed pully reaches to the same distance below the table aa 
the pully is above it Supposing half the chain to be on the 
table in the position of equilibrium, compare its whole lengtli 
vrith the height of the pully. 

Memlt. The length is to the height as 6 + 3 ^3 i^ to 1. 
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11. - A uniform heavy cliain is fastened at its extremities 
to two rings of equal weights which slide on smooth rods 
intersecting in a vertical plane and inclined at the same angle 
a to the vertical : find the condition that the tension at the 
lowest point may be equal to half the weight of the chain ; 
and in that case shew that the vertical distance of the rings 
from the point of intersection of the rods is 

^cot=i!og(l + V2), 
■where I is the length of the chain. 

12. The density at any point of a catenary of variable 
density varies as the radius of curvature; determine the equa^ 
tion to the catenaiy. 

Result. The curve in Art. 190. 

13. A heavy cord with one end fixed to a point in the 
surface of a smooth horizontal cylinder is passed below the 
cylinder and carried round over the top, the other end being 
allowed to hang freely. Shew that unless the portion which 
hangs vertically be longer than the diameter of the cylinder, 
the cord will slip off, so as to hang down from the fixed point 
without passing below the cylinder. 

14. If a uniform string hang in the form of a parabola 
by the action of normal forces only, the force at any point P 
varies as (SP)"', S being the focus. 

16. If a string without weight touch a given cylinder in 
ith part of its circumference and in a plane perpendicular to 
Its axis, what tension at one extremity will support a weight 
of lOOlbs. suspended at the other, friction being supposed to 
be ■j'uth part of the pressure ! To what will this tension be 
reduced if the string is wound round 1 J th circumferences ! 

16. If ii=\, and a string without weight passes twice 
round a post, prove, by taking approximate values of e and tt, 
that any force will support another more than twenty times 
aa great. 

17. If two acales, one containing a weight P and the 
other a weight Q, be suspended by a string without weight 



over a rougli sphere, and if Q be on the point of descending. 



tlien the weight - 



- put into the opposite scale will make 
that scale be on the point of descending. 

18. Two equal weights P, P" are connected by a string 
without weight which passes over a rough fixed horizontal 
cylinder ; compare the forces required to raise P according a^ 
P is pushed up or P' pulled down. 

19. A, B, C are three rough pegs in a vertical plane : 
P, Q, H are the greatest weights which can be severally 
Bupported by a weight W, when connected with it by strings 
without weight passing over A, B, C, over A, B, and over 
B, C respectively : shew that the coefficient of friction at J3 
. 1, Q.R 

""^^"^PTW' 

20. A light thread, whose length is 7o, has its extremities 
fastened to those of a uniform heavy rod whose length is 
5o, and when the. thread is passed over a thin round peg, it 
is found that the rod will hang at rest, provided the point 
of support be anywhere within a space a in the middle of 
the thread : determine the coefficient of friction between the 
thread and the peg when the rod hangs in a position border- 
ing on motion, and find its inclination to the horizon and 
the tensions of the different parts of the string. 

Results. The coefficient of friction is determined by the 
equation e*'" = 4. The inclination of the rod to the horizon 

24 
is cos"' ^ . 

21. From a fixed point a. heavy uniform chain hangs 
down ao that part of the chain rests on a rough horizontal 
plane : find the least length of chain that may be in contact 
with the plane. 

22. A heavy chain of weight W rests entirely in contact 
with the arc of a rough closed vertical curve in a, state bor- 
dering on motion. If tana be the coefficient of friction, 
shew that the resultant normal pressure on the curve is equal 
to IFcos 0, and that its direction makes an angle a with the 
vertical 



EXAMPLES. 257 

23. A heavy chain of length I resta partly on a, rough 
horizontal table, and the remainder passing over the smooth 
edge of the table, (which ia rounded off into the form of a 
aemi-cylinder of radius a) hangs freely down : shew that if z 
be the least length on the table consistent with equilibrium, 

z{fi + l) = l — ^TTo + a. 

24. A heavy uniform chain is hung round the circum- 
ference of a rough vertical circle of given radius. How much 
lower must one end of the chain, hang than the other when it 
is on the point of motion 1 

Hemlt. Let a be the length of the longer piece which 
hangs down, b the length of the shorter piece, r the radius of 
the circle, tan ^ the coefficient of friction ; then 



i+rain2^' 

A uniform beam of weight W is moveable about a 
hinge at one extremity, and has the other attached to a string 
without weight which, passing over a veiy small rough peg 
placed vertically above the hinge, and at a distance from it 
equal to the length of the beam, supports a weight P: shew 
that if 8 he the inclination of the beam to the vertical when 
it is just on the point of falling, then 

W8mi8 = P6~'^^ 
Find also the strain on the hinge. 

26. One end of a heavy chain is attached to a fixed point 
, and the other end to a weight which is placed on a rough 
horizontal plane passing through A, and the chain hangs 
through a slit in the horizontal plane. Shew that if I be 
the length of the chain, a the greatest distance of the weight 
from A at which equilibrium is possible, /* the coefficient of 
friction, and n twice the ratio of the given weight to the 
weight of the chain, 

H (1 + ji}e'^i^ = 1 + ^[1 + ^' (1 + „)=]. 



27. A uniform string acted on by a central force a 
tlie form of an arcof a circle ; determine the law of the force, 
the centre of force being on the circumference of the circle. 

Result. The force varies inversely as the cube of the 
distance. 

28. A smooth sphere rests upon a string without weight 
fastened at its extremities to two fixed points ; shew that if 
the arc of contact of the string and sphere be not loss than 
2 tan"'^, the sphere may be divided into two equal portions 
by means of a vertical plane without disturbing the equi- 
librium, 

29. Shew that if a chain exactly surrounds a smooth ver- 
tical circle, so aa to be in contact at the lowest point without 
pressing, the whole pressure on the circle is double the 
weight of the chain, and the tension at the highest point ia 
three times that at the lowest. 

SO. Two strings without weight of the same length have 
each of their ends fixed at each of two pointa in the same 
horizontal plane. A smooth sphere of radius r and weight 
IP" is supported upon them at the same distance from each of 
the given points. If the plane in which each string lies 
makes an angle a with tlie horizon, prove that the tension of 

each is -^ coseca; a being the distance between the points, 

31. A uniform heavy chain hangs over two smooth pegs at 
a distance 2[iapartinthesamehorizontalplane. Whenthere 
is equilibrium, 2s is the length of the chain between the pegs, 
which hangs in the form of a catenary, c ia the length of a 
portion of the chain whose weight is equal to the tension at 
the lowest point, and h the length of the end that hangs 
down vertically. If & and hh be the small increments of 
s and k corresponding to a small uniform expansion of the 
chain, shew that 8s ; &h=s.c—h.a : k.c — s.a. 

32. A uniform heavy chain is placed on a rough inclined 
plane; what length of chain must hang over the top of the 
plane, in order that the chain may be on the point of slipping 
up the plane ? 
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A uniform rod of length 6 has its ends attached to 
the ends of a flexible string without weight of length a ; this 
string is passed over a very small cylindrical peg, and when 
the rod hangs in its limiting position of equilibrium, the 
parts of the string on opposite aides of the peg are inclined 
to each other at an angle a. Shew that the coefficient of 
friction between the string and peg ia 



I 



a+t j[li' — (q * — 6') tan* ^ 1 
a'"° a--^[b'— {a^ — b") tan^^o]" 



-lo; 



AB, AO are two equal and uniform roda moveable 
about a fixed hinge at A, CB a uniform chain, equal in 



length to AB or AC and (-1 of 



its weight, connects the 

s B and G\ shew that in the position of equilibrium, the 
angle which either rod makes with the horizon is given 
approximately by the equation 



cos fl = i — -r-. ^vs , 

fi being large compared with unity. 



H. 35. A heavy uniform beam has its extremities attached to 

■■ a string which passes round the arc of a rough vertical circle ; 

if in the limiting position of equilibrium the beam be inclined 

at an angle of 60" to the vertical, and the portion of string in 

contact with the circle cover an arc of 270°, shew that the 



coefficient of friction i, 



-logS 



Sir 



36. A uniform string just circumscribes a given smooth 
circle, and is attracted by a force varying as the distance to 
a point within the circle. Find the tension at any point, sup- 
posing it to vanish at the point nearest to the centre of force, 
and shew that the force at the greatest distance 

whole pressure on circle 
~ mass of the string 
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37. A heavy string whose length is ^ a rests on the cir- 
cumference of a rough vertical circle of radius a ; if the string 
be in a position of limiting equilibrium, and if 13 be the 
angular distance of its highest extremity from the vertex of 
the circle, shew that 

liir 



^^ Jl-^e'-J, 



1-/a' + 2/^« 

HE 

and explain this result when (1 — /a") e * — 2/a is negative. 

Also if fi be such that 13=0, shew that th^ whole pressure 
on the curve is to the weight of the string as 2 is to irfi. 
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CHAPTER XII. 



FLEXIBLE EXTENSIBLE STRINGS. 



198. In the preceding Chapter we considered the equi- 
librium of flexible inextensible strings ; we now proceed to 
some propositiona relative to flexible etvtensible strings. Such 
strings are also called elastic strings. 

When a uniform extensible string is stretched by a force, 
it is found by experimeut that tbe extension varies as the 
product of the original length and the stretching force. Thus 
if ^represent the force, l the original length, I the stretched 
length, 

where \ is some constant depending on the nature of the 
string. 

The fact expressed by this equation is called Hooke'a law, 
from the name of its discoverer. 

The quantity X ia sometimes called the tnodulus of elasticity. , 
In the equation l — l' = 

1 = 21'; thus tbe modulus of elasticity for any uniform elastic I 
string is equal to the tension required to stretch that string 
to double its natural length, 

199. An elastic string has a weight attached to me end, it 
is fastened at the oHier and hangs vertically ; determine the ex- 
tension of the string, taking its own weight into account. 



STRING STRETCHED BY A WEIGHT. 

Let AS represent the natural length of the string; AB 
the stretched length. Let AF = a^, FQ = hx. 
Suppose AP stretched into AP, and PQ into 
PQ\ let AP = x, Pq^lx. Let AB' = d, 
w = the weight of the string, and W be the 
attached weight. 

Let T be the tension at P, and T\tT the 
tension at Q. Then the element PQ is acted on 
by the forces T and T-'r BT at its ends, and by 
its own weight; its weiglit is tlie same as that 

of P'Q', that is -^ w; 
therefore 



m 



T+hT-T+~w = 0, 
a 

■■ — f ultimately 

T= — ,- + constant. 






•(I); 



The value of the constant must be found by observing that 
when x' = a, T= W; therefore 

W= — w + constant ; 

therefore T= W+w(l--,\ (2). 

Also the element PQ may be considered ultimately uniform 
and stretched by a tension T; hence, by the experimental 
law, 

S^ = 8^'(H-|') (3); 

therefore — ^ = 1 + ^ , 



Integrate; thus 



a; = «'(l + 



W+w\ 



0-^") 



"2W 



No constant is required because a: = when x = 0. 



STHINa STRETCHED BY A WEIGHT. 



a = a' l-\ 



Let a denote the stretched length of the string ; then put- 
ting x' = a, we have 

Thus the extension is the same as would be produced if an 
elastic string of length a, the weight of which might he neg- 
lected, were stretched hy a weight W+^w at its end. 

200. In the solution of the preceding problem we might 
have arrived at equation {2} by observing that the tension at 
any point must be equal to the weight of the string below 
that point together with IF; but the method we adopted ia 
more useful as a guide to the solution of similar problems. 
It is perhaps not superfluous to notice an error into which 
students often fall ; since the element Bx is acted on by a 
tension T at one end,- and T + BT or ultimately T at the 
other end, 2T is considered the stretching force, and instead 
of (3) 

is used. This would be of no consequence if uniformly 
adopted, for it would only amount to using ^X instead of X in 
(3) ; but mistakes arise from not adhering to one system or 
the other. It should be observed that if a string without 
weight be acted on by a force T at each end, it is in the same 
8tate of tension as if it v/eie fastened at one end and acted on 
by a force Tat the other. 

201. The equations of Art. 187, and Art. 196 may be ap- 
plied to an elastic string in equihbrium. They may also be 
modified aa follows, if we wish to introduce the unstretched 
length of the string instead of the stretched length. 

Let s and Bs' represent the natural lengths which become 
8 and Bs by stretching ; let m'Ss be the mass of an element 
before stretching, and mSs the mass of the same element after 
stretching; then 

' BtS* = m'Bs, Sa = &y' [ 1 + \ ) ; 



I 

^B therefore *" [^ "'' y) 
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Hence the first equation of equilibrium of Art. 1S7 may be 
written 

and the other two equations may be written similarly. 

Equation (2) of Art. 188, or equation (4) of Art. 196 becomes 

provided m! be constant ; that is, provided the product of 
the density into the area of the section of the string in its 
unatretched state is constant : see Art. 187- 

Since (1 + ^] = (j~') ' *^'^ ^*' equ^'tion maybe used to 
connect a and s, and thus find the extension of the string. 

202. We may apply the preceding Article to the case in 
which the weight of the string is the only force acting on it, 
the string being supposed originally uniform, and fixed at 
two points. 

In this cas6X = 0, Y=—g, Z = 0, as in Art, 190; therefore 

s(41=» «■ 

^?)a(-S)-»'V- '^)- 

From {1} r J- =a constant =m'cg suppose; 

therefore T=m'cg6ec-^ (3), 

where i/r is the angle which the tangent to the curve at tbo 
point {x, y) makes with the axis of x. 
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Hence (2) gives 



( 



- , rrt!cq ,\ eftan-^^ 1 
1 4 — r-^ sec -Jr — = — I- = - 



\ 



^)-^- W' 



. , - /i . m!cq , \ d tan '\lrdx 1 

therefore ^1 +-^sectj -^^ =-, 

. , f /i , ^W • ^ ^ tan ylr 1 

thus cos y f 1 + —5-^ sec -^1 — -^— ^ = - , 

that is 1 dyfr ^m'cg dianylr ^l^ 

COS yjr dx X dx c ' 

therefore, by integration, 

-. -7^da? + — ^ tan'\^ = - 

j cos Y dx X ^ c 

r i d%^ , r ^"^ 1 l+sin'^Ir 

and r -7^ aa;= — i-- =log ^ ; thus 

J cos 'Y ax J cos y ° cos ^Ir 

, l + sin'\/r , meg , , x .^. 

^°g^^+-x-*^°^=c (^)- 

No constant is required in the integration if we suppose the 
axis of y to pass through the. lowest point of the curve, for 
there -^ = 0. 

From (4) we may deduce 

sinVr(l + ^secVnj-^-X = _ (6); 

therefore, by integration, 

secf + ^tan'f =^ (7). 

No constant is required in the integration if we suppose the 
origin of co-ordinates to be at the distance c below the lowest 
point of the curve. 



From equation (7) we may find seojr in terms of.y, and 
then cos-i/r and sini/r can also be found ; thus Ly substituting 
in (5) we could obtain the equation between x and^: this 
equation however would be very complex. 

In a particular case we may easily obtain an approximate 
value of y in terms of x. Let \ = m'ijl; then (5) may be 
written 

1 + sin '^ _ ?-'j Un * 

coai/r ' 

COS'^ _ -'^-'un* 

1 +sim^ ' 



therefore 



1 



therefore by addition and reduction 

COSlfr 

therefore tan" t/t = J {e° ' — e " ' )'. 

Now suppose V is a very small quantity, put u for ^ (e° — e ') 

and i; for J (e° + e °); then the last equation gives 

tan'^ = u— y tau'^ + ^j — ^tan'i/^ ~To« tan°Y"+ ■■■; 

from this we can find tan ^ approximately, and then eec i^ 
will be known approximately, and by substituting in (7) we 
shall obtain approximately y in terms of x. 

Equation (2) may also be v^ritten 



therefore 



ds\ 



therefore, by integiatio 



,M 



dy _s' 

dx ' 



Lere s' denotes the natural length of that portion of the string 
which is between the lowest point and the point {«, y). 

Hence for tan-^ in (5) and (7) we may put -, and make 

corresponding substitutions for sin'^ and cos-^. Thus (7) 
becomes 

■Jff'+'l + -S,-'y (s)- 

As an example of these formulie suppose that a heavy uni- 
form elastic string hangs in equilibrium over two smooth pegs 
in a horizontal plane, and let it be required to find the depth 
of the ends of the string below the vertex of the curved 
portion. 

From (3) the tension at any point of the curve is 

Let t be the natural length of the portion which hangs over 
one of the pegs ; then the weight of this portion is ni'gV. Let 
b' denote the unstretched length of the portion between the 
vertex and one peg ; then by equating the two expressions for 
the tension, we have 

mgl' = m'g -Jic^ + s'^), 

therefore t = '^{c* ■{■ s') (9); 

thus from (S) and (9) 

t^<M^.y ("». 

Suppose I to be the length to which a string of natural 
length V hanging vertically would be stretched; then by 
Art 199, 

'=''(^ + 'f) CU). 

By (10) and (11) 

, m'qc* 



J 



Thus the end of the string descends to the depth ' he- 
low the axis of z, and therefore to the depth c(l + -^] 
below the vertex of the cun^e. 



EXAMPLES. 

1. Two equal heavy beams, AB, CD, are connected dia- 
gonally hy similar and equal elastic strings AD, BG\ and 
AB is fixed in a horizontal position : shew that if the natural 
length of each string equals AB, and the elasticity be such 
that the weight of AB would stretch the string to three 
times its natural length, then 

AB~ BG^ AC 

2. An elastic string will just reach round two pegs in 
a horizontal plane; a ring whose weight would double the 
length of the string hanging from a point is slung on it : 
shew that if 6 be the inclination of two portions of the string 
to the horizon. 

Bin 20 = 2(^2-1). 

3. An elastic string has its ends attached to those of a 
uniform beam of the same length as the unstretched string, 
the weight of the beam being such aa would stretch the 
string to twice its natural length ; shew that when the systeni 
is hung up by means of the string on a smooth peg, the 
incUnation B of the string to the vertical will be given by 
the equation 

tan5 + 2 sin 5-2 = 0. 

4. Three equal circular discs are placed in contact in 
a vertical plane with their centres in the same horizontal 
line, and an endless elastic cord wound alternately above and 
below them, ao as to touch every point of their circumferences 
without being stretched beyond its natural length. When 
the support of the middle disc is removed, the centres of the 



three form a right-angled triangle. Shew that tho motlulua 
of elasticity of the cord is -^ . -j—- , W heing the weight 
of the disc. 

5. A fine elastic string is tied round two equal cylinders 
whose surfaces are in contact and axes parallel, the string 
not being stretched beyond its natural length; one of the 
cyhnders ia turned through two right angles, so that the 
axes are again parallel : find the tension of the string, sup- 
posing a weight of 1 lb. would atretch it to twice ite natural 
length. 

Result. — — =i of a lb. 
7r + 2 

6. Two equal and similar elastic strings AC, BO, fixed 
at two points A, B in the same horizontal hne, support a 
given weight at C The extensibility and original lengths 
of the strings being given, find an equation for determining 
the angle at which each string is inclined to the horizon, 
and deduce an approximate value of the angle when the 
extensibility is very small, 

7. Six equal rods are fastened together by hinges at each 
end, and one of the rods being supported in a horizontal posi- 
tion th e opposite one is fastened to it by an elastic string j oin- 
'ing their middle points. Supposing the modulus of elasticity 
is equal to the weight of each rod, find the original length of 
the string in order that the hexagon may be equiangular in 
its position of equilibrium. 

Mesvlt. — ^ , where a is the length of a rod. 

8. An unstretched elastic string without weight has n equal 
weights attached to it at equal distances, and is then sus- 
pended from one end. Prove that the increase of lecigth is 
iialf what it would he if the same string were stretched by a 
weight equal to n -)■ 1 of the former hanging at one end, 

9. Three equal cylindrical rods are placed symmetrically 
round a fourth of the same radius, and the bundle is then 
surrounded by two equal elastic bands at equal distances 
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from the two ends ; if each band wben unstretched would 
just pass round one rod, and a weigLt of lib. would just 
stretch it to twice its natural leugtli, shew that it would 
require a force of 9 lbs. to extract the middle rod, the co- 
efficient of friction being equal to ^tt. 

10. Two elastic strings are just long enough to fit on a 
sphere without stretching ; they are placed in two planes at 
right angles to each other, aud the sphere is suspended at 
their point of intereection. If 2d be the angle subtended at 
the centre by the arc which is unwrapped, shew that 

being supposed small. 

11. In the common catenary, if the string be slightly 
extensible, shew that its whole extension will he proportional 
to the product of its length and the height of its centre of 
gravity above the directrix. 

12. A uniform rough cylinder is supported with its axia 
horizontal by an elastic string without weight ; the string lies 
in the plane which is perpendicular to the axis of the cylinder, 
and passes through its centre of gravity; the ends of the 
string are attached to points which are in the same horizontal 
plane above the cylinder and at a distance equal to the dia- 
meter of the cylinder. Find how much the string is stretched. 

SesuU. Let 2 IF be the weight of the cylinder, a the 
radius of the cylinder, b' the natural length of each vertical 
portion of the string; then the extension is 



- ^ * 

13. A heavy string very slightly elastic is suspended 
from two points in the same horizontal plane ; shew that if 
c, I be the lengths of unstretched string whose weights are 
respectively equal to the tension at the lowest point and the 
modulus of elasticity, the equation to the catenary will be 
very approximately 



ii 



(6= - e ')']. 



i 
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14. A weight P just supports another weight Q hy means 
of a fine elastic string passing over a rough cylinder whose 
axis is horizontal. If \ be the modulus of elasticity, >* the 
coefficient of friction, and a the radius of the cylinder, shew 
that the extension of that part of the string which is in con- 
tact with the cylinder is 



'W 



?+X 



15. A sphere placed on a horizontal plane is divided hy a 
vertical place into two equal parts, which are just held toge- 
ther by an elastic string, which passes round the greatest 
horizontal section : find the original length of the string, 

„ , 32X,7r(i 

^■""'*- T6XT3JF- 

16. Four equal heavy rods are fastened to one another hy 
hingea so as to form a square ABGD ; A and G are connected 
by an elastic string whose natural length is equal to the dia- 
gonal A C, and the system is suspended from the point A : 
find the position of equilibrium. 

Eesult. Let Wbe the weight of a rod, 6 the inclination 
of each rod to the vertical: then 



I of each rod to the vertical; then 



17. An elastic band, whose unstretched length is 9a, is 
placed round four rough pegs A, B, C, D, which constitute 
the angular points of a square whose side is a ; if it be taken 
hold of at a point P, between A and B, and pulled in the 
direction AB, shew that it will begin to ehp round A and B 
at the same time if 

1 -I- e r 

18. An elastic string without weight of variable thickness 
is extended by a given force ; find the whole extension. 

IP. An elastic string whose density varies as the distance 
from one end, is suspended by that end and strettlied hy its 



otth weight. If W te the weight of the string, t its \m- 
atretched length, I its stretched leugth, shew that 

20, A circulax elastic string is placed on a smooth sphere 
BO that the whole string is in one horizontal plane ; the string 
Bubtends when unetretched an angle 2a at the centre, and an 
angle 2S when in a position of equilibrium : shew that 

sin fl = sin a 1 1 + - sin a tan B ] , 

where o = radius of sphere, and c depends oa the nature of 
the string. 

21. A heavy uniform elastic string rests horizontally on a 
portion of a surface of revolution, of which the axis is vertical, 
in every position ; prove that the generating curve ia a para- 
bola a diameter of which is the axis of revolution. 

22, A heavy elastic string surrounds a smooth horizontal 
cylinder, so that the surface of the cylinder is subject to no 
pressure at the lowest point ; find the pressure at any point 
of the cylinder, and the tension of the string ; its modulus 
of elasticity being equal to the weight of a portion of string 
the natural length of which is g of the diameter of the cylinder. 

23. A uniform heavy elastic string, whose natural length 
is a, ia stretched and placed in equilibrium on a rough in- 
clined plane; find the tension at any point, and show that 
the direction of the friction changes at a point of the string, 
the natural distance of which from the upper end is 



tan a\ 



where a is the inclination of the plane to the horizon. 

24, A heavy elastic cord is passed through a number 
of fixed smooth rings. Shew that in the position of equi- 
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librium its extremities will lie in the same horizontal plane. 
The same will also be the case if the cord rest upon any 
smooth surface. 

25. An elastic string is laid on a cycloidal arc, the plane 
of which is vertical and vertex upwards, and when stretched 
by its own weight is in contagt with the whole of the cycloid ; 
the modulus of elasticity is the weight of a portion of the 
string whose natural length is twice the diameter of the gene- 
rating circle : find the natural length of the string. 

EesuU, It is equal to the circumference of the generating 
circle. 



T. s. 18 



CHAPTER XIII. 



ATTHACTION. 



203. It appears from considerations wliich are detailed in 
works on Physical Astronomy, that two particles of matter 
placed at any sensible distance apart attract each other with 
a force directly proportional to the product of their masses, 
and inversely proportional to the square of their distance. 

Suppose then a particle to he attracted by all the particles 
of a body ; if we resolve the attraction of each particle of the 
body into components parallel to fixed rectangular axes, and 
take the sum of the components which act in a given direc- 
tion, we obtain the' resolved attraction of the whole body on 
the particle in that direction, and can thus ascertain the re- 
sultant attraction of the body in magnitude and direction^ 
We shall give some particular examples, and then proceed to 
general formulse. 

204. To find the attraction of a uniform straight line on 
an external point. 

By a straight line we understand a cylinder such that the 
section perpendicular to its axis is a curve, every chord of 
which is indefinitely small. 

Let AB be the straight line, P the attracted particle ; take 
A for the origin, and AB * 
for the direction of the axis 
of X. Draw PL perpen- 
dicular to j4a!; \etAB=l, 
AL = a, PL = b. Leti/ 
and N be adjacent points 
inthestraight \m.&,AM=x, 
MN = hj!. If p be the - 
density of the line, and * the area of a section perpendicular 
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to its length, the mass of the element is pxBx, Let m ha the 
maaa of P; then the attraction of the element J/!^ on jp is 

(Art.r--; 

-JPMf 

where /a is some constant quantity. Hence, the resolved part 
of the attraction of the element parallel to the axis of x, is 



ftm pK Sx ML 
I'M' ' FM ' 



fim pK (a — 



i'+(a-a;)'|* ' 



Also the resolved part of the attraction of the element parallel 
to the axis of ^, is 



fim pic Bx PL 
PM" 'FM° 



fi/m picbSx 



Let X and Z be the resolved parts of the attraction of the 
straight line, parallel to the axes of a: and 1/ respectively ; then 

_ !• (a-:t)dx 
X = tim OK — ^ - 



"-"/.W 



{b'-Y{a-x)'\' 



l6- + (« 
1 



/(ffl — a;) dx 
,^ f' {a-x)d:, _ 1 1_ 

/ 



(f+cs-^r)-!' 6-i*'+(«-«rr 



!• Idx _1 r a a-l 1 
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Hence, putting/for ftpx, we have 

^-/"{pB-pAJ 

fin.{AL_SL[ 
J'L\P'A FM] 

Let AFL = a, BFL -^, APB~i; then 



FL^ 



IS j3 - cos a), 



F= 



(sin. -si 



therefore V(J;'+I^) 



fm 



- pr V{(cos /3-C08a)'+ (sin a - sin ^)'j 
= g,/(2-200S7)=y"sinl7....(5). 

Tliis gives the magnitude of the resultant attraction. Also 

X cos yS — COS a ^ a + ,~. 

v=^-^^ '—a =tan^T— (6). 

Y sm a — sin fi z 

This shews that the direction of the resultant attraction biaecta 
the angle AF£. 

If L fall between A and B, it will he seen from (1) and (2) 
that the expression for X in (3) remains unchanged, but that 
for F in (■t) is changed to 

fm (AL BL\ 

PL \PA "•" 'pa] ■ 

This will not affect the result in (5), iind the direction of the 
resultant wUl still bisect the angle APB. 

From the investigation it appears that X is the resolved 
attraction parallel to the axis of a: directed towards the axis of 
y, ajid i'the resolved attraction parallel to the axis oi y and 
towards the axis of x. 

The attraction of the straight line may also be obtained by 
modifications of the prwess, which will furnish exercise for 
the student ; for example, the origin of co-ordinates may be 
put at the attracted particle, and ^e axis of y taken parallel 
to the straight line. 
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205. In the above investigation we have taken m to 
denote the mass of the attracted particle ; in future we shall 
always suppose the mass of the attracted particle to be 
denoted by unity. In order to form a precise idea of the 
quantity /i, we may suppose two particles each having its 
mass equal to the unit of mass, then /i will be the whole 
force which one of these exerts on the other when the dis- 
tance between them is the unit of length. As, however, by 
properly choosing the unit of mass we may make /i = 1, we 
shall not in future consider it necessary to introduce fi, 

206. To find the attraction, of 
a circtdar arc on a particle situated 
at the centre of the circle. 

Let AB be any circular arc ; 
through the centre of the circle 
draw a line bisecting the angle 
AOB, and take this line for the 
axis of a;. Lei POx=e, Q01'=Bd, 
A0B = 2ix, OB = r. The attrac- 
tion of the element PQ resolved 
parallel to the axes of x and y 
respectively is, if p and * have the 
same meaning as in Art. 204, 

KprBO n J KorW . . 
-^-r— cos f and - , - sm f ; 




f=^J""cc 



ifl(J5=0. 



By comparing these results with those in Art. 204, it ap- 
pears that the attraction of a circidar arc on a particle at the 
centre is the same in magnitude and direction as that of any 
straight line ji'^' which toiicAes the arc AB&a.A is terminated 
by the lines OA and OB produced, the arc and the straight 
line being supposed to have the same density, and the areas 
of their transverse sections equal. 
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If OP and OQhe produced to meet the straight line A'B' 
in points P' and Q' respectively, it may be shewn that the 
attraction of the element P'Q' on a particle at is equal to 
that of PQ, and in this manner we might prove what we have 
just shewn, that the attractions oiAB a,ndA'^ on a particle 
at are equal and coincident. This proposition is given in 
Earnshaw'a Dynamics, p. 326. 

It easily follows, that if a particle be attracted by the three 
sides of a triangle, it will be in equilibrium if it be placed at 
the centre of the circle inscribed in the triangle. 

207. To find the attraction of a uniform circular lamina 
on a particle sititated in a straight line drawn through the 
centre oftlie lamina at right angles to ita plane. 

Suppose C the centre of the circle DAB, the plane of the 
paper coinciding with one face of 
the lamina, and the attracted par- 
ticle being in a straight line drawn 
through perpendicular to the 
lamina and at a distance c from 
C. Describe from the centre G \ 
two adJEicent concentric circles, one 
with radius CP= r, and the other 
with radius CQ=^r+ Sr. Let « 
denote the thickness of the lamina, 
which is supposed to be an in- 
definitely small quantity, then the mass of the circular ring 
contained between the adjacent circles is 2TrpK7-Sr, Every 
particle in this circular ring is at a distance v'{c' + r*) from 
the attracted particle ; also the resultant attraction of the ring 
is in the straight line through Cat right angles to the lamina, 
and is eq\ial to 

2wp«rSr c 

'? + /"■ Vtc' + r")' 

the factor ■■-- , ■- - ^ being the multiplier necessary in order to 

resolve the attraction of any element of the ring along the 
normal to the lamina through G. 
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Hence, tlie resultant attraction of the whole lamina iB 



„ C* rdr 

ZTTOKC , , 



where 6 is the radius of the boundary of the lamina. 
r rdr___ 1 



Now 



therefore 



r* rdr 



therefore the resultant attraction 



= 2irpK( 



\c ^{r+h')\' 



I 



If we suppose & to become infinite, we obtain for the at- 
traction of an infinite lamina on an external particle, the 
expression 27rpK, which is independent of the distance of the 
attracted particle from the lamina. 

From the last result we can deduce the resultant attrac- 
tion of a uniform plate of finite thickness, but of infinite 
extent, on an external particle. For, suppose the plate 
divided into an indefinitely large number of laminiE, each 
of the thickness k ; then the attraction of each lamina acts 
in a straight line through the attracted particle perpendicular 
to the surfaces of the plate, and is equal to Stf/jk. Hence, 
the resultant attraction will be found by adding the attrac- 
tions of the lamiute, and will be '2nrpk, if h be the thickness 
of the plate. 

If a particle be placed on the exterior surface of an infinite 
plate, the result just found will express the attraction of the 
plate on the particle. If it be placed in the interior of the 
plate at a distance h from one of the bounding planes and 
K from the other, the resultant attraction will be Stt^ (h'—k) 
towards the latter plane. 

208. By means of the preceding Article we can find 
the resultant attraction of a unifonn right circular cylinder 



4 



on a particle situated on its axis. Suppose tliQ cylinder 
divided into an indefinitely large number ot' laminte by planes 
perpendicular to its axis ; let x be the distance of a lamina 
from the attracted particle, &c the thickness of the lamina, 
b the radius of the cylinder ; then the attraction of the lamina 
is 

Suppose the attracted particle outside the cylinder at a 
distance c from it ; let h he the height of the cylinder ; then 
the resultant attraction of the cylinder 

= 2i-p [ft - V{(e + ft)' + i'J + V(»' + !>')]■ 
If we suppose c = so that the particle is on the surface of 
the cylinder the resultant attraction is 

27rp(ft-V(ft' + 6')+Sl. 

209. To find the attraction of a uniform right circular 
cone on a particle at its vertex, we begin with the expression 



27rp|l 



\&c, 



for the attraction of a lamina of the cone. Also, if a he the 
semivertical angle of the cone, we have 



hence, the resultant attraction 

= 27rp (1 — cos a) I dx = 2-jrp (1 — cos a) h ; 

where, h is the height of the cone. 

It is easily seen that the same expression holds for the 
attraction of the frustum of a cone on a particle situated at 
the vertex of the complete cone, h representing in this case 
the height of the frustum. 
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If the cone be an oblique cone the base of which is any plane 
figure it is still true that the attraction of a frustum on a par- 
ticle at the vertex varies as the thickness of the frustum. 
Consider two indefinitely thin parallel laminae at different 
distances from the vertex of such a cone, then the attractions 
of these lamina on the particle at the vertex will be the same. 
For take any indefinitely small element of area on the surface 
of one of the laminie, and let a conical surface be formed by 
straight lines which pass through the perimeter of this area and 
through the attracted particle ; this conical surface will inter- 
cept elements in the two laminEe which are bounded by similar 
plane figures. Now, supposing the laminie of the same thick- 
ness, the masses of the elements will vary as the squares of 
their distances from the attracted particle, and thus they will 
exert equal attractions on this particle. The same result holds 
for every corresponding pair of elements in the two laminie, 
and thus the two lamina; exert on the particle at the vertex 
attractions which are equal in amount and coincident in direc- 
tion. From this it follows that the attraction of a frustum 
varies as its thickness. 

210. We have hitherto considered the attracting body 
to be of uniform density, but considerable variety may be 
introduced into the questions by various suppositions as to 
the law of density. Suppose, for instance, that in the case 
of the circular lamina in Art. 207 the density at any point 
of the lamina is <f>{r), where ris the distance of that point 
from the centre ; ^ (r) must then be put instead of p in Art. 
207 and must be placed under the integral sign. Therefore 
the attraction of the lamina will be 



J. (c"+r 



If 1^ (r) = - . where ir is a constant, the result is 



i-jrCKa 



211. Tojind the resultant attraction of an asseniUage of 
I particles constituting a homog&iieous spherical shell of very 
\mnaU thichiess (ya a particle outside the shell. 



1 
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Let G be the centre of the shell, M any particle of it, P the 




attracted particle. Let CM^r, PM^y, CP=c, ^ = the 
angle PCM, ^ = the angle which the plane PCif makes with 
the plane of the paper, 8r = the thickness of the shell, and 
let p denote the density of the shell. 

The volume of the elementary solid at if is r* sin ^ Sr t6 S^ 
(see Art. 130). The attraction of the whole shell acts along 
PC J the attraction of the element at if resolved along PC is 

/w" sin BrBd8<l> c — r cos 6 



y 



y 



We shall eliminate 6 from this expression by means of the 
equation 

^ = c* + r* — 2rc cos 5 ; 



therefore 



sm V J- = — f 
ay cr 



C — r cos 



^ = 2^— • 



Therefore the attraction of if on P along PG 



"^(i+^«^* 
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^<^!/ 



I 



This result sbews that the shell attracts the particle at P in 
the same inanner as if the mass of the shell were condensed 
at its centre. 

212. It follows from the preceding Article, that a sphere 
which is either homogeneous or consists of concentric spheri- 
cal shells of uniform density, attracts the particle at P in the 
same manner as if the whole mass were collected at its centre. 

213. To find the attraction of a homogeneous spherical shell 
of sinall tliickness on a particle placed vntkin it. 

We must proceed as in Art. 211 ; hut the limits of ^ are in 
this case r — c and r+c; hence th e resultant attraction of the 
shell 



^'^I-Pfl 



-(2c-2c) = 0. 



Therefore a particle within the shell is equally attracted in 
every direction. 

Suppose a particle inside a homogeneous sphere at the dis- 
tance r from its centre ; then by what has just been shewn all 
that portion of the sphere which is at a greater distance from 
the centre than the particle produces no effect on the particle. 
Also by Art. 211, the remainder of the sphere attracts the 
particle in the same manner as if the mass of the remainder 
were all collected at the centre of the sphere. Thus if p be 
the density of the sphere the attraction on the particle is 

—5 — , that IS -~- , 

Thus inside a homogeneous sphere the attraction varies as the 
I distance from the centre. 

214. The propositions respecting the attraction of a uni- 
I form spherical shell on an external or internal particle were 
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given by Newton {Princtpia, Lib. I. Prop. 70, 71). The result 
with respect to the internal particle was extended b^ Newton 
to the case of a shell bounded by similar and similarly situated 
surfaces formed by the revolution of an ellipse round an 
axis. (Principia, Lib. I. Prop. 91, Cor, 3). The propo- 
sition is also true when the shell is boimded by similar and 
similarly situated ellipsoidal surfaces, which we proceed to 
demonstrate in the method given by Newton for the surfaces 
of revolution, 

215. If a shell of uniform density he hownded hy two ellip- 
soidal surfaces which are concentric, similar, and similarly 
situated, the resultant attraction on an ititernal particle vanishes. 

Let the attracted particle P be the vertex of an infinite 
series of right cones, let NMPM'N' and nrnPnin be two 
generating lines of one of these „_ 

cones, and suppose the curves in 
the figure to represent the inter- 
section of the surfaces of the shell 
by a plane containing these gene- 
rating lines. The curves will be 
similar and similarly situated el- I 
lipses, and by a property of such 
ellipses, 

MN= MJN' and mn = m'n'. 

By taking the angle of the cone small enough, each of the 
two portions of the shell which it intercepts will be ultimately 
a frustum of a cone, and being of equal altitude and having a. 
common vertical angle, they will ewercise equal attracUons on 
P. (See Art. 209.) Similar considerations hold with respect 
to each of the infinite series of cones of which P is the vertex, 
and consequently the resultant attraction of the shell vanishes. 

This result being true, whatever be the tbickuess of the 
shell, is true when the shell becomes indefinitely thin. 

216. In a somewhat similar way we may establish the 
following proposition which is due to Poissou ; the resultant 
attraction of an indefinitely thin shell bounded by two ellip- 
soidal surfaces which are concentric, similar, and similarly 
situated on an eivtemal particle is in tlie direction of the axis 
of the enveltiping cone which has its vertex at the given par- 




I 



I 

I 
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tide. {Crelle's Journal, Yo). sri. p. 141.) Denote tbe external 
particle by Q ; and suppose P in the preceding figure to be 
the point where the axis of the enveloping cone intersects the 
plane of contact of tbe cone and the ellipsoidal shell. Draw 
any straight lines NM^fN" aoa nmm'n' as in the preceding 
figure. Let /i denote the mass of the element Mn and /*' 
the mass of the element M'n'. 

Lnd it acts along Q3f; 
the attraction of fi is equal to ^ 

Now FJip'^Fir*'' 

and it is known that QSf and QM' make eguaZ angles with 

QP (see Conic Sectiom, Chap. XV,, last example) ; therefore 

QM QM' ' 

and therefore —jz = ., .,„ . 

QM" QM 

Thus the elements /* and fi exert equal attractions on Q; and 
since the directions of these attractions make equal angles 
with QP, the resultant attraction of these two elements acta 
along QP. A similar result holds for every pair of elements 
iuto which the ellipsoidal shell may be decomposed ; and thus 
the proposition foUows. It appears from the course of the 
demonstration that any plane through P divides the shell into 
two parts which exercise equal attractions on Q. 

It follows from this result, by proceeding to the limit, that 
the resultant attraction of the indefinitely thin shell on a 
particle in contact with the external surface is in the direction 
of the normal to the surface at the point of contact. 

In the next two Articles some propositions will he given 
which may serve as exercises; the approximate results which 
will be obtained may be subsequently verified by an exact 
investigation : see Art. 226, Two terms will be first defined. 

The figure formed by the revolution of an ellipse round its 
minor axis will be called an oblatum ; and the figure formed 
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by the revolution of an ellipse round its major axis will be 
called an obhngum. The former figure is often called an 
oblate spheroid, and the latter a prolate spheroid ; but these 
terms are inconvenient because the word spheroid is used by 
some writers to denote a figur^ which is nearly spherical, and 
by others to denote a figure not limited to any particular 
form : see page xiii, of the author's History of the Mathema- 
tical Theories of Attraction and of the Figure of tlie EartK 

217. To find the attraction of a homogeneous oblatum of 
small excentricity on a particle at its pole. 

Let 2c be the length of the minor axis and 2a that of the 
major axis of the generating ellipse. The oblatum may be 
supposed made up of a concentric sphere, the radius of which 
is c, and an exterior shell ; we shall calculate the attractions 
of these portions separately. 

Let a section be made of the sphere and the oblatum by a 
plane perpendicular to the axis of revolution of the oblatum 
at a distance x from the attracted particle. This plane cuts the 
sphere and the oblatum in concentric circles; the area of the 

former being Trj'and of the latter — ^— . where y^=2c3>—a^; 



$--)y 



the difference of these areas is tt 

made by a second plane, parallel to the former and at a 
distance &x from it, the volume of the portion of the shell 

intercepted between the planes will be tt [ -^ — 1 ] y'hx. The 

distance of every particle of the annulua thus formed from 
the attracted particle is approximately -Ji^cx), and, aa the 
resultant attraction of the annulus will act along the axis of 
the oblatum, it will, approximately. 

Therefore the resultant attraction of the shell 
2'c* Jo l^c 



i 
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^ If we suppose c = a (1 — e), e being very small, we have 

- c' = 2c'e approximately ; 
j therefore the resultant attraction of the shell = — ^-^ . 

[ Also the attraction of the sphere, by Art. 212, =^-!rpC', 
I therefore the attraction of the oblatum on the particle 

.j^p(i+j<)». 

1 This method is due to Clairaut; see Art. 165 of the History 
I of the Mathematical Theories of Attraction... 

218. To find the attraction, of a homogeneous oblatum of 
small excentricity on a particle at its equator. 

Let 2c be the length of the minor axis, and 2a that of the 
major axis of the generating ellipse. The oblatum may he 
supposed to be the difference between a coucentric sphere of 
radius a and a shell, and the attractions of the sphere and shell 
may be separately calculated. Let a section be made of the 
^here and the oblatum byaplane perpendicular to the straight 
line joining the attracted particle with the common centre of 
the sphere and ohlatum, and at a distance x from the at- 
tracted particle; this plane will cut the sphere in a circle the 
area of which is -rnf, where y*= 2ax— x", and it will cut the 
oblatum in an ellipse of which the semi-axes are respectively 

/ and -^ , and the area of which is therefore — ^. The dif- 



H ference of the two areas is ir r. 
* mnde hv a. spcnnd nla.np ■nnrn.llpl 



■ m 



1 — 1 j'. If a section be 

made by a second plane parallel to the former, and at a 
distance Sx from it, the volume of the portion of the shell 

intercepted between the planes will be w (1 — ) ^Sx. The 

distance of every particle of the annulus thus formed frora the 
attracted particle is approximately ^/(Zax) ; and as the result- 
ant attraction of the annulus will act along the straight Hne join- 
ing the attracted particle with the centre, it will approximately 



c\ X y^Bx /, c\ 2ax^ - a:* . 



Attraction of a mountain. 
Therefore the resultant attraction of the shell 




-/>- 



c') dx ■■ 



_ 8-!rp (a 



i£c = a{l-e). 

Also the attraction of the sphere, by Art. 212, =^irpa; 
therefore the attraction of the oblatum on the particle 



= ^irpa 



-^f = ^pa-i^)<^-iMl+i^)o. 



In the same manner it might he shewn that the attractions 
of a homogeneous oblonguni of small excentricitj on particles 
at the pole and equator are respectively 

^p{\-^e)c and |7rp(l-fE)c, 

2c being the axis of revolution of the oblongum, and 

ffl = c (1 - e). 

210. One more example may be given. It is sometimes 

useful to compare the attraction exerted by the Earth on a 

E article at the top of a mountain with the attraction exerted 
y the Earth on the same particle at the ordinary level of the 
Earth's surface. The investigation is given by Poiason, 
(JfecamyMe, Tom. I. pp. 492... 496), Let r denote the Earth's 
radius, x the height of the mountain, g the attraction of the 
Earth on a particle of a unit of mass at the ordinary level of 
the Earth's surface. If there were no mountain the attraction 
of the Earth on the particle at a distance x from its surface 

r° 
would he g -. t-. : we have then to add to this e 



the attraction exerted by the mountain itself. Suppose the 
mountain to be of imiform density p, and consider it to bo 
cylindrical in shape, and the particle to he at the centre of ita 
upper surface ; then by Art. 208 the resultant attraction la 

where } is tbe radius of the cylinder. If b is so large in com- 
parison with X that the square of 7 can be neglected, this 



FORCE VARYING AS THE DISTANCE. 289 

Iflxpression reduces to 2Trpx. Thus if ^' denote the attraction 
r at the top of tlie mountain 

Let <7 denote the mean density of the Earth, so that tlie 
nass of the Earth is — ^ — ; then 



Tliis result ia substantially due to Bouguer ; see Art. 363 
§-of the History of the Mathematical Theories of Attraction, . . 

Now the mean density of the Earth is known to be about 
I five and a half times that of water, and from what may be 
f conjectured of the density of matter at the Earth's surface, we 



ri = il + -l =1 — — approsimatelv : 

{r + xy K rj r '^ •" 

/ 2- 
thus 17' = -7 1--' 



=.(> 



I 



How far the approximations made in this Article are allow- 
able might be difficult to estimate ; from Article 207, it ap- 
pears that in taking 2-irpx to represent the attraction of the 
mountain, we do in fact make the mountain to consist of a 
uniform plate of finite thickness x, but of infinite extent. 

We have hitherto confined ourselves to simple examples 
of the ordinary law of attraction ; we now proceed to consider 
some other laws of attraction, and also some more complex 
cases of the ordinary law. 

220. If the particles of a body attract with a force varying 
as the product of the mass into the distance, the resultant at- 
traction of the body is the same as if the whole mass of the body 
were collected at its centre of gravity. 

T.s. la 



^ 



J 
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Take the centre of gravity of the attracting body as the 
ori^n of co-ordinatea, and let a, b, c be the co-ordinates of 
the attracted particle. Divide the attracting body into inde- 
finitely small elements ; let x, y, z be the co-ordinates of an 
element, m its mass, and r its distance from the attracted 
particle. Then the attraction of this element is mr, and by 
resolving it parallel to the co-ordinate axes, we obtain 

a — x b — v c~z 

mr. , mr . '-, mr.- , 

J. ,. ^ ' 

respectively. Hence, if X, Y, ^denote the resolved parts of 
the whole attraction, we have 

X=tm{a,-!^). Y=-Zm{b-^l Z=tm{fi-z). 

But, since the origin ia the centre of gravity of the attracting 
body, we have 

therefore X^atm, Y=lSm, Z=ctm. 

But these expressions are the resolved attractions of a mass 
Sm placed at the origin, which establishes the proposition. 

221. To find tlte attraction of a Iwviogeneovs spherical shell 
on a particle without it; the law of attraction being represented 
by <l> (y), inhere y is the distance. 

If we proceed an in Art. 211, we find the resultant attrac- 
tion of the shell ou P along PC 

Suppose j^ {y) in = ^, (j), and j j0, (j,) cij = ^ (j). 
Then, integrating by parts, we have 

J(}'+<i"-0*W* = (y + o'-r')*,(!/)-2/y*,C3')% 




I 
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( therefore • , I (y* + c' — r') (y) dy 

rSr|'^<^.(c+7-)-^0,(c-7-)-J,fCc+O+J^(c-rjl 

d ^ f(c + r)-yfric-r) } 
dc\ c j ■ 

This last form is introduced merely as an analytical artifice to 
simplify the esprosaion. 

222. To find the attraction oftlie shell on an internal par- 
ticle. 

The calculation is the same as in the last Article, except 
that the limits of y are i — c and »■ + c. Hence, the attrac- 
tion of the shell 

223. The formulEe of the preceding two Articles will give 

Ithe attraction when the law of attraction is known. 
Example 1. Let i^ (r) = -, ; therefore ^i (»") = i-A, 
A and Ji heing constants. 
Therefore the attraction on an external particle 



= 2^pr8r- 



d f_4M-^c + r)" -^ (<:-r)'l 



dc\ 



= 2^,.,^(-^.2^.) = *^,CA..2n,. 



la— 0. 



I 
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The attraction on an internal particle 

f -4c + ^(r + c)'-^(r-c)' ' 



'.TrprBr-^ 



2c 



2irprh-^ {-2 + 2Ar}=0, (Art. 213). 



Example 2. Let <f>{r)=r; 

therefore ^,(r)=Jr' + ^, yjr (r) =^ ^r* + ^Ai^ + B. 
The attraction on an external particle 

f ( c + r)' - (c - r)' + 4.4 (c + r)' - 4.4 (c - r]' ] 






= 2tTf 



V + r" + 2Ar] 



= iTrpr'cSr = 



The attraction therefore ia the same as if the ehell were 
collected at its centre. This property we discovered for the 
law of the inverse squara We shall now ascertain whether 
there are any other laws which give the same property. 

224. To find what laws of attraction allow its to siippose 
a spherical shell condensed into its centre when attradinff an 
external particle. 

Let ^ (r) te the law of force ; then, if c be the distance of 
the centre of the shell from the attracted particle, r the ra- 
dius of the shell, and i^ (r)=J[rJ^(r)tfr]d)', the attraction of 
the .shell 

But if the shell bo condensed into its centre, the attraction 
= 4 TTpr'Br^ (c) ; 
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Expand i/r(c+r) and ^fr (c~r) in powers oir; tben usi 
■^' (c) for ^ "^ , &e., we have 



I 



therefor, ^f^ ^-^ ^ + - j " "■ 

whatever r may be ; therefore 



But 

therefore 
therefore 



f"'Cc) = 2./.(c) + cf (c). 



Therefore, by the first of the ahove equations of condition 
for ^ (c), 

-■— + tf>' (o) = a constant. 

Put 3-4 for this constant ; multiply both sides of the equa- 
tion by c' and integrate ; thus 



therefore 



c'0 [c] = 



This value satisfies all the other equations of condition for 
yjr (c) ; therefore the required laws of attraction are those of 
the direct distance, the inverse square, and a law compounded 
of these. 

See also Art. 1046 of the Sistort/ of the Mathematical 
Theones of Attraction,,, 
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225. To find for wltat laws the shell attracts an internal 
particle equally in every direction. 

When this is the case, 

dc [ a f ' 



therefore 
whatever 



+'('■) + g^'■"W^ 



A being a constant independent of c; therefore 
■^'{r)=-A, i/r"'{r)=0, &e. 
From the second condition, we have 

where B, B', and B" are constants. 



Hence 


f H 


trl^{r)ir = B+2S 


therefore 




l,l>(r)dr = ^ + 2S 


therefore 




*H=-f: 



with this value of (f> (r) all the other equations of condition 
are satisfied ; hence the only law which satisfies the conditioii 
is that of the inverse square, 

226. I'd find the attraction of a homogeneous ellipsoid of 
revolution on a particle within its mass, the law of attraction 
being that of the inverse square of the distance. 

Let a and c he the semi-axes ; and let the equation to the 
ellipsoid of revolution referred to its centre as origin be 

o' + v' . ^ 



^ + 3-1., 



..(1). 



Let /, g, h be tlie co-ordinates of the attracted particle ; r 
the distance from the attracted particle of any point of the 
attracting mass ; the angle which r makes with a straight 
line parallel to the axia of 2; ^ the angle which the plane 
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containing r and a straight line through the polut (/, g, h) I 
parallel to the axis of z makes with the plane of {x, s). The f 
volume of an element of the attracting mass 

= r' sin 5 Se S^ Sr, 
as in Art. 130. Let p be the density of the ellipsoid of J 
revolution; then the attraction of this element on the at- 
tracted particle ia p sin 9 hd 50 Si- ; and the resolved parts of I 
this parallel to the axes of x, y, a, are 

p sin' e €03 Bd B<f> Br, p sin' 5 sin 5ff S0 Sr, 

and p sin 6 cos SB Bip Br, 

respectively. Hence the attractions of the whole ellipsoid of 1 
revolution will be found by integrating these expressions be- 
tween proper limits. We proceed to find tbese limits. 

(In equation (1) put 
f+ r sin B cos for x, 
g -irsmS sin for y, 
h + r cos 8 !oT z; 

then the equation to the ellipsoid of revolution becomes 
( /+ r sin fl cos ^)' +(g + r sing sin 0)' ^ (fe + r cos g)' ^ .^ 

I f/sin^cos^ + f/singsini^ Acos^' 
,r| ■ -^- +- - 




Equation (2) will give two values for r, one positive and the 
other negative ; these values we may denote by r^ and — f,. 
where 

^= X ■''''' K ■ 

Hence to find the whole attraction of the ellipsoid of revo- ' 
lution parallel to the axis of x, we first integrate the ex- 
presaion p siu* S cos ij> 86 Bd> Br with respect to r between the 
limits r = and r = r|, ana also between the limits r = and 
r = r„ and take the difference; we thus obtain 

p ein^ d cos <f> (r, — rj S^ S.^ ; 
this must be integrated between and tt for <f), and and ir 
for 0. If A denote the whole attraction parallel to the aiis 
of X, acting towards the origin, we have then 



<i: 



V sin' B cos dd d<f). 



We may simplify this expression by omitting those terms 
which vanish by the principles of the Integral Calculus; thus 






c'sin^f +a'cos"fl 



The integrations will take different forms according as a is 
greater or less than c. We will take the former case, that is 
we will suppose the ellipsoid of revolution to be an oblatwrn. 



. , /■-Cl-cos'e)si 

■r fpc^ f' ( a' sin S 
a' — c*Jo |c"+(a"~c")i 

_2wjp^ 



d0 

COS" tf 



„-.*i: 



a* — c' \cij{d' — c') 
Let c' = a'(l — e*); then the result may he written 



^-4- 
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In the same maimer, if B denote the whole 
t)blatwin parallel to the axis of y, 

£ = 27rirpJ^— 'sm'e ^- 



attiactioii of an ^^^H 



Let C denote the whole attraction of the e 
lution parallel to the axis of z, then 


.ipsoid 


of rsYO- ^^j 


C = 2pj' r^amScoaed6dit> 


--^kaa^rr'' 


tt^COs' 


Sd9d<^ 


"^^'^J„J„c'sin^^:r 


a' cos' 5' 


As before we will suppose a 
take the case of an oblatum. 


greater than c. 


that is we will 1 


Thus C-'T''''";/'{»n« 


c' + [a' — c') cos 


-i]io 


J 


Whpa' 1 c 


.0-^ 


r 


m 


= «.{>-^ 


^-4- 




1 


If the body be an ohlongum 
shewn then that 


o ia less than 


c. It 


may he ^^H 


^'P^-{'-.Vif 




1^ 


I 


^=St'{-^ 




i 


I 


. '^-S^'W^ 


og" + ^"'-""' 


-1- 


J 


It may be noticed that in both cases 






A B 

-J+-4 
/ 9 






M 



227. From the expressions in the preceding Article we see 
that the attraction is independent of the magnitude of the 
ellipsoid of revolution and depends solely upon the excen- 
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Hence the attraction of tlie ellipsoid of resolution similar 
to the given one and passing through the attracted particle, 
is the same as that of any other similar and similarly situated 
concentric ellipsoid of revolution comprising the attracted par- 
ticle in its Tiiass. Hence a shell the surfaces of which are 
similar, similarly situated, and concentric ellipsoids of revo- 
lution attracts a particle within it equally in all directions. 
This has been already established ; see Art, 215. 

If we put the ellipticity of the body = e, and suppose e 
very email so that we may neglect its square, we have for the 
oblatum, since c = a (1 — e), 

c" = 1 — j = 1 — (1 — e)' = 2e approximately. 

After expansion and reduction we shall obtain approximately 
A = i-,p(l-i,)f, 

For the ohlongwm, since a = c (1 — e), 

«'.l-^ = l-(l-.)'-2.. 
After expansion and reduction we shall obtain approximately 

S28. To find the attraction of a homogeneous ellipsoid on 
a particle within its mass, the law of attraction being that of 
the inverse square of the distance. 

X* v' z' 
Let the equation to the ellipsoid be s + is + -» = 1. 

L^t /. 9i ^ he the co-ordinates of the attracted particle. 
Then, proceeding as in Art. 22G, we put 

/+ r sin cos for x, 

g + rs'md sin ip for g, 

h + r cos 9 for JB ; 



ATTRACTION, ELLIPSOID. 

thus tlie equation to tlie ellipsoid becomes 

, fsin" 5 cos' d sin'^ein'ii cos't 

r'i i r^,. __. r + _^ 

la' 6* (T 



which we may denote thus 

a o tr 
This quadratic equation will give two values of r, one po&itive 
and the other negative; these values we may denote by r^, 
and — r,. 

Now if p be the density, and G denote the attraction 
parallel to the axia of z we have 



= p III smdcoa ddd<f>dr. 



I 
I 



First integrate with respect to r between the limits and 
r,, and also between the limits and r^, and take the dif- 
ference ; we thus obtain 

C=p(j Bind cos e{r^-r,)dBd>p 
— 2p ji jj-emB COB 0dd dip. 

The limits are and x for ^, and and tt for 0. We may 
eimplify this expression by omitting those terms in F which 
vanish by the principles of the Integral Calculus ; thus we get 

C=2 »;,« [' r ^^° ^ ''Q^' ^ ^^ ^'^ 

Jo Jp fiVsin'^cos'f^ + aVsin'^sin'^ + aVcoa'ff 

sin cos* ^ d 0d^ 



""'"''[I'.tm 



[;' sin' $ sin' A + a'b' cos' 6 



For 
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The integration with respect to ^ may be effected. 
d0 



=/, 



J h'c^ sin' $ coa" + o'c' sin' sin' if} + a'i' cos" f 

sec' rf0 

A'c* sia* fl + a'6' coa' 6 + (0*0° sin* + a'b" coa' ^ tan' ^ 

1 



V(6'c' sin" 8 + o'A' cos' ^) ^/[c^c^ sin' fi + a^fi" coa' 6) 
1 „ J(a'<? sin' ^ + o'&' cos' 0) , , 

"When taken between the limits this gives 



tan''5i 



1 


TT 


ab V(c" sin" 6 + a' cos' ») V(c' su 


i'^+6'cos'fl) 2' 


Tlierefore 




r <_.,!,« r »»»= 


os-edfl 



s' ^J V (<=" sin' ^ + &' cos* S) ' 

The values of A and S may be immediately obtained by 
symmetrical changes in the letters o, b, c, and_^ g, h. 

If we change a, h, c into o(H-n), 6(1+k), c(l+n) 
respectively, the expression for C remains unchanged ; and so 
also the expressions for A and B remain unchanged. This 
shews that a shell of any thickness, the internal and external 
boundaries of which are similar and similarly situated con- 
centric ellipsoids, exerts no attraction on a particle within 
the inner boundary. This has been already established ; see 
Art 215. 

The definite integral which occurs in the expression for C 
admits of various transformations. Thus put x for cos 6, then 
we obtain 



C= 4nrpahh I 



VK+(a"-c').c"JVV+C^=-cVl' 



J 



2TrpabcJt i 



Asain put x" = -= — i so that ( = when a; = 1, and i = x 
■when x=0. Thus we obtain 

dt 

where Q stands for V[(o'+ 0(*'+ ')(«'+ ')}■ 

229, Suppose we require the attraction of a. homogeneous 
ellipsoid of revolution on an external particle. 

In the equation (2) of Art. 226, we shall now have F*— H 
a positive quantity, and the two roots of that quadratic equa- 
tion will have the same sign. Hence we shall find 



'^^ll'i 



Vff;„. 



) COS d<}> dd. 




The limita of the integration with respect to 6 will involve 0, 
for these limits will be found by putting H=0, and this leads 
to the following quadratic equation for determining tan B : 

2A tan $ fcoa dt + qsmA 1 ^-. 

+ - — i — ■- ^^—^ + -» ( 1 

c' a' e' V 

Then the limita of tp are to be determined from the condition 
that the values of tan 9 furnished by this quadratic equation 
must be equal; this leads after some reduction to the following 
equation for determining the limits of tp, 

(/cos tf> + g Bin 0)' =/' + f- aK 
It 19 however unnecessary to proceed with these complicated 
integrations, for we can obtain the result indirectly by means 
of Ivory's theorem, which furnishes a relation hetween the 
attractions of homogeneous ellipsoids on ecdemal and internal 
particles ; this theorem will be true for ellipsoids of revolu- 
tion as they are included among ellipsoids, and since the at- 
traction of an ellipsoid of revolution on an internal particle 
haa been already found, the theorem will enable us to deter- 
mine the attraction of an ellipsoid of revolution on an external 
particle. 



^ 



230. We eliall require a preliminary definition and pro- 
positioa before we give Ivory's theorem. 

Corresponding points on two ellipsoids are points whoae 
co-ordinates are proportional to the axea to which they are 
respectively parallel 

In amfocal ellipsoids the distance between two points, one on 
each ellipsoid, is equal to the distance between their corre- 



Let {x, y, z) and (f, t}, J) denote two points P and Q on an 
ellipsoid whose semi-axes are a,b,c; then the corresponding 
points P'and Q' on an ellipsoid whose semi-axes are a', b', c, 
will be denoted by 



V»' b ' c 1 \a b ' c I 

Thus Pfi- = (. - '^' + (j - 'J)' + (» - f)' , 



Tlierofoie PQ 


•-FQ'. 








(*'-r)(i- 


?) + '»'■ 


-,')(l- 


?)H^ 


-n 


= (»■ 


--)g- 


-14 


-I^J- 


1} 


because the ellipsoids are 


confocal 


and therefore 




a'-o'. 


6' -J" 


= c*-c''. 




? 


44 


-1-1 


4^?^ 




therefore J^'- 


P«'=0 


thus i>e'=p'Q. 
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Ivory's Theorem. The attraction of an ellipsoid on a par- 
ticle on the surface of a confocal ellipsoid resolved parallel to 
an axis is to the attraction of the second ellipsoid on the 
corresponding point on the surface of the first ellipsoid, so 



I 
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resolved, as the product of the other two axes of the first 
ellipsoid is to the corresponding product in the second ellipsoid : 
the two ellipsoids being homogeneous and of the same density. 

Let a, 5, c be tbe aemi-axea of tlie first ellipsoid ; a', V, c' 
those of the Eecond. Let (f, a, h) denote a point on the sur- 
face of the first ellipsoid ; {/ , g', h') the corresponding point 
on the surface of the second eUipsoid. 

The attraction of the first eUipsoid on a particle at (f,ff', A') 
resolved parallel to the axis of a; ia 



III- 



(r) dx dtj ds, 

■where r" = (a; -/')' + Q/ - sJ + (s - /(')'» 

and the law of attraction is represented by (r) ; /t is a con- 
stant: tbe integration is to extend throughout the volume of 
the first ellipsoid. 

Let J ^ (r) dr = ij/' (r). Integrate with respect to x; and 
let r and r, denote the values of r at the extremities of a 
chord of tbe ellipsoid parallel to the axis of x. Thus the 
resolved attraction ia 

In tbe same way the resolved attraction of the second 
ellipsoid on the corresponding point on the surface of the 
first ellipsoid may be expressed by 

Now suppose that we always make 

b b c c 

then we have by the preliminary proposition 

r, = /, and r^ = r',^; 
and we have also 

!i/dz _ he 
If d£ h'c' ' 

Hence the first resolved attraction is to the second resolved 
attraction as be is to b'c; and this establishes the theorem. 



IVORY S THEOREM. 

It will be seen that the iJemonatration establishes some- 
thing more than Ivory's theorem enunciates, namely the fol- 
lowing : take any elementary prism of the first ellipsoid the 
edges of which are chords parallel to an axis, and take the 
corresponding elementary prism of the second ellipsoid ; then 
the attractions of these prisms resolved parallel to the axis on 
the correspondins points are as the products of the other 
axes: and Ivorya theorem follows from the faet that the 
ellipsoids may be supposed to be formed of corresponding 
elementary prisma. 



We observe that one of these ellipsoids lies entirely within 
the other. For if not the points at which they intersect would 
lie on the curve of which the equations are 

^+S + ^-l. and ^ + 4+^ = 1; 
a c a c 

the co-ordinates of the points of intersection must therefore 
satisfy the equation 

Since the ellipsoids are con/ocal this becomes 



— » + 



i"i- 



l-4^.= 0; 



and this equation can only be satisfied by supposing x, y, 
and z to vanish ; and these values do not satisfy the equa- 
tions to the ellipsoids. Thus the ellipsoids do not intersect 
at any point. 

Hence to find the attraction of an ellipsoid of which the 
semi-axes are a, b, c on an external particle of which the co- 
ordinates are /', g, It, we must first calculate the attraction, 
resolved parallel to the axes, of an ellipsoid of which the 
semi-axes are a', h\ c on an internal particle of which the 
co-ordinates are/ g, h ; these six quantities being determined 
by the equations 

a" — V* = a' — 1", a* — c* = a' — c'. 
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•i 

\ 



and then the resolved parts of the required attraction will be 
these three calculated results, multiplied respectively by 
he ca ah 
6'e" c'a ' a'b" 
It may he shewn that there is only one elhpsoid which can 
have its semi-axea a\ h', c* satisfying the conditions required 
in Ivory's theorem. 

Suppose that a, b, c are in descending order of magnitude. 
Put ( for g" ; let a' — c' = p, and b' ~c* = q, so that p and q 
are positive quantities. We have then 

a" = p+t, h"'=q + t; 
thus we obtain the following equation for determining i, 

p + t q-i-t t 

By examining the changes of sign of the expression which 
forma the left-hand member of this equation, we see that 
there is a root between —p and — 5, a root between — q and 0, 
and a root between and x . Corresponding to the fii-st root 
we should obtain an hyperboloid of two sheets ; correspond- 
ing to the second root an hyperboloid of one sheet; and cor- 
responding to the third root an ellipsoid. 

It should be remarked that what is called Ivory's Theorem 
is strictly speafeing Ivory's demonstration of Laplace's Theo- 
rem : see Art. 804 of the History of the Matkemaiical Theories 
of Attraction..., 

231. To prove that ike resultant attraction of the particles 
of a finite body of any figure on a particle of which the dis- 
tance is very great in comparison tvith the greatest diamieter of 
the attracting body, is very nea/rly the same, as if the particles 
were condensed at their centre of gravity and attracted ac- 
cording to the same law, whatever that law be, 

20 
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ATTSACnON ON A DISTANT PARTICLE. 

I^et the origin of co-ordinates be taken at the centre of 
gravity of the attracting body, the axis of x through the 
attracted particle ; let c be iti abscissa, and x, y, z the co- 
ordinates of any particle of the body, p the density of that 
particle. 

Then the distance between these two particles, or r. 

Let T^ (r*) be the law of attraction ; then the whole attrac- 
tion parallel to the axis of x 

= ////> [c - x) <l> {c^ - 2cx + i:^ -\- y' + ^ dxdy dz, 

the limits being obtained from the equation to the siirfece 
of the body. This attraction therefore 

=i!!p{c-x){j>{^)-{^cx-a?-f-^)<^{c') + ...]diiadydz 



=c^(<^)///p[l-f(l+'^)+(^+^ 



= Mci>ic')- 



-<^<l''i'?)jp 



1-33^ 



'+U*)^^^-\:..]dxd2,ds 



dxdyd3 + {A), 



M being the mass of the body, and ////la; dx dy dz = 0, since x 
is measured from the centre of gravity of the body. 

Now suppose X, y, z to be exceedingly small in comparison 
with c; then all the terms of (A) after the first are extremely 
small in comparison with that term, it being observed that 
c"^' {<?) is of the same order as c^ (c°) in terms of c. Hencf 
the resultant attraction is very nearly Mc tjj (c") ; that is, it is 
very nearly the same as if the pai-ticles were condensed at 
their centre of gravity and attracted according to the law 
determined by the function rtf) (t*), 

232. From Art. 224, it appears that when the law of 
attraction is that of the invei'se square of the distance, a 
sphere composed of shells, each of which is homogeneous, 
attracts an external particle with a resultant force, which is 
the same as if the sphere were condensed at its centre. It 
may be sbe^vn also that two such spheres attract each other 
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in the same maimer as if each were condeneed at its centre. 
For consider any element of masa forming part of the first 
sphere; the attraction of this on the second sphere will he 
equal and opposite to the resultant attraction of the second 
sphere on it, and will therefore be the same as if the 
second sphere were collected at its centre. Similarly, the 
attraction of any other element of the first sphere on the 
second will be the same as if the second were collected at 
its centre. Proceeding thus, we find that the whole action of 
the first sphere on the second is the same as if the second 
were collected at its centre, and therefore the mutual attrac- 
tion of the spheres is the same as if each were collected at 
its centre. 

If the law of attraction he that of the direct distance, then 
two bodies of any shape attract each other with a resultant 
force which is the same as if each were collected at its centre 
of gravity. 

We proceed to general formulse for the attraction of bodies 
of any form, 

233. Let there be a body of any form ; let p represent the 
density of an element, the volume of which is dxdyds, x, y, a 
being the co-ordinates of the element. Suppose the attraction 
between the particles of masses m and m' respectively, at a 
distance r, to be mm' F{r); then the components X, Y, Z 
parallel to the axes, andyrom the origin, of the attraction of 
the body on a particle whose masa is unity, and co-ordinates. 
a, b, c are found by the equations 



I 



X 


=///- 


— ? F{r) dxdydi. 


r 


-w 


-^ F{r)dxdsdz. 


z 


-w- 


^ F(r) dxdyds, 


being ^ 


=((«- 


»)'+(y-6)' + (2-»)'l' 



The integrations are to be taken s 
Oients of the attracting body. 



.B to include all the ele- 



Let <j> (r) be sucli a function of r that -f(r) is its differential 
coefficient with respect to r, and let 

IT = }JJp<}i (r) died^ds, 

the integrations being extended so as to include all the ele- 
ments of the attracting body; then will 

da' db' dc 



i±{r)_dr^^ .d 
dr da 'd 



-i^W- 



\\p^{r)dxdydz 



dU , „ dU . 

-^and^=-^maybc- 



_dU 

da ' 

Similarly, the equations Y= 

established. 

It may be observed that if in any case, for example that 
of an infinite solid, the integral U becomes infinite, but the 

differential coefficients -;— , ^j-, — =- are finite, the preced- 

da do dc "^ 

ing values of X, i' Z will still be correct. 

For suppose we take a finite portion of the solid; the com- 
ponents uf its attraction will have for values the differential 
coefficients of U. Suppose now that we extend without limit 
the portion of the mass considered, the components of the 
attraction will always be 



dU dU 



da ' 



db' 



whether d increase without limit 
three expressions tend to limits, th 



dU 

' dc ' 

or not. Hence, if these 
jse hmits will be the com- 



FUNCTION V. 



309 



ponents of the attractioa of the infinite solid. And if they 
increase indefinitely, we may conclude that the attraction 
increases without limit as the portion of the hody considered 
increases; this we express by saying that the attraction of 
. the sohd ia infinite, 

234. If the law of attraction he that of the inverse square, 
we have 



Fir) = 
Let r= - U, that is, ] 



J and tjj {r) = 



^-W 



'pdxdydz 



••(1); 



\ 



\ 



then, as in the preceding Article, we have for the attractions 
parallel to the axes of a>, y, z respectively, and /row* the origin, 

X-— Y=^^ Z= — 
da' dh ' dc 

The equation which gives Kis equivalent to the following 
operation: — decompose the attracting ma^s into indefinitely 
small elements, and divide the jnass of each element bi/ the 
distance of tlMt element from, the attracted particle; the sum of 
these qvotienta is V. Hence, the value of V will be quite 
independent of the axes, rectangular or polar, which we may 
find it convenient to employ. Suppose we use the ordinary 
polar formuhe, and take the position of the attracted particle 
for the origin; then the element of volume ia (Art. 130) 
t" mji 9 B(f) S0 Br; therefore 

V=jfJprBm0d(f>dedr (2). 

Suppose the attracted particle forms part of the attracting 
mass; then, since r vanishes for those particles of the attract- 
ing mass which are in contact with the attracted particle, 
from equation (1) it would bo doubtful if V is finite in this 
case; but firom (2) we see that it really is finite. 

235. To express hy meam of V tlis attraction resolved 
along any line. 

Let s he the length of the arc of any curve measured from 
a fixed point up to P the attract ad particle ; l,m,n the direc- 



tion cosines of the tangent to this line at P; R the attraction 



resolved a 



5 this tangent ; then 
B = lX+'mY+nZ 



da^ 



dV 

dc ' 



Now, if ■« 



3 restrict ourselves to points lying on the line e, 
Fwill become a function of a alone; for F ia a function of 
((. h, and c, and each of these may be regarded as a function 
of s; thus we shall have by the differential calculus, 
dV^dVda dVdb , dVde_ 
ds da ds db < 

db _ dc _ 
' ds ' ds ' 
^dV 
' ds- 



aud since 






dc ds ' 
eget 



E = 



.236. To examine the meaning of the function V. 

This function ia of so much importance that it will be 
to dwell a little on its meaning. 

In the first place it may be observed that the equation (1) 
contains a physical definition of V, which has nothing to do 
with the system of co-ordinates, rectangular, polar, or any 
other, which may be used to define algebraically the posi- 
tions of P and of the attracting particles. Thus F ia to be 
contemplated as a function of the position of P in space, if 
such an expression may be allowed, rather than as a function 
of the co-ordinates of P; although, in consequence of its de- 
pending upon the position of P, Fwill be a function of the 
co-ordinates of P, of whatever kind they may be. 

Secondly, it may be remarked that although an attracted 
particle has hitherto been conceived as situated at P, yet F 
has a definite meaning depending upon the position of the 
point P, whether any attracted matter exist there or not. 
Thus F is to be contemplated as having a definite value at 
each point of space, irrespective of the attracted matter which 
may exist at some places. 

The function V is called the potential of the attracting 
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237- To calculate the value of Vin the case of a spherical 
I ehell, ifie density being a function of the distance from the 
\ centre. 

Let a be the distance oiP from the centre ; u the distance 
of any point in the attracting shell from the centre ; 6 and 
the other polar co-ordinates of this point ; let 8 be measured 
from the straight line joining the centre of the sphere with 
the attracted particle P, which is ohviously the direction of 
the resultant attraction. The mass of the element at this 
point is pu* sin 6 Su 8^ 80, and 

are the internal and external radii of the 



where «, anc 
shell; hence. 



Now 
therefore 



-'/X^ 



edudd 



^ mid V= — jj pudu dr. 

We must now distinguish three cases. 



4 



I. 



When P IB heyond the external surface, the limits of r ' 
- u and a + u; therefore 



V^^f^'f^^ududr 

= -^/_^Vw'<^" ^^^■ 

But if J/ denote the mass of the spherical shell, 
Jlf=4x I pu^du; 



d 




V-'-i. 



Now the resultant attraction = 



the same an if tlie mass 
centre ; thia was proved i 



of the shell were collected at its 
I Art. 212. 



II. When P is within the internal surface, the limits of r 
ire u — a and u-\-a; therefore 



= ^- / / pududr 
= 47r I pudu , 



.{2). 



Since this is independent of a, we have 



This is equivalent to the result found in Art. 213. 



III. By combining the results contained in equations (1) 
and (2), we see that if P be between, the bounding surfaces 
wf the shell, 



d 



- I pwVw + iTr pudu. 



From this we may deduce a result involved in Arts, 212 and 
213, namely, that the resultanl attraction is the samie as ifaU 
ike matter which is nearer to the centre than P were collected at 
the centre, and the rest of the matter neglected. 

238. At any point [a, h, c) where there is no particle of tlie 
attracting mass, the function Vsatiafies the partial differential 
equation 



da' db* do' 



EQUATION WHICH V SATISFIES. 
For since r=\{x — of + {3/ - 1}^+ (s - cf]^, 




3(y-i)' 






and similar expressions hold for -jr^ and -j-^ ; therefore 









0. 



This result holds ao long as the attracted particle is not in 
contact with the attracting mass. If, howeyer, the attracted 
particle is in contact with the attracting mass, r can vanish, 

and therefore ~ and its differential coefBcients become injmiie; 

the preceding demonstration does not hold in this case. 

At an int&mal point (a, 6, c) about which the density 
is p, the function V aaUsfies ike equation 

d'F d=F rf"r 

^ -jii + TIT 111 tills case, 
do" do 



To determine the value of - 



EQUATION WHICH V SATISFIES. 

suppoBS a sphere described in the body so that it shall include 
the attracted particle, and let F= F, + V^, where V^ refers to 
the sphere and V^ to the remainder of the attracting hody ; 
then 

iPV d'V d'V d'V, d'V, d'V, 
da' "•" db' "^ dc' da^ "*" db" "*" do" 



dd' 



db" ^ 






Dy what has been already proved. 

Now the centre of the sphere may be chosen as near the 
attracted particle as we please, and the radius of the sphere 
may be taken so small that its density may he considered 
ultimately uniform, and equal to that at the point {a, b, c). 

Let a, ^, y be the co-ordioates of the centre of the sphere ; 
then the attractions of the sphere on the particle parallel to 
the axes are, by Art. 213, 



d*V,_ ^vp 
da* 3 ' 



JjIPn 



dc 3 ^ ^^' dd' 3 ' 

dor db' dc' '^ ' 

,, - d'V , d'V d'V 

therefore -nr + -nr + -t-? = — *Tp. 

da do dc 

2*0. Application to the Sphere. In Art. 237 we have 
calculated Fby direct integration in the case of a body com- 



posed of homogenoous spherical shells. We may also deduce 
its value by means of the equationg in Arts. 238 and 239. 
This we shall now do. If a sphere be composed of homo- 
geneous shells, V will be a function of the distance r of the 
centre of the sphere from the attracted particle ; the resultant 
attraction will act along the straight line which joins these two 

dV 
points, and will he denoted by -5- . 



The equation 



similarly 



da J 
dV 
da 
^_ 
da' 
d'V _ 
db^ ~ 

rfc' 



r' = a° + S' + c' 

dr __b dr _ 

' db r' do 

^dVdr_dVa 

dr da'^ dr r 

^d'V ldY_ 
r' di* r dr 
6' d^ 1 dV 
1" d^'^ r dr 

1^ dr' r dr r" dr ' 



j^ dr ' 
_6'dF 

?■' dr ' 



By adding these equations we have, by Art. 238, at a point 
where there is no particle of the attracting mass. 



d'V 
dP^' 



2dV_ 
r dr 



This may be written 



d f . dV\ 

drY dr] 

dV 
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where G is some constant. 



particle 



the sphere to he hollow, and that the attracted 
within the inner surface, the radius of which wc 
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shall denote by r 
to vanish when r = 



Since the attraction ought evidently 
dV 
I, we must have (7=0: therefore -^ =0. 



Hence the attraction always vanishes, and the particle is in 
equilibrium whatever be its position within the unoccupied 
part of the sphere. 

Suppose next that the particle forms part of the mass of 
the sphere ; we have, by Art. 239, 



dr* ^ 



2dV^ 
r dr 



-iTrp, 



p being a ^ven function of r. 

Multiply by r", and integrate from the value r, of r ; since 
T— = for all points in the interior, it is so at the limit r^ ; 

thus 



t^-j- = — iTr I pi^d 



But I i-irJ^pdr is the mass comprised within that surface of 

the sphere which passes through the attracted particle. If we 
call it M', we have 

dV__]ir 
dr r' • 



\ 



it is the same as if the mass M' acted aJone and were coUected 
at its centre. 

If the attracted particle is on the exterior surface having 
its radius = r., we have, if M be the whole mass of the hollow 



sphere, 



dV_ 
dr" 



and the attraction exercised upon this particle will have for 
its value — 5 . 
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Lastly, consider a particle outside the sphere ; that is, for 
which r is greater than r, ; wo have, as in the first case, 

dV_G 
dr" r'- 

But in consequence of the discontinuity arising from the 
particles of the mass, the constant is not restricted to 
have the same value as for the interior points. To deter- 
mine it we put r = r^; then, from the preceding case, we 
ought to have 

dr r^ ' 
therefore C= — M; 



» 



dr 



agrees with Art. 212. 

Tha preceding application to the sphere serves very well to 
illustrate the formula, but it does not give an independent 
demonstration of the results which it involves ; because the 
process in Art, 239 assumes that the attraction of a sphere on 
an internal particle is known. But we may easily obtain the 
facte connected with the attraction of a spherical shell with- 
out using Art. 239. 

Consider a spherical shell where the density is any function 
of the radius ; then we have, as shewn at the commencement 
of the present Article, the result 

dV^C^ 
dr r" 

where C is constant when wo pass from point to point without 
entering the attracting mass. 

For any point within the inner surface of the shell G=0, 
because the attraction must vanish whun r = 0. 




INDEFINITE CYLINDER, 

For any point without the outer surface of the shell 
C= — M, because for points at an indefinitely great distance 
the resultant attraction of tlie shell must he the same as if the 
shell were condensed at its centre of gravity ; see Art. 231. 

Thus the required results are ohtained. 

241. Application to an indefinite cylinder. Consider next 
a hollow indefinite cylinder composed of homogeneous shells, 
the density being a function of the distance from the axis of 
the cylinder which we take for the axis of z. Its action upon 
any particle will be directed towards the point where the axis 
is cut by a perpendicular plane passing through the attracted 
particle. Take this point of the axis for origin ; let r be its 
distance from the attracted particle ; the attraction will depend 

dV 
only on r, and its value will be -r- . 

But for the points which are not part of the mass of the 
cylinder, we have, by Art. 238, observing that V is inde- 
pendent of c, 

da^ db' 



whence 




Multiplying by r 


we have 




l('f)=» 


therefore 


dV C 



G being some constant. 

We observe, as in the case of a hollow sphere, that the 
points exterior to the cylindrical shell and those in the interior 
being separated by those of the shell, for which the circum- 
stances are different, there is a discontinuity in passing from 
values of r greater than the radius of the external surface, to 
those of r less than the radius of the internal surface. 



INDEFINITE CYLINDER. 

For points of the interior of the shell C ia invariable ; but it 
is obviously = when r — 0; therefore for all points in the 
interior 

dr 
Hence we conclude, that cm indefinite hollow cylinder composed 
of homogeneous shells exercises no attraction on a point situ- 
ated within the interior of its internal surface. 

Let us now find the value of -j— for points belonging to the 
mass of the cylinder ; for these points we have, by Art. 239, 
d'V 1 dV- 
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dr' ^r dr ' 



-i^TTp, 



I and we find by integration, calling r^ the radius of the internal 
surface, 

r -^r- = — iTT ( prar. 
dr J rf 

dV 
No constant is neceeaaiy, because -,- = when r=r^, since it 

s 80 for all the points of the interior of the surface of which 
the radius is r^. Put r = r,, then 
dV 



dV 47r f' , 



For external points we ought to have 

dV_C 

"dr r • 
Make r = r^, then, by reason of the preceding equation. 



C=- 



TT I prdr. 



The constant being thus determined, we have for all values oJ 
r greater than r , 

dV^G 
dr r ' 
land the attraction of the cylinder will be — . 



4 
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OP BQUIUBEIUM. 

It ought to be otserved, that in tbe example of this Arti- 
cle, V 18 infiDite, as may be readily shewn ; but this does 
not invalidate the process which really involves only tbe 

hmte quantities -5— and —it-. 

We shah now give some propositions extracted from an 
article by Professor Stokes, in the fourth volume of the Gam- 
bridge and Dublin Mathematical Journal, to which we have 
been already indebted in Art. 236. 

24-% A surface of equilibrium, is one on which a particle 
would rest in equilibrium if acted on by the forces of the 
system, the surface being supposed fixed. 

If F" be the potential of an attracting body on a particle, 
then V= constant, is the equation to a suri"ace of equihbrium 
with respect to the attraction of the body. For We have 

shewn in Art. 235, that -j- is equal to the attraction resolved 

along the tangent to a curve drawn through the attracted 
particle, but H this curve he on the surface F= constant, 

dV 
then -J- = ; that is, there is no force acting on P in the 

direction of any tangent to the surface V= constant. Hence, 
if Pbe placed on the surface, it will remain in equilibrium. 
{Art. 33.) 

Lines of force are curves traced so that the tangent at 
any point is the direction of the result-ant force at that point. 
Hence tbe lilies of force are perpendicular to the surfaces of 
equilibrium. 

243. If Sle any closed surface to which all the attracting 
mass is external, dS an element of 8, and dn an element of the 
normal drawn outwards at dS, then 



tlie integral being taken throvghout the whole surface 



A 
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Let m' be the mass of any attracting particle wliich is 
situated at the point P', P" being by hypothesis external to 8. 
Through F" draw any straight line L cutting 8, and produce 
it indefinitely in one direction from P'. The straight hne L 
will in general cut 8 in two points ; but if the surface 8 be 
re-entrant (that is, a closed surface which may be cut by a 
tangent plane), it may cut it in four, six, or any even num- 
ber of points. Denote the points of sectionj taken in order, 
by P,, P , Pj, &c., P, being that which lies nearest to P'. 
With P for vertes, describe about the straight line L a 
conical surface containing an infinitely small solid angle 
measured by the area a which the conical surface cuts out 
from a sphere of radius unity, with the vertex of the cone as 
its centre; and denote by A^, A^, ... the areas which the 

conical surface cuts out from S about the points P,, P^, 

Let d^, 6^ be the angles which the normals drawn outwards at 
Pi,P^ make with the straight line i, taken in the direc- 
tion from P, to P' ; N^, N, the attractions of m' at P,, 

Pj, resolved along the normals; r,, r,, the dis- 
tances of P,, P, from P". It is evident that the angles 

^^, 0,, will be alternately acute and obtuse. Then we 

have 

N=^,co^e„ ^, = -^;cos(^-l).&c. 

We have also in the limit, 

A^ = ar^ sec 6^, A^ = ar^ sec (tt — 5,), &c. ; 
and therefore 

NjA^ = am, N,A^ = — am', ^^A^ = am', &c. ; 
and therefore, since the number of points P,, F^,... is oven, 
M^A^ + N'^Aj^ + ^^A^ + N^A^... = am' — am + am —am'... = 0. 

Now the whole solid angle contained within a conical 
surface described with P for vertex, so as to circumscribe 8, 
may be divided into an infinite number of elementary solid 
angles, to each of which the preceding reasoning will apply ; 
and it is evident that the whole surface 8 will thus be ex- 
hausted. We have, therefore, 

limit of 2iV.4 = 0; 
T.s. 21 
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or, by tlie definition of an integral, 

The same ■will be true of each attracting particle m'; and there- 
fore, if JT refer to the attraction of the whole attracting 

we shall still have jNdS= 0. But, by Art. 235, JV = 

which proves the proposition. 



dn ' 



244. If V he the potential of any n 
portion, of M^ contained within a close 



rsM^,andifM^het/te 
surface S, tkm 



J dn • 

dn and dS having the same meaning as in Art. 24:3, and the 
integration being extended to the whole surface 8. 

Let m' be the mass of an attracting particle situated at the 
point F' inside iS.. Through P' draw a straight line L, and 
produce it indefinitely in one direction. This straight line 
will in general cut S in one point ; but if iS be a re-entrant 
surface, it may be cut by L in three, five, or any odd number 
of points. About L describe a conical surface containing an 
infinitely small solid angle a, and having its vertex at P', and 
let the rest of the notation be as in Art. 248, In thia caae, 
the angles ^,,^„ ... will be alternately obtuse and acute, and 
we shall have 



K = 



-j cos {ir 



—i COS d^, 



A^ = ar' sec (tt — 5,) = — ar' sec ^„ 
and therefore -^i-^i = ~ '"'''■ 

Should there be more than one point of section, the terms 
N^^, NgA^, &c. will destroy each other two and two, as in 
Art, 24S. Now all angular space round P* may be divided 
into an infinite number of solid angles such as a, and it ia 
evident that the whole surface 8 will thus be exhausted. 
We get, therefore, 

limi t of ^NA = — Sowt' = — m'Sa ; 
or, since 2a = Itt, jNdS= — 4-7rm,'. 
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The same formula will apply to any other interDal par- 
ticle, and it has been shewn in Art. 243, that for an external 
particle JNdS = 0. Hence, adding together dl the results, 
and taking N now to refer to the attraction of all the par- 
ticles, both internal and external, we get JNdS = — ^ttM.. 

dV 
But N= -J- , which proves the proposition. 

245. For the researches of M. Chasles on the attraction 
of ellipaoids, we refer to Duhamel's Gours de M&anique, or to 
the original memoirs in the Journal de I'Ecole Falytechnique, 
torn. XV., and the M4moires...des Savans Etrangers, torn. ix. 
In the original memoirs will be found copious references to 
preceding writers on the subject 

On the general theory of attractions, the student may con- 
sult a memoir by Gauss, translated in Taylor's Seieniific 
Memoirs, vol. iri., and in Liouville's Jomiial de Mathematiqv.es, 
tom. vtl; and also a memoir by M. Chasles in the Gon- 
naissance des Temps pour Vannee 1845. 

Notes by Plana on some of Newton's propositions re- 
specting attractions will be found in the Memorie delta Reals 
Accademia...di Torino, second series, vol. xi., 1851. 

Some further references will be seen in the article by Pro- 
fessor Stokes already cited. 

For the apphcation to the theory of electricity, we refer to 
a series of articles by Professor Thomson in different volumes 
of the Cambridge and D-ubtin Mathematical Journal. See 
vol. r. p. 94, and vol. m. p. 140. 

Additional information on the subject of Attraction will 
be found in the History of the Mathematical Theories of 
Attraction and the Figure of the Earth. 

246, The following propositions will illustrate the sub- 
ject of the present Chapter. 

I. To find the attraction of a uniform lamina in the form 
of a regular polygon on a particle situated in a straight line 
drawn through the centre of the lamina at right angles to its 
plane. 

Let n bo the number of sides in tJie polygon, a the length of 
the perpendicular from the centre of the polygon on a side. 

21—2 
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Let axes of x auil y be drawn through the centre of the 
polygon, the axis of x being perpendicular to a side. Let c be 
the distance of the particle from the lamina. The resultant 
attraction acta along the straight line -which joins the particle 
with the centre of the lamina ; and its value is 



^Jj(c' + a' 



drf 



Jic' + ^ + f)^ 

where /j. is the product of the mass of the particle into the 
thickness and density of the lamina. 

The integration must extend over the area of the polygon. 
To effect the integration it ia convenient to tran^brm to 
polar co-ordinates ; thus we obtain 
rdd 



[frdrdd 



We must integrate with respect to r from r=0 to T=a sec 
and then with re.spect to 9 from 9 = to fl = — ; and multiply 1 
the result by 2k, 

Now !^^^^ ^• 

taking this between the limits we obtain 
1 cos 8 



v'c' cos' -t 
Hence the required result is 



"I'M- 



\dS, 



fn COJ 



2u.1T — 2»<i sin ' -r^-i =7 . 



vt V^^WB 
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n. To find the attraction of a iiniform lamina in the form 
of a rectangle on a particle situated in a straight line drawn 
through the centre of the lamina at right angles to its plane. 

Let 2a and 26 be the length and breadth of the rectanglei 
c the distance of the particle from the lamina. Proceeding as 
before we obtain the expression 

rdrde 
hc' + ^f 

We have to divide the integral into two parts. For one 
part we integrate with respect to r from r = to r = a sec tf , 

and then with respect to 6 from ^ = to 8 = tan"' - . For 

the other part we integrate with respect to r from *- = 

to r = J cosec 6, and then with respect to from 6 — tan"' - 



rrrdrd 



We multiply the result by 4. 

j-aseoS ,.^^ ^1 cOS^ 

Jo (c' + r*)*" 



Integrate with respect to 6; thus we get 




VCc" sin' 8 + h')' 



Integrate with respect to 6 ; thus we get 
^ , 1 . _, c cos 5 

Hence the required result is 
cb 



or ifj. J cos" 






h 
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III. Required the form of a homogeneous solid of revolu- 
tion of given volume, which shall exercise the greatest at- 
traction in a given direction on a given particle, the attrac- 
tion varying as any inverse power of the distance. 

Take the given particle as the origin, and the given direc- 
tion as the straight line from which to measure angular 
distance ; let r, he the polar co-ordinates of any point in 
a fixed plane passing through the given direction. Then if 
the attraction vary inversely as the n"" power of the distance, 
the attraction of an element whose co-ordinates are r and d 

may be denoted by -^j and the resolved part of tliis attrac- 
tion in the given direction will be — ^ cos 0. Hence the 
equation 

—^ cos = constant 

represents a curve such that a given element placed at any 
^loint of it will exert the same attraction on the given particle 
along the given direction. Hence this equation wilt represent 
the curve which by revolving round the given direction will 
generate the required solid of greatest attraction, the constant 
being determined so as to give to the solid the prescribed 
volume. It is obvious that such is the case, because the 
surface we thus obtain separates space into two parts, and 
any element outside the surface exercises a less attraction 
along the given direction than it would if placed within 
the surface. 

The history of this problem will bo found by consulting 
the entry Silvahelle's Problem in the Index to the History of 
the Mathematical Theories of Attraction... 

IV. Every element of the arc of a polar curve attracts 
with a force which varies inversely as the n*" power of the 
distance : determine the form of the curve when the resultant 
attraction of any arc on a particle at the pole bisects the angle 
between the radii vectorea of the extremities of the arc. 

Take the pole as origin, and any straight line through it as> 
the initial line. Let r aud be the polar co-ordinates of 
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an element ds of the are. Resolve the attraction of the arc 
on a particle at the pole along the initial line, and at right 
angles to it ; we obtain for these two components 

where the arc considered extends from ^ = to ^ ='a. Hence, 
by hypothesis. 



/, 
I 



^,smdtd0 



„ r" dd . a 



"fi ads ^a 2 

^cos^-T^a^ 
. r** dO 



Put (l>(0) for -^-7^9 t^^s we have 

r</> (5) sin 0d9== tan | T^ (6) cos dd. 

Now this relation is to hold for all values of a, and there- 
fore we may diflferentiate both sides with respect to a. Thus, 
by Integral Calculics, Chapter ix., we have 

</> (a) sin a = ^ sec'' ^ / </> (5) cos 5{?5 + tan^</> (a) cosa; 
therefore 

2</> (a) f sin a — tan - cos a) cos^ 9 ~ / (^) ^^^ ^ ^^> 

that is <^ (a) sin a = I </> (0) cos d0. 

Jo 

Differentiate again with respect to a ; thus 

<l> (a) cos a + sin a -T- </> (a) = (a) cos 7 ; 

therefore ;/" ^ (^) = 0. 
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Thus (f) (a) is constant for all values of a, that is 

-i -TT, = a constant = k say. 
' -r da 

This result might have been anticipated : it expresses that 
elements ofthecurvewhich subtend equal infinitesimal angles 
at the pole exert equal actions on the particle there. 



Kl)"= 



©' 



The former supposition makes r constant, and so gives £ 
circle. Taking the latter, and putting - for r we have 



so that 
where (7 is a constant. 
Therefore 






j^-'- 



■.k8m{{n-l)0+C]. 



If 71 = 2 we obtain 

l = krsm{e+C), 
which is the equation to a straight line : see Art. 204. 
If « = 3 we obtain 



l = h-'f 



i-C), 



which is the equation to a rectangular hyperbola, the pole 
beiug at the centre. 
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In the following Examples the ordinary law of attraction is 
to be assumed, unless the contrary be stated. 

1. A solid is generated by the revolution of a sector of a 
circle about one of its bounding radii ; find the attraction on a 
particle at the centre. Mesult. trap sin' ^. 

2. The rim of a hemispherical bowl consists of matter 
repelling with a force varying directly as the distance ; shew 
that a particle will rest when placed ani/wlwe on the concave 
surface. 

3. A tube in the form of a parabola is placed with its axis 
vertical and vertex downwards ; a heavy particle is placed in 
the tube, and a repulsive force acta along the ordinate upon 
the particle : find the law of force that it may sustain, the par- 
ticle in any position. 

4. A portion of a cylinder of uniform density is bounded 
by a spherical surface, the radius of which is greater than that 
of the cylinder, and the centre coincides with the middle point 
of the base ; find the attraction on a particle at this point. 

Result. 2Trpa j— ; where a is the radius of the cylinder 

and b the radius of the sphere. 

5. Find the resultant attraction of a spherical segment on 
a particle at its vertex. 



-^{-V©}' 



where a is the radius of the sphere and h the height of the 
segment, 

10. Find the resultant attraction of a spherical segment on 
a particle at the centre of its base. 



Besult. g-J^^a !3a'- 3a/i + /t' - (2a - h)h^. 
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7. Find the locua of a, point such that its resultant attrac- 
tion on a fixed straight Une may always pass through a fixed 
point in the straight line. Beault. A sphere. 

8. Find the attraction of a segment of a paraboloid of re- 
vohition, bounded by a plane perpendicular to its axis, on a 
particle at the focus. 

Besult. Wpahg , where x ia the distance of the 

bounding plane from the vertex. 

9. Round the circumfeience of a circle n equal centres of 
force are ranged symmetrically; each force is repulsive and 
varies inversely as the w* power of the distance, A particle 
ia placed in the plane of the circle veiy near its centre ; 
shew that approximately the resultant force on it tends to the 
centre of the circle and varies as the distance of the particle 
from the centre, except when m = 1. 

10. Eight centres of force, resident in the comers of a 
cube, attract, atjcording to the same law and with the same 
absolute intensity, a particle placed very near the centre of 
the cube; shew that their resultant attraction passes through 
the centre of the cube, unless the law of force De that of tho 
inverse square of the distance. 

11. If the law of force in the preceding example be that 
of the inverse square of ths distance, find the approximate 
value of tho attraction on a pai-ticle placed very near the 
centre. 

Beault. Take the centre of the cube as origin and tho axca 
parallel to the edges of the cube ; then if x, y, s be the co- 
ordinates of the particle the attraction parallel to the axis of a 
is approximately 

towards the origin ; 2« being the length of an edge. 

12. The attraction of a uniform rod of indefinite length on 
an external particle varies as (distance)"' of the point from tbo 



1 

i 
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f rod. Prove this, and supposing the asymptotes of an hyper- 
bola to consist of such material, shew that a particle will be in 
equiiibrium at any point of the hyperbola, and that the pressure -m 
on the curve at any point is proportional to the length of the I 
tangent intercepted by the asymptotes, 

15. An elliptic lamina attracts an internal particle {x, y) 1 
with a force varying inversely as the distance ; shew that if J 
X, ybe the whoie attractions parallel to the axes, 

1 -^ J^ . . 

— I — = constant. 
I a; y 

14. 1( A, B, Cbe the attractions of an ellipsoid in direc- 
tions parallel to its axes on an internal pai-ticle situated at the j 
point (/, g, h), shew that 

"(See Arts. 228 and 239.) 

5. The resultant attraction of a particle which attracts 
according to the inverse cube of the distance on a plane 
lamina is the same as on that part of the spherical shell 
described about the particle as centre and touching the plane 
of the lamina, which ia cut off by straight lines from the j 
centre to the edge of the lamina. 

16. A particle attracted by two centres of force at A and J 
B is placed in a fixed groove. Shew that the particle re- | 
mains at rest at whatever point it is placed, provided that J 
the form of the groove be such that 

where c, c' arc constants dependent upon the absolute forci 

17. If a portion of a thin spherical shell, whose projectiona j 
upon the three co-ordinate planes through the centre are j 
A, B, G, atti-act a particle at the centre with a force varying 1 
£is any function of the distance, shew that the particle will 
begin to move in the direction of the straight lino whose equa- j 
tions are 



L 



A £ 6" 



18. The particles of a thin hemispherical shell attract with 
a force = j» (distance), and those of a right conical shell repel 
with a ioTce = fi (distance). The rima of their bases coincide, 
and their vertices are turned in opposite directions, shew that 
a particle will rest in the common axis produced at a. distance 
from the vertex of the sphere = length of the axis of the cone, 
the vertical angle of the eone being 2 tan"' |. 

19. Shew that if the attraction vary inversely as the dis- 
tance an indetinitelj thin plane ring exerts no force on a 
pai'ticle in the plane of the ring within its inner circum- 
ference. 

[This and the following example depend on the integral 



for which see Integral Calculus, Chapter IV.] 

20, Shew that if the attraction vary inversely as the dis- 
tance an indefinitely thin plane ring attracts a particle in the 
plane of the ring beyond its outer circumference in the 
same manner as if the mass of the ring were collected at 
its centre. 

21, If a straight line be the attracting body, shew that 
the lines of force are hyperbolas and the surfaces of eaui- 
librium ellipsoids of revolution. {Camhridge and Duhlin 
MathematicaZ Journal, Vol. III. p. 94.) 

22, From the proposition established in Art. 244, deduce 
that established in Art 239. {Oambridge and Dublin Mathe- 
■matioal Journal, Vol. V. p. 215.) 
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VIRTUAL VELOCITIES, 



247. We proceed to establish a general theorem respect- 
ing the equilihriiim of a hody or system of bodies, called the 
Principle of Virttial Velocities. 

When a system of particles is in equilibrium, and we 
suppose each of them placed in a position indefinitely near 
that which it really occupies, ■without disturbing the con- 
nexion of the parts of the system with each other, the straight 
line which joins the first position of a particle with the second 
is called the virtual velocity of that -particle. 

The term velocity is used because we may conceive all the 
displacements to be made in the same indefinitely small time, 
and then the spaces described are proportional to the velocities. 
The word virtual is used to intimate that the displacements 
are not really made, but only supposed. We retain the 
established phraseology, but it is evident from these explana- 
tions that the words virtual velocity might be conveniently 
replaced by hypotlietical displacement. 

By the words, without disturbing the coimewion of the parts 
of the system with each other, we mean, that any rigid body 
which esists in the system is supposed to remain of invariable 
form, and that any rods or strings which connect different 
parts of the system are to remain unbroken. This, at least, 
will serve for a. preliminary statement to assist the reader, 
and we shall recur to the subject ^ain; see Art. 257. 
Hence, by reason of this limitation the virtual velocities of 
the different parts of a system are frequently so connected 
that when those of a definite number of points are assumed, 
those of all the rest necessarily follow. 

248. The virtual velocity of a particle estimated in a 
given direction is the projection of the virtual velocity on 
this direction ; it is considered positive when the direction 
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of tiie motion of the particle, in passing from its first position 
to its second, makes an a^iite angle with that along which 
we are estimating the velocity. Thus the virtual velocity 
of a particle estimated along any given straight line is found 
both in magnitude and sign, by multiplying the ahsolute 
virtual velocity by the cosine of the angle which its direction 
makes with the given straight line. 

The virtval moment of a force is the product of its intensity 
by the virtual velocity of its point of application estimated in 
the direction of the force. 

We can now enunciate the principle of virtual velocities. 

If any system of particles is in equilibrium, and we con- 
ceive a displacement of all the particles which is consistent 
with the conditions to which they are subject, the sum of the 
virtual moments of all the forces is zero, whatever be the dis- 
placement. And conversely, if this relation hold for all the 
virtual displacements, the system is in equilibrium. 

249. The student will derive from the demonstrations 
which follow a better notion of the meaning of the principle 
than from the mere enunciation of it ; it is, in fact, necessary 
to obtain a general view of the whole subject before at- 
tempting fully to comprehend the preliminary definitions and 
statements. One remark may be made for the purpose of 
anticipating a difficulty ; each virtual moment is by definition 
an indefinitely small quantity, that is, ultimately vanishes, 
so that the principle seems to amount only to this, take each 
force of the system and multiply it by a quantity which uUi- 
mately vanishes, then ike sum of these products vanishes. The 
principle, howevefj implies more than this statement, as we 
shall see. 

The convenient term virtual moment is given by Duhamel; 
it may, however, be useful to enunciate the principle of virtual 
velocities without introducing this term, and we thefefore give 
the following. 

Suppose a material system held in equilibrium by any 
forces, and suppose the pointe of apphcation of the forces 
moved through very small spaces in a manner consistent 
ivith the coanesion of the parts of the system with each 
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otlier. Let perpendiculare be drawn from the new positions 
of the points on the directions of the forces acting at the 
points in their positions of equilibrium. The distance be- 
tween the foot of any perpendicular and the original point 
of application of the corresponding force, is called the vir- 
tual velocity of the point with respect to that force, and is 
estimated positive or negative, according as the perpendicular 
falls on the side of the point towards which the force acts 
or on the opposite side. Then the principle is this, the 
algebraical sum of the product of each force of tlie system 
and the corresponding virtual velocity vanishes. And con- 
versely, if the sum vanishes for every displacement the system 
is in equilibrium. 

Before we proceed to a general demonstration, we will 
consider two simple cases, that of a particlcj and that of 
a rigid rod acted on by forces at its ends. 

230. Suppose that forces act on a single particle and 

maintain it in equilibrium. Let J*,, P,,... denote the forces; 

a,, o,, ... the angles which their directions respectively mate 

with any fixed straight bne arbitrarily chosen ; then by Art. 29, 

SPcosa = 0. 

If eveiy term of this equation be multiplied by the arbi- 
trary quantity r, we have £Pr cos a = 0. J3ut r cos a, is the 
projection of the length i', measured along the fixed line, on 
the direction of the force P,; a similar meaning may be 
assigned to rcosn,, rcosa,,... Also r may be considered as 
the distance of the first position of the particle from a second 
position arbitrarily chosen, and therefore, when r is indefi- 
nitely diminished, rcosa , r cosa,,... become the virtual ve- 
locities of the particle with respect to P^, P,,.,. Hence, the 
principle holds in this case. 

I Conversely, if 2Prcosa = for all directions of displace- 
ment; then, SP cos = for ail directions, and the particle is 
in equilibrium under the action of the given forces. 
In this case, we observe that the hypothetical displacement 
of the particle may be of any magnitude we please, and that 
the sum of the products of each force into the projection of 
the displacement on ita direction is not only ultimately, but 
always zero. 
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251. Since wlieii a system of forces acting on a particle 
is in equilibrium, each force is equal and opposite to the re- 
sultant of all the other forces, and, as we have just seen, the 
sum of the products of each force into its virtual velocity is 
zero, it follows, that the product of any force into its virtual 
velocity is numerically equal to the sum of such products for 
any system of forces which it balances, but is of the opposite 
sign. Hence if a single force ia the resultant of a system of 
forces acting at a point the product of the single force into 
its virtual velocity is equal to the sum of such products for the 
system of forces. 

252. Nest, suppose a rigid rod acted on by a force at each 
end. Let x, y, z be the co-ordinates of one end, and x, y, z 
those o£ the other ; I the length of the rod ; then 



(a; -ic')'+ {y -)/')'+ (2-3? = ^■■ 



Suppose the rod displaced ; let Sa;, Sy, hs be the changes 
made in the co-ordinates of one end ; 8a:', hy\ hz those made 
in the co-ordinates of the other end ; then 
{x-{-^-x'-Zx')''+{y-¥hy^'-hjy+{z+lz-z'-hzy=P...{^). 

From (1) and (2), 
2 (^ - 3!') (&c - &).') + 2 (y - 2,') (Si, - Sy') -F 2 (s - 3') {S3 - 5s') 
■i-{lx-hxy + {Zy-hyJ-i-{hz-hzy = Q (3). 

Let a, ;S, 7 be the angles which the original direction of the 
rod malces with the axes ; then 

x' —x = l cos a, y —y=l cos ^, z —z = l cos 7. . . (4). 

If then, in (3), we neglect the terms {hx — Sx')*, (Sy — S^)\ 
(Sa — Ss'y in comparison with those we retain, we have 

(>. - 0,') (Ss: - Sa:-) + (S - rt (S, - V) + (« - »') (8^ -«»•) = 0, 
or, by means of (4), 
Siccosa-|-Sycos^-l-Szco87=Sa!'cosfl-|-Sy'coa/3-l-Sz'cos7,..(5J, 

Suppose P the resultant of the forces acting at one end of 
the rod, and P' the resultant of those acting at the other end; 
then, in order that there may be equilibrium, these forces 
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tmust be equal in magnitude and must act along tLe rod in 
• ■opposite directions. This is obvious, or may be easily shewn 
I fcy Art. 73. Since then F = -P, we have by (5) 

I P{hxcosix.-i- ty cos ,3 + Ss cos 7) 

+ P'(8aT'co 



cos ;S + 83' cos 7) =0.. 



.(6). 



\ 



Since P acts along the rod, the first term is the product of 
} J* into the resolved virtual velocity of its point of apphcation, 
and the second term is a similar product for P; hence, the 
principle of virtual velocities holds in this case. 

The converse of this theorem is true in this case, but we 
shall not give a separate demonstration of it ; the general 
demonstration of Art. 253 will sufficiently illustrate this 
point. 

If (5) were ahsoluteh/ true, then in the case of a rod, aa in 
that of a single particle, the sum of the products of each force 
into the projection of the displacement of its point of apphca- 
tion on the direction of the force would he zero, whether the 
displacement were finite or infimteSimal. But (5) instead of 
bemg absolutely true is obtained from (3) by neglecting 
squares and products 0/ the resolved displacements Sa!,Sx', 8y,,.. 

253. We proceed to establish the truth of the principle in 
the case of a rigid body. We shall assume that any possible 
displacement of a rigid body may be produced, by first making 
the body rotate about some axis, and then moving all the 
particles of the body through equal spaces in parallel direc- 
tions. See Spherical Trigonometry, Chapter xv. Suppoao, 
for simplicity, that the axis of z is made to coincide with the 
axis about which the body is turned; let 6 be the angle 
through which the body is turned, then the co-ordinates ot' a 
particle which were originally x and y will become, if we 
neglect the square and higher powers of Q,x — y6 and y-i-x8 
respectively; the co-ordinate z of the particle remains un- 
changed. 

Let the body be now further displaced, so that each particle 
! moves through a space of which a, h, c are the projections on 
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the co-ordinate axes; then, if 8a;, hy, Ss denote the whole 
changes made in the co-ordinates x, y,soia, particle, we have 

Zx = a — y6, Sy = b + x6, Ss = c. 

Since tlie farces which act on the rigid body are supposed 
to keep it in equilibrium, we have by Ai't. 73, 

2.Y=o, 2r=o, £Z=0, 

J.{Zy-Yz) = 0, SiXs-2x)=Q, Z{T^-Xy)=0. 

Multiply the first of these equations by a, the second by bf 
the third by c, and the sixth by B, and add ; we then find 

t{X(a-yff)+ Y{b + xe) + Zc]=0. 

or ^{XBx+YBy + ZBz) = 0. 

Let P^ denote the force of which X,, Y^, Z^ are the com- 
ponents, and /*,, Pj, have similar meanings; and let 

&p^, Sp,, be the resolved virtual velocities correspond- 
ing to these forces; then, by Art. 250, the above equation 
may be written 

SPV = 0- 
This proves tlie principle in the case of a rigid body. 

Conversely, if tlie sum of the products of the forces and the 
resolved virtual velocities vanishes for every possible displace- 
ment of a rigid body, the forces keep the body in equilibrium. 

For suppose, in the first place, the body is so displaced 
that every point of it moves parallel to the axis of a; over a 
space a ; then we have, by bypotheaia, 

SAa = ; I 

therefore 2X=0. ] 

Similarly, by suitable displacements, we may prove that 

Sr=0, and S^=0, 

Nest, suppose the body turned round the jtvTn of ^ through 
a SDiall angle 8\ then, by hypothesis, 

2(ZS3:+1%) = 0, 
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and 2j; = — y9, S^ =x9 ; 

therefore fS {Xy -Yx) = 0; 

therefore S ( 1'jc — Xy) = 0. 

Similarly, by suitable displacements, we may prove 

2{%-7s) = 0, -Z{Xs-Zx) = 0. 
Hence, the six equations of equilibrium hold. 

If there be a system of two or more rigid bodies, then, since 
the principle of virtual velocities holds for any posalblo dis- 
placement of any one of the bodies, it holds for any possible 
displacement of the system. 

254. In Art. 253 we have simplified the proof of the first 
part of the principle of virtual velocities, by supposing the 
aiia of z to coincide with that about which the body was 
made to undergo an angular displacement. The following 
will be the process, if we suppose the displacement made 
about a straight line passing through the origin, and inclined 
to the axis at angles whose direction cosines are I, m, n. 

Let r he the distance of any point (x, y, s) from the origin 
^ the angle this distance makes with the given straight line 
p the pe Impend icular from {x, y, z) on the given straigjit line 
theu 

r''=a;' + !/ + s*. 



Ix , 



my 



- + 

therefore /j* or r' sin' = a:' + y" + z* — {?3: + w^ + ns)". 
Suppose the body turned through a small angle 6 round 
the given line ; let x + Bx, y+By, z + Bz, be the co-ordinates 
of that point of the body which was originally at {x, y, z). 

Since r and p are unchanged by the displacement, we have, 
ty neglecting (8a:)', (E^)', (Sz)' in comparison with Sa;, By, Sz, 
xBx + yBy + zBz, 
lax + niBy + nSz ; 

..(1). 
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And since I(Sa;)'+ (Sy)' + <Sz)*}* = 2p sin },0, 

\ [(jjn — ziny + {d — xn)* + (xm - i/lf}^ = 2/) sin §5, 
or X [a:* + y' + a' - (?a! + my 4- n3)'!^ = 2p sin Jfi; 

therefore ■ \ = (2). 

neglecting 6° and higher powers of 6. 

Suppose the body to be further displaced, so that each 
particle moves over spaces a, b, c parallel to the co-ordinate 
axes ; if Bx, Sy, Se denote now the whole displacement of the 
particle whose original co-ordinates were x, y, s, we have 
Bx = {yn — zm) 6 + a, 

hz=[x7n.-yl)e + c. 
Multiply the six equations in Art. 73 by o, h, c, — W, — m6, 
— nd, respectively, and add, then 

255, "We shall illustrate the principle of virtual velocities 
ia the solution of the following problem. 

A beam in a vertical plane rests on a post B and against a 
wall at A ; required the circumstances of equilibrium. 

Let the distance of B from the wall =b; let (? be the centre 
of gravity of the beam ; AG=a; and the inclination of the 
beam to the wall = 6. The reaction (P) of the post at B is 




perpcndicidar to the surfaces In contact, and therefore to the 
beam ; the reaction (B) of the wall is perpendicular to the 
wall for the same reason ; let W be the weight of the beam. 
We may consider the beam in equilibrium under the a 
of P, If, W, and suppose tlie post and wall removed. 
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Now the object of the problem might be, solely to deter- 
mine the position of equilibrium, or also to determine P and 
not R, or R and not R, or to determine both Pand M and also 
the position of equilibrium. We shall solve the problem by 
the principle of virtual velocities under these four suppositions, 
in order to explain the method of proceeding so as to avoid 
as much trouble as possible accoruing to the nature of the 
question, 

(1) Suppose the position of equilibrium only required. 
We must then give the beam a small arbitrary geometric 
motion such that the unknown preasures P and R shall not 
occnr in the equation of virtual velocities ; the beam must 
therefore remam in contact with the wail and the post, as 
in the figure. 

Let hff be the increase of owing to the displacement. 
Then the height of G above the horizontal straight line 
through B, (or z), before displacement 

= GB caB0 = (a-bcosec8)coa6=aco3ff — b cotB; 

the height after displacement is found by changing 8 into 
5+S0in this expression; therefore, tlie vertical space described 
by G or Sz 

= a cos (6 -\-B9)-b cot (^ + SO) ~ {a cos 6-1 cot 0) 

= (-.-X^-aBme]B0i 
Vsm 1 ' 

anil, by the principle of virtual velocities, If'Sz = 0; therefore 

6-a8ln'e = 0, sin5= V-, 
V a 

and this determines the^osiiioTi of equilibrium. 

(2) But suppose we wish to find the pressure P as well 
as the position of equilibrium. 

"We must in this case move the beam off the post, in order 
that the virtual velocity of R with respect to P may not 
vanish, and consequently Pnot disappear as in the first case. 

Let AA''=c, and let, as before, Bd be the change of 9, 
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We have to find the displacement of B estimated along 




the line of action of P. Now conceive the beam brought 
into its second position by two steps ; first let it be moved 
parallel to itsell" till the lower end comes to A', and next let 
it revolve round A' through a small angle h8. By the first 
step B moves through a space parallel and equal to AA'; by 
the second step B describes a small arc of a circle the length 
of which is AB.hO, that is ficosec 6W. Thus the displace- 
ment of ^estimated along the line of action of Pis ultimately 

Similarly by tho first step moves through a space equal 
and parallel to AA', aud by the second step G describes a 
small arc of a circle the length of which is a^S. Thus the 
displacement of G resolved vertically downwards is ultimately 
a&9sm.e-c. 

Therefore, by the principle of virtual velocitiee, 

W{a sin eW - c) + P (c sin 5 - J coaec BhO) = ; 

therefore, Bd ( Wa sin B-Ph cosec ^-c(Tr-Psin^)=0; 

and, since c and 16 may be any independent small quantities, 

Wa sin 6 ~ Ph coaec ^ = 0, W- P sin 5 = : 



therefore 



a */i , F ' /a 

11 "= . / - I and -TFr= A / -,- ■ 

V a W y b 



(3) Suppose we wish to know It and the position of 
equilibrium, and not P. 

Then we should displace the beam bo as to giire to ^ a 
virtual velocity with respect to £, but not one to B with. 
respect to P. 

The beam must therefore still remain in contact with the 
post. Let AA' = c, and let a be the angle which A A' makes 
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■wlfh the vertical. Now conceive the beam brought into its 
ind position by two steps ; first let it be moved parallel 




I to itself tillthe lower end comes to A', and next let it revolve 
round A' through an angle Bd so as to bring the beam again 
into contact with the post. The displacement of A estimated 
along the line of action of ^ is c sin a. The displacement of 
G estimated vertically downwards is aSS sin — c cos a. 

Moreover there is a relation between B0, c, and a, arising 
from the fact that the whole displacement of the beam is such 
as to keep the beam still in contact with the post. From the 
triangle ABA', we have 

sin 85 _ AA' 



Lence, 



_ csin(g — a) sing 



ultimately. 



Therefore by the principle of virtual velocities 

Tr-j-i-siu*5sin (6 — a) — ccosaf + .Kcsina = 0; 



that is 
,,, /a sin' 6 



Ij c cos a + (b 
a are : 
= 0, 

V a 



■ -.- sin'^cosgj csinn = 0; 



I and c cos a and c sin a are independent ; therefore 



Wa 

R T— sin* 9 cos 8 

b 



therefore sin 5 = . / - , and -=.-, = ^-^ — j — ~ . 
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(4) Lastly, suppose we wish to determine P and It and 
the position of equihbrium. 

Then we must give the beam the most general displace- 
ment possible in the plane of the forces ; let AA' = c, and 




I 



let a be the angle which AA' makes with the vertical. Now 
conceive the beam brought into its second position by two 
steps ; first let it be moved parallel to itself till the lower end 
cornea to A', and next let it revolve round A' through an 
angle Sd. The displacement of A estimated along the line 
of action of £ is c sin a. The displacement of G estimated 
vertically downwards is 

aSd sin — c cos 3. 

The displacement of B along the line of action of P is 



c cos I o + n 



-6) — b cosec 6 



that is, c sin (5 — a) — J coaec 6B0. 

Therefore by the principle of virtual velocities 
W (aSd sin 5 — c cos a) + Be sin a 

+ P{c am {6 -a) -h cosec 059] = 
that is, 

(TFasin d-Pb cosec ^) SB + (Psin 6 - W) ccos a 
+ {R-P COS 6) c sin a= 0, 
and SB, c cos a, and c sin a are independent ; therefore 
TFa sin 5-P6 cosec ^ = 0, Psin^-Tl'=0, iJ-Pcosff-O. | 
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These three equations are the equations which we should 
have obtained by the principles of Art, 57; they give 
ehmioation 

'^/a' W~[bJ ' W~ ti • 
We have thus illustrated the method of application of this 
principle; and we ohserve, in general, that when the object 
of the problem does not require certain unknown forces, we 
must give the body the moat arbitrary geometrical inotioQ 
possible without giving the points of apphcation of these 
forces any motion in their directions, 

256. In applying the principle of virtual velocities to de- 
duce the conditions of equilibrium of any system, it is often 
convenient to give the body such a displacement as to make 
the viHual moments of som^ of tJie forces separately vanish. 
This has been exemplified in the preceding Article, and we 
will now enumerate some cases in which the virtual moment 
"of a force vanishes. 

(1) In the hypothetical displacement, if any particles of 
the system have remained in their original places, the virtual 
moment of forces acting at such points is obviously zero. If 
a body, for example, have one point fixed, then the virtual 
velocity of this point is zero for any hypothetical displacement 
of the body, which does not break the condition of this point 
teing fixed. 

(2) Suppose a body compelled to remain with one point 
a contact with a smooth fixed plane, so that the plane exerts 

a force on the body at the point of contact in a direction 
perpendicular to the plane. Let the body be displaced so as 
to have the sa?ne point still in contatit with the fixed plane, 
then the perpendicular drawn from the new position of the 
point of contact on the old direction of the action of the fixed 
plane meets that direction at the old position of the point of 
• contact; that is, the virtual velocity of the point of contact 
relative to the force exerted by the plane is zero. 

Similarly, if the body have more than one point in con- 
tact with the plane, and be so displaced that the same points 
of the body remain in contact with the fixed plane, thtj 
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virtual moment of each force which the plane eserts on the 
body vanish 68. 

(3) Let two smooth bodies be in contact ; then each exerts 
a force on the other along their common normaL Suppose 
one of them so displaced, that the point in it which was 
originally in contact with the other body still remains in con- 
tact with it; the case is similar to that of a body in contact 
with a fixed plane ; the virtual velocity of the point of contact 
relative to the normal force is not zero, but is indefinitely 
small compared with the absolute virtual velocity. 

Let BAG he a section of one body made by a plane which 




contains the common normal to the surfaces, and DAE the 
section of the other made by the same plane; A the point of 
contact. Suppose the body BjIC displaced into the position 
B'A'C, BO that the point A is moved to A'. Draw A'M^t- 
pendicular to the common normal to the surfaces. Then AM 
represents the virtual velocity of the point of contact with 
respect to the normal force, while the straight line joining A 
and A' is the absolute virtual velocity: Since MAA' is ulti- 
mately a right angle, ^i/ vanishes compared with AA'. 

(4) Suppose two bodies in contact at a single point, and 
let them be both displaced so that they still remain with the 
same point of each botly in contact. Let P denote the force 
in the normal on one body, and therefore — P that on the 
other; then, if PBp denote the virtual moment of the normal 



forcG with respect to the first hody, — PBp will be the virtual 
moment with respect to the second body. Hence, by taking 
the sum of the virtual moments for the two bodies, the mutual 
action P disappears. 

A similar result holds if the bodies be in contact at more 
points than one. 

(5) Suppose a body in contact with a smooth fixed plane 
at a single point, and let the body be displaced by rolling it 
on the fixed plane. 

Let BA C be a section of the body made by a plane through 




the point of contact A containing the common normal to the 
surfaces, and suppose this section a circle. Let DAE be the 
intersection of this plane with the fixed smooth plane. Sup- 
pose B'A'C the position of the body after displacement, A' 
being the new point of contact, and let a be the point in the 
body which waa originally in contact with the fixed smooth 
plane. Draw an perpendicular to the normal AN; then, An 
represents the resolved virtual velocity of the point of contact 
■with respect to the normal force. Now An is equal to the 
product of the chord A'a and the sine of the angle between 
this chord and A'A ; and as this angle is ultimately indefi- 
litely small, An is indefinitely small compared with the chord 
A'a, and therefore also compared with the arc A'a or AA', 

I Hence if we neglect powers of AA' higher than the first, the 
virtual moment of the force along the normal acting at the 
point of contact is zero. 

A similar result holds if BA 0, DAE be any curves instead 

J of a circle and straight line respectively. 

If a displacement is made up of two, one like that in the 
econd case, and one like that in the present case, the fixed 

Elane being smooth, the virtual moment of the force exerted 
y the plane will vanish. 
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(6) Let ua suppose the bodies in contact to be rough, and 
a displacement to be made by rolling one upon the other as in 
tbe preceding case. The action of each body on the other will 
not be directed along the normal AN, but may be resolved 
into two, one along AN and the other at right angles to AN. 
The virtual moment of tbe former force vanishes, as we have 
shewn in the preceding case ; and since tbe direction of the 
straight line joining A and a ultimately coincides with AN 
and is therefore perpendicular to the second force, the virtual 
moment uf the second force vanishes in the same manner as 
in the third case. 

The result depends on the hypothesis that the bodies roll 
on each other; if there is sliding the virtual moment of the 
force at right angles to AN will not vanish. | 

(7) Suppose an inestensible string to have one end at- 
tached to a fixed point, and the other end to a particle either 
isolated or forming part of a rigid body; one of the forces of 
the system is tlien the tension of this string which acts along 
its length. Let the particle be ao displaced as to keep the 
string stretched, then it may pass from its first to its second 
position by moving over an arc of a circle, and in the same 
manner as in the third case, we see that tbe virtual velocity 
of the particle with respect to the tension which tbe string 
exerts, is indefinitely small compared with the absolute virtual 
velocity of the particle. Hence, the tension of the string dis- 
appears from the equation of virtual velocities. 

(8) Suppose an inextensible string connecting two parti- 
cles of the system, and let the particles be displaced along the 
direction of the string, the string being kept stretched. Then, 
if one particle be displaced through a space Sp, and P denote 
the tension of the string, and therefore the force exerted by 
the string on this pai'ticle, P&p is the virtual moment of tba 
force which the string exerts on this particle; also — PSp will 
be the virtual moment of the force which the string exerts on 
the second particle. Hence, by taking the sum of the virtual 
moments for the two particles, the tension of the string dis- 
appears from the equation of virtual velocities. 

(9) If we suppose a further displacement of tbe system in 
the preceding case, by keeping one particle fixed and making 
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fiiiB other describe an arc of a circle, then, by the seventh 
I case, the tension of the string disappears from the equation 
I of virtual velocities. 

By a combination of the displacements considered in the 
seventh and eighth cases, we can produce any displacement 
that the two particles can uudergo, so long as the string is 
kept stretched. Hence, the tension of a string connecting two 
particles disappears from the equation of virtual velocities. 

"We have supposed the string to pass in a straight lino from 
one particle to the other, but the same result would hold if 
the string were deflected by passing through one or more 
smooth fixed rings, supposing it always kept stretched. The 
demonstration would not hold for an extensible string, 

257. We can now understand more distinctly the meaning 
of the words, witkovi disturbing the connexion of the parts 0/ 
the system vrith each other, which are introduced into the enun- 
ciation of the theorem. The theorem is shewn in Art. 250 to 
be true for a particle ; if then we consider a rigid body to be 
a collection of particles held together by molecular forces, the 
theorem will hold for every displacement of the particles of 
the rigid body, provided we include the molecular forces and 
estimate their several virtual moments. But from the demon- 
stration in Art, 253 it appears that we need not consider the 
molecular forces, provided we give to the different particles 
such displacements only as are consistent with the unbroken 
rigidity of the body. So with respect to such forces as are 
enunciated in the preceding Article, we may, if we take them 
into consideration, give to the system any displacements we 
please; but if we do not take them into consideration, we 
must give such displacements only as we can prove will not 
introduce the virtual moments of these forces. Hence, the 
words which we are explaining amount to a direction to be 
careful to include every force of the system, except such as 
■we know have their virtual moments zero for the particular 
displacement we are considering. 

258. The following example will shew how the principle 
of virtual velocities may assist in the solution of problems. 
Six equal rods aro fastened together by hinges at each end. 



aud one of the rods being supported in a horizontal position 
the opposite one is fastened to it by an elastic string joining 
their middle points; determine the tension of this string. 

Let W denote the weight of each rod, Tthe tension of the 
string. Suppose the system displaced slightly so that the 
lowest rod descends vertically through a space x. Then it 
will be easily seen that the centre of gravity of each of the 
two rods which are adjacent to the highest rod descends 

through a space 7 i ^nd the centre of gravity of each of the 

two rods which are adjacent to the lowest rod descends 

thiough a space -j- ; the point of application of the tension 

on the lowest rod descends through a space x. Therefore by 
the principle of virtual velocities 

4, 4 

therefore T=SW. 

The mutual actions at the hinges disappear from the equation 
furnished by the principle of virtual velocities, and thus the 
required result is readily obtained. 

259. The following is the process by which we may de- 
duce the equations of equilibrium of any system from the 
principle of virtual velocities. 

Let Pj, Pj, Pj, ... denote the forces which act on a system; 
PjSp,, PjSpj, ... their respective virtual moments for any dis- 
placement; then, by the principle, 

P,V, + -P,Vs + -PM+-- = (1)- 

This equation we proceed to develope. 

Let a,, |8,, % be the angles which the direction of P, makes 
with the co-ordinate axes; ic,, y^, z^ the co-ordinatea of the 
point of application of Pj ; then 

Sp, = cos a^BXj + cos ^fy^ + cos 7,8^, (2) ; 

this is rigorously true, and similar equations hold for Sp^, 



MODE OF APPLICATION. 351 

Now, m consequence of the connexion of the system, for 
example, the rigidity of some parts of it, or the junction of 
parts by rods or strings, relations will bold between the co- 
ordinates a;,, y^,s^,x, y^, a,,... in virtue of which all of 
them may be expressed in terms of a certain number of them ; 
or aU of them may be expressed in terms of certain other 
independent co-ordinates and angles. 

Suppose I,, ^^, f,, ... 01, 0j, ip^, ... to denote these inde- 
pendent co-ordinatea and angles. Then, if we neglect the 
squares and pj-oducts, and higher powers of Sx^ , By^, ... B^^, 
8^,, ... Btp^, S^j, ..., we shall obtain equations of the form 

Bx^ = A^B^^ + A^B^, + ... +a^S<fi^ + a^B<p,+ ..., 

Bx,= B^B^, + Ji,&^,+ ...+b,B<l>^ + \B<f>^ + ..., 



I 



where A , A £,, fij,... a,, a^,...hj, 6,,.,. are functions of 

the variables, but do not contain the increments £f , Sfc, ... 

Let the values ofSr, , By ... bo substituted in the equations 
of which (2) is the type, and then let the values of Bp^.Bp^, ... 
be substituted in (1) ; this equation will take the fonn 

QMi+ QM,+ ■•' + 1,^i+9M^+ ■■■ =^ (3)- 

The conditions for the equilibrium of the system are 

g^ = 0, (?, = 0, ... q^ = 0, g^ = (4). 

For since S^,, B^,., ... Si^,, 30,, ... are by supposition inde- 
pendent, we might have given the body such a displacement 
as to leave ^,, f^, ... 0,, <j)^, ... unchanged ; and then (3) 
would reduce to 

^1^?! = ; therefore Q^ = 0. 
Similarly, we may shew that the other equations of (i) hold, 

260. We will give a simple example in illustration of the 
method of the preceding Article, A string of given length has 
one end fixed at a point in the line of intei'section of two ver- 
tical planes at right angles to each other, and at the other end 
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carries a heavy particle which is repelled from these planes by 
forces of ivhich one is constant and the other varies aa the 
distance from the plane ; find the positions of equilibrium. 

Take the vertical plane from which the particle is repelled 
by a constant force as the plane of {x, z), and the other ver- 
tical piano aa the plane of [y, z) ; take the point to which the 
end of the string is fixed as the origin, and let the ajtis of z 
be vertically downwards. Let x, y, z denote the co-ordinates 
of the particle in a position of equilibrinm, and I the length 
of the string. Let W be the weight of the particle, F the 
constant repulsive force, yua: the force which varies as the dis- 
tance of the particle from the plane of (y, z). Conceive the 
particle displaced into an adjacent position, the co-ordinates | 
of which are ajH-Sar, y-k-^y, z-l-Sz. Then by the principle 
of virtual velocities 

Hxlx -\- Fly •'r TFS3 = (1) ; 

the tension of the string has no virtual moment by Art. 25G. 

Also a:' + y + s° = ^' (2); 

therefore xhx ■\- y^y -^ z%s — ^ (3). 

By (3) wc can express S^; in terms of Zx and ^y ; thus (1) 
becomes 

Therefore fia:-~=0, andi^--^^ = 0. 



and then w is known from (2) ; thus one position of equili- 
brium is determined. If we tate the solution x=0, then y 
and z must be found from tbe equations 

Fz-Wy = 0, y' + ^' = i* ; 

thus another position of equilibrium ia determined. 
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The principle of virtual yelocitiea ia useful in Statics 
in the solution of such problems as that in Art. 255, where 
forces occur which have their virtual moments zero for certain 
displacements. The following ia aa important general pro- 
position to which the principle leads. 

A system of rigid bodies under the action of no forces but 
iheir weights, mutual pressures, and pressures upon smooth 
immoveoMe swfaces, will be in equilibrium, if placed so that 
ike centre of gravity is in the lowest or highest position it can 
possibly attain by moving the system consistently with the co)i- 
neceion of its parts with one another. 

Let z,, z,, ... denote the distances below a fixed horizontal 
plane of the different particles of the system; w,, w^, ... the 
weights of these particles. That the system may be in equi- 
librium, we must have 



wBz + wS. 



. = 0.. 



■■(1); 



■ by Art. 5.56 the virtual momenta of all the other forces 
fehich act on the system vanish. Let i" denote the depth of 
pe centre of gravity of the system below the fixed horizontal 
; then 

_ _ W,2, + w,z, + ig^, + • ■ • . 



gerefore {w,-^w^ + w^+ ...) Bz = w Bz^ + w^S3^-i-u'^B^^ + ...{2). 
P'ow when s has a niaxim.um or minimum value, 

Sz = (.3), 



B Diff. Calc. Arts. 232, 238). 
Hence wheu the centre of gravity is at a 
rminimum distance from the fixed horizontal plane, (1) is 
JWtiafied and the system is in equilibrium. 

The equation (3) is a necessary but not a 8uffi,cient con- 

fedition for z having a maximum or minimum value; hence, 

we cannot assert conversely, that when the system is in 

'Wuilibrium, the centre of gravity must be at a maximum or 

aimum depth, 

I If the system of rigid bodiea be such that the centre of 
J^-avity ia always in the same horizontal plane, every position 
T. s. 23 
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STABLE AND UNSTABLE EQUILIBRHD*. 

18 a position of equilibrium. For in this case ^ is a constant, 
and therefore Bz always = 0. 

If some of the bodies are rough the result will still hold if 
the friction be such as to prevent any sliding ; see case (6) 
of Art. 256. 

262. Suppose a system in equilibrium, and that an in- 
definitely small displacement is given to it ; if it then tend 
to return to its original position, that position is said to he 
one of stable equilibrium; if the system tend to move further 
from its original position, that position is said to be one of 
umtahle equilibrium. 

To determine in any case whether the equilibrium of a 
system is stab(e or uiistable, is a question of dynamics on 
which we do not enter. The reader may refer to Poisaon, 
Art. 570, or Duhamel, Tom, n. Art. 69; the best investi- 
gation of the question, however, will be found in the Coura 
Gomplhnentaire d'Anahjse et de M4canique Mationelle, par 
J. Vieille, Paris, 1851. 

The following general theorem is demonstrated. Suppose 
the forces which act upon a system such that 
%{Xdx+Ydy-i-Zdz) 

is the immediate differential of some function of the co-ordi- 
nates, <f> ; then, for every position of equilibrium, is, in 
genera!, a majdnium. or minimum; in the former case the 
equilibrium is stable and in the latter unstable. 

An important particular case is that of the system in 
Art. 261, in which the equilibrium is stable when the centre 
of gravity has its lowest position, and unstable when it has 
its highest position. 

263, We will now illustrate the principle contained in 
the preceding Article by application to two examples. 

I, A uniform heavy beam is placed with its ends in con- 
tact with a fixed smooth vertical curve in the form of an 
ellipse with its directrices horizontal : determine the position 
of stable equilibrium, the length of the beam being supposed 
not less than the latus rectum, 
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Let P and Q denote the extremities of the beam ; let PM 
and QNhe perpendiculars on the lower directrix, and iS the 
focua correeponding to this directrix. Then the height of 
the centre of gravity of the beam above this directrix is 

s (PM'+ Q2f) ; for stable equilibrium this height should bo a 

minimum. If e be the excentricity of the ellipse wo have 

PM+QN='^{8P+SQ); 

and therefore SP + SQ must be a minimum. But SP 4- 8Q 
ia always greater than PQ, except when 8 is in the straight 
line PQ. Therefore the position of stable equilibrium is that 
in which PQ passes through the focus. 

Since the beam is in equilibrium under the action of its own 
weight and the normal resistances of the curve, it follows that 
the straight line which joins the point of intersection of nor- 
mals at the ends of a focal chord of an ellipse with the middle 
point of the chord is parallel to the major axis: this result 
may be verified geometrically. 

II, The principle of Art. 262 may be applied to a hquid 
which may ho regarded aa a collection of indefinitely small 
smooth heavy particles. 

Suppose a set of rectangles, all of the same length, but with 
any breadths. Let them be connected along their lengths by 
smooth hinges, so as to form a hollow prism without ends ; 
and place the system vertically on a smooth horizontal plana 
Let some liquid be poured into the vessel thus formed. In 
the position of stable equilibrium the centre of gravity of the 
liquid will be at a minimum height above the horizontal 
plane ; and therefore the area of a horizontal section of the 
)rism will then have a maximum value. 

But by the principles of Hydrostatics the rectangles which 
form the vertical sides of the vessel are acted on by pressures 
from the fluid which form a system of forces like that in 
Prop. II, at the end of Chap. IV.: and therefore when there is 
equilibrium the horizontal section of the prism must form a 
polygon which can ho inscribed in a circle. 

23—2 



STABLE AND UNSTABLE EQUILIBEIUSL ' 

Hence we obtain the following result : if an area is to be 
bounded by given straight lines the area is greatest when tht 
straight hnes are all chorda of a circle. See also Differential 
Calculus, Example 2 of Chapter SVL 

264. The followlag is a simple example of distinguishing 
the nature of equilibrium. 

A heavy lody rests on ajlxed hody; to determine the iiature 
of the equilibrium, the surfaces being supposed rough. 

Let BAC be a vertical section of the upper body made 




by a plane through its centre of gravity G, and DAE the 
section of the lower body made by the same plane. We 
suppose these sections both circular; let r be the radius of 
the upper section and E that of the lower. Let the upper 
body be displaced into the position SA'C, and suppose o 
that point in the upper body which was originally at A ; 
at A' the new point of contact draw the common normal 
OA'N, meeting at the radius AO oi the lower surface, and 
at N the radius aJV of the upper surface. Draw a vertical 
line through A' meeting aN at M; let g be the new position 
of the centre of gravity of the upper body. If we suppose 
the surface rough enough to prevent all sliding, the upper 
body will turn round A', and the equilibrium will be unstable 
if g falls further from a than M, and stable Hg be between 
Jf and a. 
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Let A OA' = 6, aNA' = <f>. 

Since we suppose the upper body displaced by rolling on the 
lower, we have 

aic AA' = arc oA' ; 
therefore Rd =r<ft. 

J-/'iY_ sing _ sing 

NA' " sin (g + .^j . / ^\ 



Also 



r ultimately; 



herefore MN= ^ , 

r-f R 

r-\-R R + r 

Hence, the equilibrium ia stable or unstable according as 
ag, or A G, is leas or greater tban -^ — - . 

If the lower surface be concave instead of convexy it may 
be shewn in the same way that the equilibrium is stable or 

Rr 
imstable according bs AQ\s less or greater than y ;. 

The results of this Article will hold when the sections S^iC 
and DAE are not circles; r and R will then stand for the 
radii of curvature of the upper and lower sections at the 
point A. If the lower surface ia plane, R is infinite, and for 
stable equilibrium AG must he less than )■. 

2C5. li AG =-ii — ; in the first case, or = - —_ iu the 

second case, the equilibrium has been called neutral. In this 
rase, a further investigation will have to be made to deter- 
mine whether the equilibrium is stable or unstable. Suppose, 
for example, that a portion of a paraboloid rests in neutral 
equiUbrium with its vertex in contact mtb a horizontal plane, 



J 



it is required to determine whether the equilibrium is stable 
or unstable. 

Since the equilibrinm is neutral, the centre of gravity G 
must coincide with the centre 
of curvature of the generating 
parabola at the vertex; now, if 
different pointa be taken in a 
parabola, the further the assumed 
point is from the vertex, the 
fiirther is the point of intersec- 
tion of the normal and the axis 
from the vertex. Hence, the 
normal A'li' in the figure meets 
the axis of the parabola further from a than G is, and the 
equilibrium is stable. 

It is easy to shew generally, that if a portion of a solid 
of revolution rest in neutral equilibrium with its verte:s on 
a horizontal plane, the equilibrium is really stable or unstahle, 
according aa the radius of curvature of the generating curve 
has a miiiimivm, or maximum value at the vertex. 




266. The results of Art. 264, when the sections BA C and 
HAE are circles, may also be obtained by using the theorem 
which we have quoted in Art. 262, 

Let s denote the height of the centre of gravity g above 
the horizontal line through 0, and let Nri = o; then 

z=(S + r)coa0-ccoa(5 + ^) 
= (R + r) coaO -ccos (l + ^0. 
Expand the cosines in powers of the angles ; thus 
i = B + .-c+|c(l + ^)'-(H + r)|f 



Suppose the coefficient of ^ not to be zero; then when 8 
is indefinitely small z i.? greater or leas than B + r — c, ac- 
cording as the coefficient of &* is positive or negative ; in the 
former case R-\-r — c is a minimum value of z, and in the 
latter case it is a ')naximum value. Therefore the equilibrium 



is stable if c be ereater than ^^ — - 
^ -fi + r 



1 unstable if c bo less 



than 



H+r' 



Suppose however that c = „ ■ --- , then the coefficient of 9^ 

is zero ; in this case the equilibrium is said to be neidral. 
We must now examine the coefficient of d^ in the value of z ; 
this coefficient is 



-If 



1+ 






that is, 



1J(^ 
^t '■■ 

Rin + r)iE+2r) 

since this is a negative quantity it follows that fl + r — c is a 
maatimum value of z and the equilibrium is really ujistable, 

267. The following problem wilt furnish an instructive 
example. A frame formed of four uniform rods of the length 
a connected by smooth hinges, is hung over two smooth pegs 

in the same horizontal hne at a distance -^ , the two pegs 

being in contact with different rods ; shew that the frame is 
in equilibrium when each angle is 90°, and determine whether 
the equihbrium is stable or unstable. 

Denote the pegs hy-ii and B; suppose the beam in con- 
tact with A to make an anglo d with the horizon, and the 
beam in contact with B to make an angle (f> with the horizon ; 
let u denote the depth of the centre of gravity of the system 
below AB. Then it may be shewn that 

a , . a . ■ j\ c sin ^ sin 6 



where 

Thus u is a fimction of tlie two iodependent variables 
and ^, and in order that u may have a maximum or minimum 

value 6 and ^ must be taken so as to satisf^' -37, = ^ and 

— =0. It will be found on trial that 6 = ^ and A = -r are 

suitable values. But it will be found that with these values 
for d and ^ we get 

(7'u_ c d'u _ ^ d'u _ c _ 



30 that 



IS positive I 



s neithe> 



d'ud^ 
dC rf^' 
maximum nor a minimum when — -r and (fc= t- -All the 

foregoing is a simple example of the Differential Calculus ; 
we proceed to apply it to the Mechanical Problem in question. 



\ded<f>j 



Let Bu denote the change in 
the value of 8 from - to -^ -t 



'. consequent upon changing 
i^, and the value of tf> from 



7- to -i+Bip; then it follows from the preceding investiga- 
tions that 

Bu=-j m? + iBOBA + (BAV] + &c.. 



where uuder the &c. are inchided terms in S$ and S^ of a 
higher order than the second. Now although u is neither 

a maximum nor a minimum when 6 and tf) are eaeh j, yet 

there is equilibrium then because Su is then zero so far as 
terma of the first order in BB and B<f>. (See Art. 2G1.) But 
as « ia neither a maximum nor a minimum the equilibrium 
cannot be stated to be either stable or unstable vniversally; 
it is in fact stable with respect to some displacements and 
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unstable with respect to other displacements. If, for example, 
we consider only such diaplacemeota as mate B6=Stf>, then 
Su is certainly negative when Sd and Bift are taken amall 
enough ; thus the centre of gravity is raised by the displace- 
ment and so the equilibrium ia stable. If, again, we consider 
only such displacements as make B0 = — Btp, then Su is cer- 
tainly ^Siii're when Bd and B<fj are taken small enough; thus 
the centre of gravity is depressed by the displacement and so 
the equilibrium is unstable, 

268. Of all curves of a given length drawn between two 
fixed points in a horizontal line, the common catenary is Uiat 
which has its centre of gravity furthest from the straight line 
joining the points. 

This proposition belongs to the Galcnlus of Variations, but 
an imperfect proof of it may be obtained from some of the 
preceding principles. Since the string which hangs in a com- 
mon catenary is in equilibrium we conclude that the depth of 
its centre of gravity from the horizontal line is a maximum 
or minimum. (See however Art. 261.) And we may infer 
that the depth is a maadmum and not a minimum from the 
experimental fact that if the string be slightly displaced it 
will return to its position of equilibrium so that its equUi- 
briura is stable. (See Art. 262.) Hence in any other position 
of the string than that of equilibrium the centre of gravity 
will be nearer to the given horizontal line. And as the string 
which hangs in the common catenary is of uniform density 
and thickness its centre of gravity coincides with that of the 
curve. Thus the proposition is established. 

269. Lagrange has given a demonstration of the principle 
of virtual velocities, which does not assume a knowledge of 
the conditions of equilibrium of any system of forces; this 
demonstration is difficult and has not been universally re- 

' ceived. We shall place it here and refer the reader to 
Poisson, Art. 337, and to the article ' Virtual Velocities ' in 
the Penny Cyclopwdia, for further information. 

I We have first to shew how any system of forces may be 
replaced by a string in a state of tension passing round a 
combination of pullies. 
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Let forces P, Q, B, acting at the points A, B, C, J 

maintain a system in equilibrium ; let pullies be fixed to the 
system at the points A, B, (7,... and let the pullies a, b, c,... 
be attached to fixed blocks, so that Aa may be the direction | 




of the force F, Bh that of Q, and so on. Let a string have a 
weight ir attached to one end, and be passed round the piilly 
JTand then round the pullies a and A a sufficient number of 
times to render the sum of the tensions equal to P. Let the 
same string then pass on to the pully b, and be passed round 6 
and B a sufficient number of times, until the sum of the ten- 
sions is equal to Q. The string is then passed on to c, and 
round cO, and so on; the end of the string is fastened to a 
fixed point M, Thus the system of forces P, Q, B,... To&y 
be replaced by a single string, the tension of which is W. We 
here assume that the forces P, Q, M,... are commensurable. 

We proceed now to the proof, in which we follow La- 
grange's words very closely. 

It is evident, in order that the system may remain in equi- 
librium, that the weight IF must be incapable of descending 
when any indefinitely small displacement whatever is given to 
the points of the system; for since the weight always tends to 
descend, if there were any diaplaccment of the system which 
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would allow it to descend, it would nocessarily descend and 
produce this displacement in the system. 

Let a, 0, 7,... denote the indefinitely small spaces, wiich 
any displacement would cause the points of the system to 
desorihe ia the direction of the forces, which respectively act 
at them, and let p, q, r... denote the numher of parallel 
strings which are attached to the pulliea A, B, C,... It is 
obvious that the spaces ot, ft 7, ■■- are those by which the 
pullies A,B, G,... wdl approach a,h,c,... and that the string 
joining these pullies will thus be diminished by pi, q^, ry, ... 
Thus, in consequence of the inextensibihty of the string, the 
weight Wwoutd descend through the space p2+y^ + 77+ ... 
Hence, in order that the system of forces P, Q,R,... may be in 
equilibrium, we must have 



p^ + q. 



f ^74 



= 0: 



and therefore, since F^pW, Q=qW,... 

This equation is the analytical expression of the principle of 
virtual velocities. 

If the quantity Pa + Q^ + P7 + - ■ ■ , instead of being zero, 
were negative, it might appear that this condition would be 
sufficient to ensure equilibrium, since it is impossible that the 
weight could of itself ascend. But we must remember, that 
whatever may be the connexion of the parts of the system, 
the relations which consequently hold between the indefinitely 
small quantities a, ^, 7, ... can only be expressed by diiferen- 
tial equations, and which are therefore linear as to these 
quantities ; so that there will bo necessarily one or more of 
them which remain indeterminate and may be taken with a 
positive or negative sign ; thus the values of these quantities 
will be always such that they can simultaneously change theii- 
mgn. Hence, it follows that if for a certain displacement 
of the system, the quantity Pa + Q0 + By + ... is negative, it 
would become positive by changing the signs of «, j8, 7, ... ; 
thus the opposite displacement is equally possible, and this 
would make the weight descend and destroy the equilibrium. 
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Conversely, if the equation 

Pa+Q^ + Jiy + ...=0 

holds for every possible indefinitely small displacement of 
the system, it will remain in equilibrium. For, the weight 
remaining unmoved during these displacements, the forces 
which act on the system remain in the same condition, and 
there is no reason why they should produce one, rather than 
the other, of the two displacements, for which a, 0, 7, ...have 
different signs. This is the case of a balance which remains 
in equilibrium, because there is no reason why it should in- 
cline to one side rather than the other. 

The principle of virtual velocities being thus proved for 
commensurable forces, will also hold when the forces are in- 
co'mmensurable ; for we know that any proposition which can 
be proved for commensurable quantities may be extended by a 
reductio ad absurdum to incommensurable quantities. 



1. A cone whose semi-vertical angle is tan"' -7^ is enclosed 

in the circumscribing spherical surface ; shew that it will rest 
in any position. 

2. A heavy uniform rod of length a moves in a vertical 
plane about a hinge at one extremity. A stiing faatened 
to the other, passes over a pully in a vertical line above the 
hinge, and is attached to a weight equal t-o half that of the 
rod, which rests on a curve. The length of the string and 
the height of the pully above the hinge are each equd to the 
length of the rod, and the system is in equilibrium in all 
IMsitions, Shew that the equation to the curve is 

r = ia sin*^^, 

tljc pully being the origin and the prime radius being vertical. 



3. Two rods eacli of length 2a have their ends united at 
an angle a, and are placed in a. vertical plane on a sphere of 
radius r. Prove that the equilibrium is stable or unstable 

2r 
according as sin a. is greater or, less than — , 

4. An oblongum rests with its smaller end on a horizontal 
table. Is the equilibrium stablo or unstable ? 

5. A cylinder rests with the centre of its base in contact 
with the highest point of a fixed sphere, and four times the 
altitude of the cylinder is equal to a great circlo of the 
sphere ; supposing the surfaces in contact to be rough enough 
to prevent slidiog, shew that the cylinder may be made to 
rock through an angle of 90", but not more, without falling 
off the sphere. 

6. A very small bar of matter is moveable about one 
extremity which is fixed halfway between two centres of 
force attracting inversely as the square of the distance ; if 
I be the length of the bar, and 2a the distance between the 
centres of force, prove that there will be two positions of 
equilibrium for the bar, or four, according as the ratio of the 
absolute intensity of the more powerful force to that of the less 

powerful is, or is not, greater than ^ ; and distinguish 

between the stable and unstable positions. 

7. Two particles connected by a string support each other 
on the arc of a vertical circle ; shew that the centre of gravity 
is in the vertical through the centre of the circle. \Vhat is 
the nature of the equilibrium t 

8. A sphere of radius a, loaded so that the centre of 

fravity may be at a given distance 6 from the centre of 
gure, is placed on a rough plane inclined at an angle a to 
the horizon. Shew that there will be two positions of equi- 
librium, one stable and the other unstable, in which the 
distances of the point of contact from the centre of gravity 
e respectively, 
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Hence, find the greatest inclination of the piano which will 
allow the sphere to rest. Is the equilibrium stable or un- 
stable in this limi ting case ? 

9. A sphere of radius r reata on a concave sphere of 
radius It ; if the sphere be loaded bo that the height of its 
centre of gravity from the point of contact be |r, find Ji so 
that the equilibrium may be neutral Result. Ji = 3r. 

10. A heavy cone rests with the centre of its base on 
the vertex of a fixed paraboloid of revolution ; shew that the 
equilibrium will be neutral if the height of the cone be equal 
to twice the latus rectum of the generating parabola. Shew 
that the equilibrium is really stable. 

11. A heavy particle attached to one extremity of an elastic 
string is placed upon a smooth curve, the string lying upon the 
curve and its other extremity being fixed to a point in the 
curve ; find the curve when the particle rests in all positions. 

Result. A cycloid. 

12. A uniform square board is capable of motion in a 
vertical plane about a hinge at one of its angular points ; 
a string attached to one of the nearest angular points, and 
passing over a pully verticaUy above the hinge at a distance 
&om it equal to the side of the square, supports a weight 
whose ratio to the weight of the board is 1 to ^2. Find the 
positions of equilibrium and determine whether they are re- 
spectively stable or unstable. 

13. Two small smooth rings of equal weight slide on a 
fixed elhptical wire of which the major axis is vertical, and 
are connected by a string passing over a smooth peg at the 
upper focus ; prove that the rings will rest in whatever posi- 
tion they may be placed. 

14. A small heavy ring slides on a smooth wire in the 
form of a curve whose plane is vertical, and is connected by 
a string passing over a fixed pully in the plane of the curve 
with another weight which hangs freely ; find the form of the 
curve that the ring may be in equilibrium in any position. 

Sesalt, A conic section having its focus at the pully. 
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15. If an elliptic board be placed, so ttat its plane is 
vertical, on two pegs wliicli are in the same horizontal plane, 
there will be equilibrium if these pegs be at the extremities 
of a pair of conjugate diameters. "What are the limits which 
the distance between the pegs must not exceed or fall short 
of, in order that this position of equilibrium may be possible ? 
Shew that the equilibrium is -unstable. 

16. A solid of revolution, whose centre of gravity coincides 
with the centre of curvature at the vertex, rests on a rough 
horizontal plane. Shew that the equilibrium is stable or un- 
stable according as the value of 3 ( j^l — t-^ i "wben x and y 

vanish, is positive or negative, x and ?/ being co-ordinates of 
the generating curve, measured along the tangent and normal 
at the vertex. 

17. If a plane pa-ss through one extremity A of the base 
of a cylinder and be inclined at an angle of 4-5° to the axis, 
the piece so cut off will rest in neutral equilibrium, if placed 
with its circular end on the vertex of a paraboloid whose latus 
rectum is five-eighths of the diameter of the base, the point of 
contact being also at this same distance from A. 

18. A piece of string ia fastened at its extremities to two 
fixed points; determine from mechanical considerations the 
foi-m which must be assumed by the string in order that the 
surface generated by its revolution about the straight line join- 
ing the fixed points may be the greatest possible. 



CHAPTER XV. 



MISCHUANEOUS PROPOSITIONS. 

270, The proposition called the Parallelograin of Forces 
is the foundation of the whole science of Statics, and nu- 
merous demonstrations have been given of it. An account 
of several of these demonstrations will he found in a 
dissertation puhlished at Giittingeu in 1817, entitled Frae- 
cipuoi-wm, inde a Neutono cojiatuum, compositionem viriutn 
demonstrandi, recensio. Auctore Carolo Jacobi... A more 
recait dissertation of the same kind, also published at 
Gsttingen, is entitled Ueber die Bmveise fur das Parallelo- 
gramm der Kr&fte... VonA.H. C. Weatphal. 

Some new varieties of demonstration are also contained in 
pages 8. ..IS of the Legons de Micanique Analytique, par 
M. L'Abh4 Moigno 1868, From this work we will borrow 
an elementary process which will serve to complete the in- 
vestigation given in Art. 36 after Laplace. 

We suppose then that the resultant of two forces acting at 
a point at right angles to each other is known to he repre- 
sented by the diagonal through the point of the rectangle 
constructed on the components, so far as relates to the mag- 
nitude : we have to shew that it is also represented in di- 
rection by this diagonal. This proposition is obvious in the 
case where the components P and Q are equal ; for then the 
resultant must necessarily bisect the angle between the di- 
rections of P and Q, and will therefore comcide with the 



The proposition may nest be shewn to be true in the case 
where Q = Pi,/2. For consider three forces, each equal to P, 
acting in directions mutually at right angles. The forces 
may be represented by the three edges of a cube which meet 



at a point. The resultant of two of the forces, by what ive 
have already shewn, is P^l^, and acts along the diagonal of 
that face of the cube of which these two forces are edges. 
Hence the resultant of the three forces must lie in the 
plane which passes through this diagonal and that edge of 
the cube which is at right angles to this face. In a similar 
manner another plane can be assigned in which the resultant 
of the three forces must lie, by beginning with another pair 
out of the three equal forces. Therefore the resultant of the 
three equal forces must lie in the common intersection of the 
two planes, that is in the diagonal of the cube which passes 
through the point of application of the forces. But this 
resultant is a)so the resultant of two forces P and Pv'2, which 
act at right angles ; and the diagonal of the cube coincides 
with the diagonal of the rectangle constnicted on the sides 
which represent these forces. Thus the proposition is true 
in the case where Q =■ P^^- 

We shall now shew that if the proposition is true when 
Q = P'/'in it is true when $ = P\/(to + 1). For consider 
three forces P, P, and Pn/m, acting in directions mutually at 
right angles. Tlie forces may be represented by the three 
edges of a rectangular parallelepiped which meet at a point. 
Then by first compounding P-Jm with one of the forces P, 
we see that the resultant of the three forces must lie in 
the plane paesing through the diagonal of the rectangle 
corresponding to the first two forces, and also through the 
edge which corresponds to the other force P. In a similar 
manner another plane can he assigned in which the resultant 
of the three forces must lie. Therefore the resultant of the 
three forces must lie in the common intersection of the two 
planes, that is in the diagonal of the rectangular parallele- 
piped which passes through the point of application of the 
forces. But this resultant is also the resultant of the two 
forces P and P V{'» + 1) which act at right angles ; and the 
diagonal of the rectangular parallelepiped coincides with the 
diagonal of the rectangle constructed on the sides which repi'o- 
sent these forces. Thus the proposition is true in the case 
where Q = PV(m + l). 
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Hence we see that the proposition is true when Q^P-Jm, 
where m is any integer. 

Fioally consider three forces F, Pijin, and P-Jn, where m 
and n ai"6 any integers, acting in directions mutually at right 
angles. The forces may be represented by tLe three edges 
of a rectangular parallelepiped which meet at a point. Then 
the resultant of the three forces must lie in the plane which 
contains the edge P\/n, and the dii^onal P ^/{m + 1) ; it 
must also lie in the plane which contains the edge P-Jm, and 
the diagonal P^()i + 1). Hence the resultant of the three 
forces must lie in the common intersection of the two planes, 
that is, in the diagonal of the rectangular parallelepiped which 
passes through the point of appUcation of the forces. Hence 
the resultant of Piy/m and P\/n must he in the plane which 
contains the edge P, and the diagonal of the rectangular 
parallelepiped; and this plane cuts the plane of P/^in and 
P •Jh in the diagonal of the face which corresponds to these 
edges. Therefore the direction of the resultant of the forces 
Pijm and P^Jn is the diagonal of the rectangle constructed 
on the sides which represent these forces. Hence the propo- 
sition is true for forces which are in the ratio of Pijm to P*/n, 

that is, in the ratio of P to P . / — , where m and n are any 

integers. But by properly choosing m and n we may make 
this as close as we please to the ratio between any two 
assigned forces. Therefore the proposition is true whatever 
may he the ratio between the forces. 

The proposition may be extended to the case in which the 
component forces are not at right angles aa in the last part of 
Art. 35. 

271 . The result of Art. 28 may be expressed conveniently 
thus : 

i;' = p.5.+p,s;+p,s, + ... 

where i5„, denotes the sum of all the forces resolved along tin? 
direction of P,„. 

For suppose there are three component forces; then we 
have 
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+ 2P,P, cos (P,P,) + 2P,P, cos (P^J + 2P,P. cos (P,Pj 
= P, {P, + P, COS (P,P^ + P, cos (P.PJl 
+ P, {P,+ P, cos (P^P^j +P,coa (P,Pj)} 
+ P, [P, + P. cos (P.PJ + P, COS {P,Pji. 
TLiB shews that if = P,S', + PjS, + P,5,; and the same 

[, formula will manifestly subsist for any number of component 

I forces. 

272. In cases IX and X, on pages 29 and 30 we have 

Eointed out an analogy between the conditions for the equi- 
brium of three forces in one plane acting at a point, and the 
conditions for the equilibrium oi'four forces not in one plane 
I acting at a point. In the former case the forces must be 
I proportional to certain areas, and in the latter case the forces 
■ must be proportional to certain volumes. In the latter case, if 
1 we express the volumes by the aid of the formulse given in 
I Spherical Trigonometry, Ai-t, 192, we arrive at the following 
• 'result : if four forces not in one plane, acting at a point, are 
[ in equilibrium, each force is as the sine of the solid angle 
y formed by the directions of the other three forces ; this is 
analogous to Art. 19. 

There is still another form in which the conditions of equi- 
librium may be put, so as to manifest the analogy. Let 
three forces in one plane acting at a point be represented in 
magnitude and direction by three straight lines drawn from 
the point ; then if the forces are in equilibrium, the triangles 
formed by joining the ends of the straight lines arc equal. 

Let four forces not in one plane acting at a point bo 
represented in magnitude and direction by four straight lines 
drawn from the point : then if the four forces are in equi- 
librium, the four triangular pyramids which can be formed 
by taking three of the straight lines as conterminous edges 
are equal. 

This form follows immediately from that given before. 

273. It will he observed that in Chapters vi and VII, we 

, have the expression L^X + M'ZY + N'ZZ frequently oc- 
curring : we shall give here a few remarks relating to it. 

24—2 



We see from Art. 79 that this expression must vanish 



if the given system of forces 



hence the 



We T 



may I 



reduces 
appropriately called 



the t 



rical value of tbe t 



i propose to shew that the nnmern 
terion expression for a given system of forces is independent 
of the origin and of the system of rectangular axes which may 
be used. This haa already appeared indirectly in Art. 98, 
For abbreviation put 

UioiZj,~l% ViorXz-Zx, WforYx-Xy; 
then U^ will stand for Zj/^— I'^s^, and so on. 

If there be only one force the criterion expression vanishes ; 
for obviously 

X(Zi/ - Yz) + Y{Xz - Zx) -\-Z{Yx~ Xy) = 0. 

Now let there be two forces ; then the criterion expression 
tecomes 

and this by what has just been shewn for a single force 
I'educes to 

XJJ^+X^U^A-YJ^^YX+ZJV, + ZJV^\ 
and by development this may be put in the form 
(x^-x,){Z^Y,-Z^Y,) 

+ [y, - y,) (A;^, - X,Z,) + [z, - .,) { Y,X, - Y,X,). 

Now we know that tho effect of a force is the same at 
whatever point in its line of action the force may be applied ; 
so that we may be snre the above expression will remain 
unchanged whatever point (a;, , j, , z^) may denote of tlie Hne of 
action of the corresponding force: and it is easy to verify 
this. For if (f, ij, f) denote any point on the lino of action 
of the force which passes through {x,, y,, z^ we have 

so that 



= ( say. 



fhere h is some quantity to be determined. And since 
.*+/i'+i^=l we have 

le = {z^ y, - zjr;,* + ( j,^; - a;zj' + ( i; a; - 1; a-,)=. 

JBubstitute for x.^—a:,, y^ — y^, and s.j — ?, in the criterion 
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and if we substitute these values for a;,, y,, and z^ respec- 
tively in the expression, we find that t disappears, and we are 
left with the expression having ^, ij, and f respectively in the 
place of ic,, y^, and z^. 

Similarly [x^, y^, z^ may be any point on the line of 
action of the corresponding force. 

Hence we may take (x , y^, ej and (a-,, y^, aj to be those 
points in the directions of the respective forces which are at 
the extremities of the straight line at right angles to both 
directions. These points may be represented by the A and 
A' of the diagram in Ait. 102. 

Let r denote the length of the straight line which joins 
the points {x^,y^, yj and (a;,, y^, a,) when thus chosen; and 
let \, /i, V be the direction cosines of this straight line. Then 

y; - Ji = Mn ^3 - 3. = vr. 
Moreover \A', + /i F, + vZ^ = 0, and \X^ -\. ^Y.^-^ vZ.. = 0. 



expression 



thus it becomes 



^|(x,i>2;y,)'+(A',z,-x,zjv (r,.\;- i;Ajj. 

that is tIc. 

ButF=(A7+JV+^,')(A7+37+2';)-{A',x,+r,};+^,^,r 

=It^R^ - {R,R^ cos a)' = R^R* sin \ 
'here -ff, and i?, denote tho two forces, and a tho angle 
,ween tlieir directions. 

Thus tho criterion expression is numerically equal to 
B,fl,rsina; and this is independent of the origin and of 
she system of rectangular ascs which may he used. 



274. By the aid of Art. 102 we may state the result thus : 
the criterion expression in the case of two forces is numeri- 
cally equal to six times the volume of the tetrahedron of 
which the forces represent opposite edges. 

Or we may give a mechanical form to the result, and say 
that the criterion expression in the case of two forces is 
numerically equal to the product of one of the forces into the 
moment of the other force round the direction of this as 
on axis. ¥at let the direction of i?, he taken as the axis ; 
resolve the other force into Jl^ cos a parallel to the axis, and 
ifj sin a at right angles to the axis : the former component 
has no moment round the axis, while the moment of the 
latter is rB^ sin a. 

It is easy to extend the result to the case of any number 
of forces. We may say that the criterion expression in equal 
to the aggregate obtained by taking for each pair of forces 
the product of one force into the moment of the other 
round the direction of this as an axis. 

But in this case we shall have to attend to the signs of the 
terms which compose the aggregate. Suppose for instance 
that there are three forces i?,, E , and A^; then the term 
which arises from S^ and iJ, will have the same sign as that 
which arises from M^ and B^, provided the forces ^ and J^ 
tend to tvm the same way round the direction of i£, as an 
axis. To shew this, suppose the axis of « to coincide with 
the direction of Jt,; then the term which arises from S 
and B^ will he found to be -S.{I-;(3-,-3:,)-Z,(i/.-3f,)l, 
and the term which arises from i?, and M^ will be 
^,(I',{a;, — a;,) — ^^(y,— ^,)j: the signs of these terms will 
he the same or contrary according as E^ and M, tend to turn 
in the same way or in contrary ways round the axis of z. 

Similarly we may say that the criterion expression is equal 
to six times the aggregate obtained by taking for each; pair 
of forces the volume of the tetrahedron of which they repre- 
sent opposite edges. But the signs of the terms must be 
regarded, and must be settled by the rule already given. 
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27.5. To find the value of the potential of a homogeneous 
id at its centre. 

Let 2a, 26, 2c denote the axes of tlie ellipsoid, p tlie 
bnsity. Then, as usual, we denote an element of mass 
ypr^sin BdSd^dr; thusthe potential V\a to be found from 
the equation 



r=p 



ir- 



e dd d<i> dr 



''III' 



6 dr. 



The integration with respect to r is to he taken from to 
' e value assigned hj 



a'J'c 



//. 



_mn0d0dtf,_ 
b + aV sin* 6 sii 



The limits for axe from to ir, and for </> from to Stt. 

Or we mjiy take the limits in each case to be and ^ , and 

multiply the result by 8. 

The integration with respect to tft may be effected as in 
I Art. 228 ; and thus we shall obtain 



V= 



Bmed0 



J, V{c'Bln'e + a"co8"fl)V(c'Bin'i? + 6'co8°ej' 
AVe may transform the definite integral by putting 
is"^= '.I.; ' ^^^ *^"^ ^^ ''^'^'' V=-!rpahcl j:, where Q 
s the value assigned in Art. 228. 

We may now express the value of the potential at any 
interior point of the ellipsoid. Let/, a, h be the coordinates 
■ . . , ^, , ^, ^ dV dV dV 

1 the point ; then we know that — j> > ~~~J~ > ~ 'jT e^pfsss 

Feapectivoly the attractions parallel to the coordinate axes, 



A 
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Honce by Art. 228, 

' c'+t) q 



V^-^pahcj^ (^^ + j#^^ + ^-,]^ + aconstant. 



Here the constant is some quantity independent of f, g, 
and h ; and to determine it we may suppose /, g, and h all 
to vanish. Then the value of Fis that for the centre of the 
ellipsoid which has been previously found. Thus the constant 
ia determinedj and we have finally for any internal point 

276. An important theorem was given by Green in hia 
Essay on the. . . llieuries of Electricity and Magnetism, which 
is connected with the investigations relative to the Potential 
Function. As the demonstration presents do difBculty to a 
student who has read Chapter xm. we will reproduce it. 

Lot U and V be two functions of the rectangular coordi- 
nates a-, y, z, which remain finite as well as their first and 
second differential coefficients throughoiit the space bounded 

by a given closed surface. Let -5-,- + -3-5 + -^ , he denoted 

hy A f for abbreviation, and let a similar notation be used 
with respect to V. Then will 

\u^^dS~\\\u^Vdxdydz=\v^~dS-\\{vAUdxdifdz; 

where dS denotes an element of the given closed suriace, 
and dn an element of the normal to the surface drawn out- 
wards at dS. The single integrals are to extend over the 
whole given closed surface, and the triple integrals are to 
extend throughout the space within the dosed surface. 

Let TF denote the triple integral 



///• 



dxdydi 



\dx dx dy dy dz dz J 
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I the integral extending throughout the space witiiin tlio 

[ closed surface. We shall shew that Tl^may be transformed 

into either of the expressions which wo assert to be equal. 

By integration by parts we have 

J dx dx dx J dx* ' 

suppose the integrals taken between the appropriate limits 
for x; then the term outside the integral sign gives rise tu 
a result which we may denote by 

Thoa when we proceed to integrate with respect to y and 2 
I we have the expression 

Let X denote the cosine of the angle made with the axis 
of X by the tiormal to the surface drawn outwards at the 
point (x, y, z). Then instead of the expression just given we 
may use 

the integral extending over the whole given closed surface. 
For if X, and X, denote the values of X which correspond to 
the limits of the integration with respect to x, we Iiave 
'h.jdS = dyds, and \dS= — di/ds. 
Proceeding in this manner wo ace that 



■where /i and v denote the direction cosines of the angles 
L which the normal to the surface drawn outwards at the point 
I (sc, y, z) makes with the axes of y and z respectively. 

^dV dV dV dV 
And X 1- + fi -i— + v -r = -,- , 

da: '^ (/y d: dii ' 



!3 I 
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o that W = JU ^^dS - jjju^ Vdxdy dz. 

In the same manner we may shew tliat 

W={v ^^dS-jjjVAUdxdydz. 

Thus by equating the two forma for W we obtain the 
i theorem. 



In demonstrating the theorem we have supposed the given 
closed surface to be such that a straight line parallel to the 
axis of m meets it at only two points ; but the theorem is true 
even when the surface has folds, so that a straight line may 
meet it in any even number of points. 

Suppose for instance that a straight line parallel to the 
axia of x meets the surface &tfour points. Then instead of 

we now have such an expression as 

J- JY 
and this as before may be replaced by \\U -,- dS. 

We have assumed that U and V remain finite throughout 
the space within the given closed surface. Suppose however 
that U becomes infinite at a point (f, ij, ^ which is within 
the surface. Describe any arbitrary surface, say a spherical 
surface, which shall include the point (f, -q, t) and yet fall 
entirely within the given surface. Then the theorem still 
subsiste with the following modifications : the triple integrals 
must extend throughout the space bounded by the two 
surfaces ; and the single integrals must extend over both the 
siiriaees, provided we mhtract the result for the spherical sax- 
face from the result for l\ve "iven surface. 



J 
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For example suppose that near the point (f, t], ^ we have 
I V sensibly equal to the reciprocal of the distance from thia 

I point, say - . Describe a spherical surface of infinitesimal 

radius a, having its centre at the point (^, sj^ ^, 

r dY 
Then the part of I U --j- dS which depends on the surface 

[ of the sphere will ultimately vanish ; for U varies as - aud 
\ tiS varies aa r'. 

Next consider the part of | F" -j-^S which depends on the 



I' spherical surface. We shall have 



dn 



Also we may 



[ put dS — r'dfo, where rfw is the element of a surface of radius 
unity. Hence ultimately we obtain ~iirV^ where V^ de- 
notes the value of V at the point (f, ij, ^. And as this ' 
to be svhtracted we have 47r K. 



The part of the triple integral j/IZJAFrfart/yJa which is 

to be omitted, as enclosed by the sphere, is of the order of a* 
and therefore vanishes ultimately. Thus finally we obtain 

-jdV , 



JU '^^^dS-jjju^Vdxd>/dz = WV„ 



V^Udj:d>/dz, 



[ where the single integrals extend over the whole of the 
given closed surface, and the triple integral on the left-hand 
aide throughout the space bounded hy the surface. The 
triple integral on the right-hand side extends also throughout 
this space, except that part of it which is within the infini- 
tesimal sphere. But as A P" is zero within this sphere, at 
I least except at the centre, we may say that the triple inte- 
V gral extends throughout the space bounded hy the given 
E closed surface, on the understanding that A f is to be con- 
L sidered zero even at the centre. 
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1. A uniform wire ia bent into tlie form of three sides 
AB, BC, CD of an equilateral polygon ; and its centre of 
gravity is at the intersection of A C and BB. Shew that the 
polygon must be a regular hexagon. 

2. Three forces act along three straight lines which may 
be considered as generating lines in the same system of a 
hyperboloid of one sheet ; shew that if the forces admit 
of a single resultantj it must act along another generating 
line of the same system. 

S, A gate moves freely about a vertical axis, along which 
it also slides ; while a point in the plane of the gate, and 
rigidly connected with it, rests on a given rough inclined 
plane ; find the limiting position of equilibrium. 

4. Suppose straight lines to be drawn from one of the 
centres of the four circles that touch the sides or the sides 
produced of a given triangle to the other three centres, and 
let these straight lines represent three forces in magnitude and 
direction ; then the straight line joining the first centre with 
the centre of the circle circumscribing the triangle will re- 
present in magnitude and direction one-lburth of the resultant. 

5. A particle rests in equilibrium in a fine groove in the 
form of a helix, the axis of which is inclined to the horizon 
at a given angle a. Pind the distance of the particle from 
a vertical plane passing through the axis. Also find the 
greatest value of a for a given helix in order that there may 
be a position of equilibrium of the particle. 

6. A quadrilateral figure possesses the following property; 
any point being taken and four triangles formed by joining 
this point with the angular points of the figure, the centres of 
gravity of these triangles lie in the circumference of a circle ; 
prove that the diagonals of the quadrilateral are at right 
angles to each other. 



7. A square board is supported in a horizontal position I 
why three vertical strings; if one of them be attachsd to a^ 
f ■comer, where must the others be attached in order that the! 
|"weight which can be placed ou any part of the board without ■ 
I overturning it may be the greatest possible ? 

A triangular plate hangs by three parallel threads ■ 

attached at the comers, and supports a heavy particle. Prove I 

^at if the threads are of equal strength, a heavier particle. I 

may be supported at the centre of gravity than at any otherB 

■point of the disc. 

AB (7 is a triangle ; D, E, F are the middle points of 1 
lithe sides opposite to A, S, respectively; P is any point ;■ 
BPi), PE, Pi'' are divided in a given ratio at A\ B', 6" respec-* 
Biively : shew by the theory of the centre of gravity that -4-4' J 
■ ££', and CO' meet at a point. 

10. A right cone is cut obliquely and then placed with itsj 
Piection on a horizontal plane ; prove that when the angle ofj 

a cone is less than sin"' J, there will be two sections fori 
which the equilibrium is neutral, and for intermediate sections 1 
the cone will fall over. 

11. A right cylinder on an elliptic base (the semiaxes of"! 
which are a and b) rests with its axis horizontal between twoV 
smooth inclined planes inclined at right angles to each other ;, 
determine the positions of equilibrium, (1) when the inclina-fl 

I ition of one of the planes is greater than tan"' j , (2) when the I 

inclination of both planes is less than tan"' y . 

A pack of cards is laid on a table; each projects in 
B direction of the length of the pack beyond the one below 
; if each projects as far as possible, prove that the distances 
letween the extremities of the successive cards will form anj 
^armonic progression. 

13. Find the lea^t excentricity of an ellipse in order thatj 
t may be capable of resting in equiUbrium on a perfectly* 
mgh inclined plane. 

2 sin a 



Besidt. e" = 



1 + sm a 
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14. Two mutually repelling particles are placed in a paxa- 
bolic gi'oove, and connected by a thread which passes through 
a small ring at the focus ; shew that if the particles be at rest, 
either their abacissiE are equal, or the two parts of the thread 
form one straight line. 

15. Each element of a parabolic arc bounded by the vertex 
and the latna rectum is acted on by a force in the normal 
proportional to the distance of the element from the axis of 
the parabola. Shew that the equation to the straight line 
ia which the resultant acts is 

15y + 10a: = 26a. 

16. Each element of the arc of an elliptic quadrant is 
a^ted on by a force in the normal proportional to the ordinate 
of that point. Shew that the equation to the straight line 
in which the resultant acta ia 

&by - STTQa: + 4a' - ih" = 0. 

17. A smooth body in the form of a sphere is divided into 
hemispheres and placed with the plane of division vertical 
upon a smooth horizontal plane; a string loaded at its ex- 
tremities with two equal weights hangs upon the sphere, 
passing over its highest point and cutting the plane of division 
at right angles ; find the least weight which will preserve the 
equilibrium. 

18. The locus of the centre of gravity of segments of 
et^ual area A in an ellipse is a similar concentric ellipse whose 
mmor axis is 



4 ah* 



, where A 



ab , 



19. The foci of a rough oblongum attract directly as 
the distance ; if a particle without weight be placed on the 
oblongum, find within what limits it must be placed so &8 
to be in equihbrium. Shew that if the coefficient of friction 



be greater than „ , , jr- , 

particle will rest anywhere i 



whore e is the escentricity, the 
m the surface. 



20. A circular disc of mass m' and radius c rests in con- 
fact with two equal uniform straight rods AB, A 0, which are 
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joined at ^ "by a Bmooth hinge, and which attract each other 
and the disc with a force varying as the distance; also the 
disc attracts the rods similarly, Shew that there is equili- 
brinm if 

m'c (2c cos a— a sin a) = mc^ sin* a. cos a, 
where m is the mass of each rod, a the length of each rod, 
and 2a their inclination to each other. 

21. A square picture hangs in a vertical plane by a string, 
which passing over a smooth nail has its ends fastened to two 
points symmettieally situated in one side of the frame. Deter- 
mine the positions of equilibrium, and whether they are stable 
or unstable. 

Remits. Let I be the length of the string, c the distance of 
the two points to which the ends of the string are fastened, 
h the length of a side of the square ; then if Ik he greater 
than c VCo* + ft*) there is oidy one position of equilibrium, 
namely, the ordinary position, and the equilihi-ium ia stable; 
if Ih bo less than c VC^" + A') there are two oblique positions 
of stable equihhrium, besides the ordinary position of equi- 
librium, which is stahle with respect to some displacements 
and unstable with respect to other displacements. 

22. A flexible thread is placed in a tube of any form and 
is acted on by any forces. The diameter of the tube is equal 
to that of the thread and is infinitesimal. Determine the 
position of equdibrium. 

23. Two equal particles are connected by two given 
strings without weight, which are placed like a necklace on 
a smooth cone with its axis vertical and vertex upwards ; find 
the tensions of the strings. 

24. A triangle of area A revolves through an angle ^ about 
an axis in its own plane taken parallel to one side ; shew that 
the least amount of surface generated is 

where a is the greatest side. 
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